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ÀÍÎÒÀÖIß

Áiëàíèê I. Á. Íåîáìåæåíi ìíîæèíè óìîâíî¨ çáiæíîñòi ãiëëÿñòèõ ëàíöþãî-

âèõ äðîáiâ ñïåöiàëüíîãî âèãëÿäó. � Êâàëiôiêàöiéíà íàóêîâà ïðàöÿ íà ïðàâàõ

ðóêîïèñó.

Äèñåðòàöiÿ íà çäîáóòòÿ ñòóïåíÿ äîêòîðà ôiëîñîôi¨ çà ñïåöiàëüíiñòþ 111 �

Ìàòåìàòèêà. � Iíñòèòóò ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i ìàòåìàòèêè iìåíi

ß. Ñ. Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè, Ëüâiâ. � ÄÂÍÇ �Ïðèêàðïàòñüêèé íàöiî-

íàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôàíèêà�, Iâàíî-Ôðàíêiâñüê, 2021.

Äèñåðòàöiéíà ðîáîòà âèêîíàíà â ðàìêàõ àíàëiòè÷íî¨ òåîði¨ íåïåðåðâíèõ òà

ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ i ïðèñâÿ÷åíà äîñëiäæåííþ çáiæíîñòi ãiëëÿñòèõ

ëàíöþãîâèõ äðîáiâ ñïåöiàëüíîãî âèãëÿäó (ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ ç íå-

ðiâíîçíà÷íèìè çìiííèìè ïðè ôiêñîâàíèõ çíà÷åííÿõ çìiííèõ), âñòàíîâëåííþ

îöiíîê ïîõèáîê àïðîêñèìàöi¨ ¨õ ïiäõiäíèìè äðîáàìè.

Íåïåðåðâíi òà ãiëëÿñòi ëàíöþãîâi äðîáè ¹ åôåêòèâíèì àïàðàòîì äëÿ ïî-

áóäîâè ðàöiîíàëüíèõ íàáëèæåíü àíàëiòè÷íèõ ôóíêöié. Çàñíîâíèêîì íàóêîâî¨

øêîëè òåîði¨ ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ ¹ Â. ß. Ñêîðîáîãàòüêî. Â ïðîöåñi

ñòàíîâëåííÿ àíàëiòè÷íî¨ òåîði¨ áóëî âèäiëåíî òðè òèïè ãiëëÿñòèõ ëàíöþãî-

âèõ äðîáiâ: ãiëëÿñòi ëàíöþãîâi äðîáè çàãàëüíîãî âèãëÿäó ç ôiêñîâàíèì ÷è-

ñëîì ãiëîê ðîçãàëóæåííÿ, äâîâèìiðíi íåïåðåðâíi äðîáè òà ãiëëÿñòi ëàíöþãîâi

äðîáè ç íåðiâíîçíà÷íèìè çìiííèìè. Âîíè áóëè îá'¹êòàìè äîñëiäæåíü âiò÷èç-

íÿíèõ òà çàêîðäîííèõ íàóêîâöiâ, çîêðåìà, Ä. I. Áîäíàðà, Õ. É. Êó÷ìiíñüêî¨,

Ì. Î. Íåäàøêîâñüêîãî, Ð. I. Äìèòðèøèíà, Ò. Ì. Àíòîíîâî¨, Ñ. Â. Øàðè-

íà, Â. Ð. Ãëàäóíà, Î. Ì. Ñóñü, Ì. Ì. Ïàãiði, Í. Ï. Ãî¹íêî, Î. Ñ. Ìàíçié,

Î. �. Áàðàí, Ì. Ì. Áóáíÿê, Ñ. Ì. Âîçíî¨, à òàêîæ Â. Ñåìàøêà, Ì. Î'Äîíîãîå

i Äæ. Ìåðôi, À. Êàéò i Á. Âåðäîíê, Õ. Âîäåëàíäà, Ò. Êîìàòöó òà ií.

Íàéçàãàëüíiøi àëãîðèòìè ðîçâèíåííÿ àíàëiòè÷íèõ ôóíêöié ó íåïåðåðâíi

äðîáè âèêîðèñòîâóþòü ïðèíöèï âiäïîâiäíîñòi ìiæ ñòåïåíåâèìè ðÿäàìè òà ði-

çíèìè òèïàìè ôóíêöiîíàëüíèõ íåïåðåðâíèõ äðîáiâ. Äîñëiäæåííÿ âiäïîâiäíî-
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ñòi ìiæ êðàòíèìè ñòåïåíåâèìè ðÿäàìè òà áàãàòîâèìiðíèìè C-äðîáàìè ñïðè-

ÿëî ïîÿâi ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ ç íåðiâíîçíà÷íèìè çìiííèìè, ÿêi áóëè

âïåðøå ââåäåíi Ä. I. Áîäíàðîì. Òàêi äðîáè åôåêòèâíî âèêîðèñòîâóþòüñÿ äëÿ

ïîáóäîâè áàãàòîâèìiðíèõ ðàöiîíàëüíèõ íàáëèæåíü àíàëiòè÷íèõ ôóíêöié áà-

ãàòüîõ çìiííèõ.

Îñíîâíå çàâäàííÿ äèñåðòàöiéíîãî äîñëiäæåííÿ � âñòàíîâëåííÿ íåîáìåæå-

íèõ ìíîæèí óìîâíî¨ çáiæíîñòi ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ ñïåöiàëüíîãî âè-

ãëÿäó. Âiäîìî, ùî íåîáìåæåíi ìíîæèíè íå ìîæóòü áóòè ìíîæèíàìè çáiæíîñòi

íåïåðåðâíèõ äðîáiâ, ÷àñòèííi çíàìåííèêè ÿêèõ ðiâíi îäèíèöi. Òîìó íàêëàäà-

þòüñÿ ïåâíi äîäàòêîâi óìîâè, ÿêi ãàðàíòóþòü ¨õ çáiæíiñòü. ßê ïðàâèëî, öå

ðîçáiæíiñòü ðÿäó, ñêëàäåíîãî iç åëåìåíòiâ íåïåðåðâíîãî äðîáó. Äëÿ îòðèìàí-

íÿ ôîðìóë çàãàëüíèõ ÷ëåíiâ àíàëîãi÷íèõ ðÿäiâ ïðè äîñëiäæåííi íåîáìåæåíèõ

ìíîæèí óìîâíî¨ çáiæíîñòi ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ ñïåöiàëüíîãî âèãëÿ-

äó ðîçãëÿäà¹òüñÿ ïèòàííÿ âñòàíîâëåííÿ êðèòåðiþ òà åôåêòèâíèõ äîñòàòíiõ

óìîâ çáiæíîñòi òàêèõ äðîáiâ ç äîäàòíèìè åëåìåíòàìè. Öi ðåçóëüòàòè âèêîðè-

ñòîâóþòüñÿ äëÿ ïîáóäîâè íåîáìåæåíèõ ìíîæèí óìîâíî¨ çáiæíîñòi: êóòîâèõ,

ïàðàáîëi÷íèõ òà iíøèõ.

Äèñåðòàöiÿ ñêëàäà¹òüñÿ ç àíîòàöi¨, âñòóïó, ÷îòèðüîõ ðîçäiëiâ, âèñíîâêiâ

äî ðîçäiëiâ òà çàãàëüíèõ âèñíîâêiâ, ñïèñêó äæåðåë òà îäíîãî äîäàòêó, ÿêèé

ìiñòèòü ñïèñîê ïóáëiêàöié àâòîðà.

Ó âñòóïi îá ðóíòîâàíî àêòóàëüíiñòü òåìè äîñëiäæåííÿ, ñôîðìóëüîâàíî

ìåòó, îá'¹êò, ïðåäìåò, çàâäàííÿ i ìåòîäè äîñëiäæåííÿ, çàçíà÷åíî íàóêîâó íî-

âèçíó îòðèìàíèõ ðåçóëüòàòiâ, ¨õ ïðàêòè÷íå çíà÷åííÿ, çâ'ÿçîê ðîáîòè ç íàóêî-

âèìè òåìàìè òà îñîáèñòèé âíåñîê çäîáóâà÷à, âêàçàíî òàêîæ, äå áóëî àïðîáî-

âàíî òà îïóáëiêîâàíî ðåçóëüòàòè äèñåðòàöi¨.

Ó ïåðøîìó ðîçäiëi ñèñòåìàòèçîâàíî âiäîìîñòi ïðî íåïåðåðâíi äðîáè òà

ãiëëÿñòi ëàíöþãîâi äðîáè ñïåöiàëüíîãî âèãëÿäó, ïðîâåäåíî îãëÿä ëiòåðàòóðè

çà òåìîþ äèñåðòàöiéíîãî äîñëiäæåííÿ, ââåäåíî ïîíÿòòÿ C-ôiãóðíî¨ çáiæíîñòi

ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ ñïåöiàëüíîãî âèãëÿäó.
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Äðóãèé ðîçäië äèñåðòàöiéíîãî äîñëiäæåííÿ ïðèñâÿ÷åíèé âñòàíîâëåííþ

êðèòåðiþ çáiæíîñòi òà åôåêòèâíèõ îçíàê çáiæíîñòi ãiëëÿñòèõ ëàíöþãîâèõ

äðîáiâ ñïåöiàëüíîãî âèãëÿäó ç äîäàòíèìè åëåìåíòàìè. Ñóòò¹âî âðàõîâóþ÷è

ñòðóêòóðó òàêèõ äðîáiâ, òåîðiþ ñòiéêîñòi äî çáóðåíü, âñòàíîâëåíî êðèòåðié

çáiæíîñòi, ÿêèé ¹ áàãàòîâèìiðíèì óçàãàëüíåííÿ òåîðåìè Çåéäåëÿ äëÿ íåïå-

ðåðâíèõ äðîáiâ. Ó ôîðìóëþâàííi öüîãî êðèòåðiþ âèêîðèñòîâóþòüñÿ ðÿäè,

åëåìåíòàìè ÿêèõ ¹ çíà÷åííÿ çáiæíèõ íåïåðåðâíèõ äðîáiâ. Ïåðåâiðèòè òàêi

óìîâè äîñòàòíüî ñêëàäíî, òîìó âñòàíîâëåíî íèçêó åôåêòèâíèõ îçíàê çáiæ-

íîñòi, ÿêi ¹ áàãàòîâèìiðíèìè óçàãàëüíåííÿìè âiäîìèõ îçíàê çáiæíîñòi íåïå-

ðåðâíèõ äðîáiâ. Çîêðåìà, âñòàíîâëåíî áàãàòîâèìiðíi àíàëîãè òåîðåì Çåéäåëÿ

� Øòåðíà, Ïðiíãñõàéìà.

Â àíàëiòè÷íié òåîði¨ íåïåðåðâíèõ äðîáiâ ñóòò¹âî âèêîðèñòîâóþòüñÿ òðè-

÷ëåííi ðåêóðåíòíi ñïiââiäíîøåííÿ äëÿ îá÷èñëåííÿ ¨õ êàíîíi÷íèõ ÷èñåëüíè-

êiâ i çíàìåííèêiâ. Àêòóàëüíîþ ¹ çàäà÷à âèäiëåííÿ êëàñó ãiëëÿñòèõ ëàíöþ-

ãîâèõ äðîáiâ, êàíîíi÷íi ÷èñåëüíèêè òà çíàìåííèêè ÿêèõ çàäîâîëüíÿþòü ÷î-

òèðè÷ëåííi ðåêóðåíòíi ñïiââiäíîøåííÿ. Ó ïiäðîçäiëi 2.3 îá ðóíòîâàíî ôîð-

ìóëè äëÿ îá÷èñëåííÿ êîåôiöi¹íòiâ ãiëëÿñòîãî ëàíöþãîâîãî äðîáó, êàíîíi÷íi

÷èñåëüíèêè òà çíàìåííèêè ÿêîãî çàäîâîëüíÿþòü ëiíiéíå îäíîðiäíå ðåêóðåí-

òíå ðiâíÿííÿ òðåòüîãî ïîðÿäêó. Äîñëiäæåíî çáiæíiñòü öüîãî äðîáó ó âèïàä-

êó, êîëè éîãî åëåìåíòàìè ¹ äîäàòíi ÷èñëà. Âñòàíîâëåíî óìîâè, ïðè âèêîíàííi

ÿêèõ ïîáóäîâàíèé ãiëëÿñòèé ëàíöþãîâèé äðiá ç äâîìà ãiëêàìè ðîçãàëóæåííÿ

¹ äâîâèìiðíèì ãiëëÿñòèì ëàíöþãîâèì äðîáîì ñïåöiàëüíîãî âèãëÿäó.

Â òåîði¨ íåïåðåðâíèõ äðîáiâ íåîáìåæåíèìè ìíîæèíàìè óìîâíî¨ çáiæíîñ-

òi íàé÷àñòiøå âèñòóïàþòü ïiâïëîùèíè, êóòîâi îáëàñòi, çîâíiøíîñòi êðóãiâ,

ïàðàáîëi÷íi ìíîæèíè òà iíøi. Òðåòié ðîçäië ïðèñâÿ÷åíî äîñëiäæåííþ ïàðà-

áîëi÷íèõ ìíîæèí óìîâíî¨ çáiæíîñòi ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ ñïåöiàëü-

íîãî âèãëÿäó. Ó ïiäðîçäiëi 3.1 ïðè ôiêñîâàíèõ ÷àñòèííèõ çíàìåííèêàõ, ÿêi

íàëåæàòü çîâíiøíîñòÿì êðóãiâ, âñòàíîâëåíî ïàðàáîëi÷íi ìíîæèíè óìîâíî¨

çáiæíîñòi. Ïðè öüîìó ñóòò¹âî âèêîðèñòîâó¹òüñÿ ðàíiøå äîâåäåíèé áàãàòîâè-
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ìiðíèé àíàëîã òåîðåìè Ïðiíãñõàéìà, à òàêîæ òåîðåìà Ñòiëüòü¹ñà � Âiòàëi ïðî

çáiæíiñòü ïîñëiäîâíîñòi ãîëîìîðôíèõ ôóíêöié. Äîñëiäæåíî àíàëîãi÷íi ïàðà-

áîëi÷íi ìíîæèíè çáiæíîñòi, ïîâåðíóòi íà ïåâíèé êóò, i îòðèìàíî ìíîæèíè

çíà÷åíü òàêèõ äðîáiâ. Öi ðåçóëüòàòè âèêîðèñòàíî äëÿ âñòàíîâëåííÿ áàãàòî-

âèìiðíîãî àíàëîãà òåîðåìè Òðîíà ïðî ñïàðåíi ïàðàáîëi÷íi ìíîæèíè çáiæíîñòi

íåïåðåðâíèõ äðîáiâ.

Â ïiäðîçäiëi 3.2 äîâåäåíî äâîâèìiðíå óçàãàëüíåííÿ òåîðåìè Òðîíà � Äæî-

óíñà ïðî ïàðàáîëi÷íi îáëàñòi çáiæíîñòi íåïåðåðâíèõ äðîáiâ. Äîâåäåííÿ áàçó-

¹òüñÿ íà âèêîðèñòàííi ïîïåðåäíüî âñòàíîâëåíî¨ ëåìè ïðî ñòiéêiñòü íåïåðåðâ-

íîãî äðîáó, åëåìåíòè ÿêîãî íàëåæàòü ïàðàáîëi÷íèì îáëàñòÿì i çàäîâîëüíÿ-

þòü óìîâàì òåîðåìè Òðîíà � Äæîóíñà.

Ïàðàáîëi÷íi ìíîæèíè çáiæíîñòi ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ ñïåöiàëü-

íîãî âèãëÿäó ç êîìïëåêñíèìè åëåìåíòàìè âèêîðèñòîâó¹òüñÿ â ïiäðîçäiëi 3.3

ïðè äîñëiäæåííi çáiæíîñòi áàãàòîâèìiðíèõ S-äðîáiâ ç íåðiâíîçíà÷íèìè çìií-

íèìè. Ïiäõiäíi äðîáè öèõ ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ ¹ áàãàòîâèìiðíèìè ðà-

öiîíàëüíèìè ôóíêöiÿìè. Âñòàíîâëåíà òåîðåìà äîñëiäæó¹ ïèòàííÿ çáiæíîñòi

öèõ ôóíêöié ïðè öüîìó ñóòò¹âî âèêîðèñòîâó¹òüñÿ áàãàòîâèìiðíå óçàãàëüíåí-

íÿ òåîðåìè Ñòiëüòü¹ñà � Âiòàëi.

Êóòîâi ìíîæèíè çáiæíîñòi íåïåðåðâíèõ äðîáiâ âèâ÷àëè Å. Á. Âàí Ôëåê,

Éî. Ë. �íñåí, Î. Ïåððîí, Â. Á. �ðà  , Ä. Ä. Âîðíåð òà ií. ×åòâåðòèé ðîçäië

ïðèñâÿ÷åíèé óçàãàëüíåííþ öèõ ðåçóëüòàòiâ äëÿ ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ

ñïåöiàëüíîãî âèãëÿäó. Äîâåäåííÿ  ðóíòó¹òüñÿ òà âèêîðèñòàííi áàãàòîâèìiðíî-

ãî óçàãàëüíåííÿ êðèòåðiþ Çåéäåëÿ. Ïiäðîçäië 4.1 ïðèñâÿ÷åíèé âñòàíîâëåííþ

áàãàòîâèìiðíîãî àíàëîãà òåîðåìè Âàí Ôëåêà. Ó ïiäðîçäiëi 4.2 îñíîâíà óâàãà

ïðèäiëåíà âñòàíîâëåííþ îöiíêè øâèäêîñòi çáiæíîñòi ãiëëÿñòîãî ëàíöþãîâî-

ãî äðîáó ñïåöiàëüíîãî âèãëÿäó ç êîìïëåêñíèìè ÷àñòèííèìè çíàìåííèêàìè

òà ÷àñòèííèìè ÷èñåëüíèêàìè ðiâíèìè îäèíèöi. Ïðè íàêëàäàííi äîäàòêîâèõ

óìîâ íà ðîçõèë êóòà òà åëåìåíòè äðîáó âñòàíîâëåíî ðiçíi îöiíêè øâèäêî-

ñòi çáiæíîñòi ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ ñïåöiàëüíîãî âèãëÿäó. Ó ÷àñòèíi
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îòðèìàíèõ ðåçóëüòàòiâ âèìàãà¹òüñÿ ðîçáiæíiñòü äî íóëÿ íåñêií÷åííèõ äîáó-

òêiâ, àáî ðîçáiæíiñòü ðÿäiâ, åëåìåíòè ÿêèõ çàëåæàòü âiä êîåôiöi¹íòiâ ãiëëÿ-

ñòîãî ëàíöþãîâîãî äðîáó, éîãî ðîçìiðíîñòi òà êóòà ðîçõèëó îáëàñòi. ßêùî

åëåìåíòè öüîãî äðîáó âiäîêðåìëåíi âiä íóëÿ, òî âñòàíîâëåíà îöiíêà øâèäêî-

ñòi çáiæíîñòi, ÿêà ¹ àíàëîãîì ïîäiáíî¨ îöiíêè, äîâåäåíî¨ Éî. À. �íñåíîì äëÿ

íåïåðåðâíîãî äðîáó. Ïðè öüîìó âèêîðèñòàíî îñòàòî÷íå ôîðìóëþâàííÿ öüîãî

òâåðäæåííÿ, íàâåäåíå ó ðîáîòi Â. Á. �ðà  à òà Ä. Ä. Âîðíåðà.

Çàïðîïîíîâàíî íîâi ìåòîäè äîâåäåííÿ îöiíîê øâèäêîñòi çáiæíîñòi ãiëëÿ-

ñòîãî ëàíöþãîâîãî äðîáó ñïåöiàëüíîãî âèãëÿäó, ÿêi âðàõîâóþòü ðîçìiðíiñòü

äðîáó òà âiäîìi îöiíêè øâèäêîñòi çáiæíîñòi íåïåðåðâíèõ äðîáiâ. Òðóäíîùi,

ÿêi âèíèêàþòü ïðè âñòàíîâëåííi îöiíîê øâèäêîñòi çáiæíîñòi ãiëëÿñòîãî ëàí-

öþãîâîãî äðîáó ñïåöiàëüíîãî âèãëÿäó iç ÷àñòèííèìè çíàìåííèêàìè áëèçüêè-

ìè äî íóëÿ, âäàëîñÿ ïîäîëàòè øëÿõîì íàêëàäàííÿ îáìåæåíü íà øâèäêiñòü ¨õ

ïðÿìóâàííÿ äî íóëÿ.

Ó ïiäðîçäiëi 4.3 îòðèìàíî îöiíêè øâèäêîñòi çáiæíîñòi ãiëëÿñòîãî ëàíöþ-

ãîâîãî äðîáó ñïåöiàëüíîãî âèãëÿäó ç äîâiëüíèìè äiéñíèìè ÷àñòèííèìè ÷è-

ñåëüíèêàìè òà êîìïëåêñíèìè ÷àñòèííèìè çíàìåííèêàìè çi ñïàðåíèõ êóòîâèõ

ìíîæèí. Äîâåäåíî àíàëîã îöiíêè �ðà  à òà Âîðíåðà øâèäêîñòi çáiæíîñòi òà-

êîãî äðîáó.

Ðåçóëüòàòè, îòðèìàíi ó ïiäðîçäiëàõ 4.1�4.3, âèêîðèñòîâóþòüñÿ ïðè äîñëi-

äæåííi çáiæíîñòi òà âñòàíîâëåííi îöiíîê ïîõèáîê àïðîêñèìàöi¨ áàãàòîâèìið-

íèõ S-äðîáiâ ç íåðiâíîçíà÷íèìè çìiííèìè. Ïðè äåÿêèõ îáìåæåííÿõ òàêi îöií-

êè ¹ ïîòî÷êîâi, ïðè iíøèõ � ðiâíîìiðíi. Åôåêò âèêîðèñòàííÿ öèõ îöiíîê ïðî-

ÿâëÿ¹òüñÿ ïðè äîäàòêîâèõ óìîâàõ íà ïàðàìåòðè, ùî âèçíà÷àþòü îáëàñòi, â

ÿêèõ ïðîâîäèòüñÿ îöiíêà.

Êëþ÷îâi ñëîâà: íåïåðåðâíèé äðiá, ãiëëÿñòèé ëàíöþãîâèé äðiá ñïåöiàëü-

íîãî âèãëÿäó, ãiëëÿñòèé ëàíöþãîâèé äðiá ç íåðiâíîçíà÷íèìè çìiííèìè, çái-

æíiñòü, ðiâíîìiðíà çáiæíiñòü, ðàöiîíàëüíå íàáëèæåííÿ, áàãàòîâèìiðíà ðàöiî-

íàëüíà àïðîêñèìàöiÿ ôóíêöi¨, îöiíêà ïîõèáêè íàáëèæåííÿ, ðåêóðåíòíå ñïiâ-
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âiäíîøåííÿ.

ANNOTATION

Bilanyk I. B. Unbounded conditional convergence regions of branched conti-

nued fractions of the special form. � Qualifying scienti�c work on rights of

manuscript.

A Thesis for a Philosophy Doctor Degree in Mathematics, speciality 111 �

Mathematics. � Pidstryhach Institute for Applied Problems of Mechanics and

Mathematics, National Academy of Sciences of Ukraine, Lviv. � Public Higher

Education Institution �Vasyl Stefanyk Precarpathian National University�, Ivano-

Frankivsk, 2021.

The thesis is ful�lled within the analytic theory of continued and branched

continued fractions and is devoted to the study of convergence of branched conti-

nued fractions of the special form (branched continued fractions with independent

variables at �xed values of variables), to establishing truncation error bounds.

Continued and branched continued fractions are an e�ective apparatus for

constructing rational approximations of analytic functions. The founder of the sci-

enti�c school of the theory of branched continued fractions is V. Ya. Skorobogatko.

During the process of formation of analytic theory, three types of branched conti-

nued fractions were distinguished: branched continued fractions of general form

with a �xed number of branches of branching, two-dimensional continued fracti-

ons, and branched continued fractions with independent variables. They were the

object of research of domestic and foreign scientists, in particular, D. I. Bodnar,

Ch. Yo. Kuchminska, M. O. Nedashkovsky, R. I. Dmytryshyn, T. M. Antonova,

S. V. Sharyn, V. R. Hladun, O. M. Sus, M. M. Pahirya, N. P. Hoyenko,

O. S. Manziy, O. E. Baran, M. M. Bubnyak, S. M. Vozna as well as V. Semashko,

M. R. O'Donohoe and J. Murphy, A. Cuyt and B. Verdonk, H. Waadeland,

T. Komatsu and others.

The most general algorithms for the expansion of analytic functions into conti-

nued fractions use the principle of correspondence between power series and di-
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�erent types of functional continued fractions. The study of the correspondence

between multiple power series and multidimensional C-fractions contributed to

the appearance of branched continued fractions with independent variables, whi-

ch were �rst introduced by D. I. Bodnar. Such fractions are e�ectively used to

construct multidimensional rational approximations of analytic functions with

several variables.

The main task of the dissertation research is to establish unbounded conditi-

onal convergence regions of branched continued fractions of the special form. It

is known that unbounded regions cannot be regions of convergence of continued

fractions whose partial denominators are equal to one. Therefore, certain additi-

onal conditions are imposed that guarantee their convergence. As a rule, this is the

divergence of a series composed of elements of a continued fraction. The question of

establishing the criterion and e�ective su�cient conditions for convergence of such

fractions with positive elements is considered in order to obtain the formulas of

general terms of similar series in the study of unbounded conditional convergence

regions of branched continued fractions of the special form. These results are used

to construct unbounded conditional convergence regions: angular, parabolic, and

others. The thesis consists of the abstract, introduction, four chapters, conclusi-

ons for each chapter and general conclusions, bibliography, and appendix that

contains the list of author's publications.

The introduction substantiates the relevance of the research topics, formulates

the purpose, object, subject, tasks and methods of research, outlines the scienti�c

novelty of the obtained results, their practical signi�cance, the connection of the

work with scienti�c programs and the personal contribution of the author and

also points out where the results of thesis have been discussed and published.

In the �rst section, the information about continued fractions and branched

continued fractions of the special form is systematized, the literature on the

topic of dissertation research is reviewed, the concept of C-�gured convergence

of branched continued fractions of the special form is introduced.
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The second section of the thesis research is devoted to the establishment of

the convergence criterion and e�ective criteria of convergence of branched conti-

nued fractions of the special form with positive elements. Signi�cantly taking into

account the structure of such fractions, the theory of stability to perturbations,

the criterion of convergence is established, which is a multidimensional generali-

zation of Seidel's theorem for continued fractions. In the formulation of this cri-

terion, series are used, the elements of which are the values of convergent conti-

nued fractions. It is rather di�cult to verify such conditions, therefore a number

of e�ective criteria of convergence which are multidimensional generalizations of

well-known convergence theorems for continued fractions are established. In parti-

cular, multidimensional analogues of Seidel � Stern and Pringsheim theorems have

been established.

In the analytic theory of continued fractions, three-term recurrent relations

are signi�cantly used to calculate their canonical numerators and denominators.

The problem of distinguishing a class of branched continued fractions, whose

canonical numerators, and denominators satisfy four-term recurrent relations, is

urgent. Subsection 2.3 substantiates the formulas for calculating the coe�cients

of a branched continued fraction, the canonical numerators and denominators of

which satisfy a linear homogeneous recurrent equation of the third order. The

convergence of this fraction in the case when its elements are positive numbers

is investigated. The conditions under which the branched continued fraction with

two branches of branching is the two-dimensional branched continued fraction of

a special type are established.

In the theory of continued fractions, unbounded regions of conditional

convergence most often are half-planes, angular domains, the exteriors of ci-

rcles, parabolic regions, and others. The third section is devoted to the study

of parabolic conditional convergence regions of branched continued fractions of

the special form. In subsection 3.1 for �xed partial denominators belonging to

the exteriors of circles, parabolic conditional convergence regions are establi-
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shed. In this case, the previously proved multidimensional analogue of the Pri-

ngsheim theorem, as well as the Stieltjes � Vitali theorem on the convergence of

the sequence of holomorphic functions, are signi�cantly used. Similar parabolic

convergence regions rotated to a certain angle are investigated, and value regions

of such fractions are obtained. These results were used to establish a multidi-

mensional analogue of Tron theorem on twin parabolic regions of convergence of

continued fractions.

In subsection 3.2 it is proved a two-dimensional generalization of the Tron �

Jones theorem on parabolic regions of convergence of continued fractions. The

proof is based on the use of a preestablished lemma on the stability of a conti-

nued fraction, the elements of which belong to parabolic regions and satisfy the

conditions of the Tron � Jones theorem.

Parabolic regions of convergence of branched continued fractions of the special

form with complex elements are used in subsection 3.3 for the study of convergence

of multidimensional S-fractions with independent variables. Approximants of

these branched continued fractions are rational functions with several variables.

The established theorem investigates the problem of the convergence of these

functions, for this, the multidimensional generalization of the Stieltjes � Vitali

theorem is substantially used.

The angular regions of convergence of continued fractions were studied by

E. B. Van Fleck, J. L. Jensen, O. Perron, W. B. Gragg, D. D. Warner, and

others. The fourth section is devoted to the generalization of these results for

branched continued fractions of the special form. The proof is based on the use of

a multidimensional generalization of Seidel criterion. Subsection 4.1 is devoted to

establishing a multidimensional analogue of Van Fleck theorem. In subsection 4.2

the main attention is paid to the establishment of the truncation error bounds of a

branched continued fraction of the special form with complex partial denominators

and partial numerators equal to one. When imposing additional conditions on

the angle and the elements of the fraction, di�erent truncation error bounds of
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branched continued fractions of the special form are established. Some of the

obtained results require a divergence to zero of in�nite products, or divergence of

series, the elements of which depend on the coe�cients of the branched continued

fraction, its dimension, and the angle of inclination of the region. If the elements of

this fraction are separated from zero, then truncation error bound is established,

which is analogous to the similar estimate proved by Yo. A. Jensen for a continued

fraction. The �nal formulation of this statement, given in the work of W. B. Gragg

and D. D. Warner, was used.

New methods for proving truncation error bounds of branched continued

fractions of the special form are proposed, which take into account the dimension

of the fraction and known truncation error bounds of continuous fractions. Di�-

culties that arise in establishing truncation error bounds of a branched continued

fraction of the special form with partial denominators close to zero, managed to

be overcome by imposing restrictions on the speed of their tending to zero.

The results obtained in subsections 4.1�4.3 are used in the study of convergence

and the establishment of truncation error bounds of multidimensional S-fractions

with independent variables. For some restrictions such estimates are pointwise, for

others restrictions they are uniform. The e�ect of using the obtained estimates is

obvious under additional conditions on the parameters that determine the regions

in which the truncation error bounds are conducted.

Key words: continued fraction, branched continued fraction of the special form,

branched continued fraction with independent variables, convergence, uniform

convergence, rational approximation, multidimensional rational approximation of

function, truncation error bounds, recurrent relation.
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ÂÑÒÓÏ

Àêòóàëüíiñòü òåìè. Äëÿ íàáëèæåííÿ äiéñíèõ ÷èñåë, çîêðåìà ÷èñëà π,

àëãåáðà¨÷íèõ iððàöiîíàëüíîñòåé, äðåâíi ìàòåìàòèêè âèêîðèñòîâóâàëè ðàöiî-

íàëüíi ÷èñëà. Òàêi íàáëèæåííÿ ìîæíà îòðèìàòè iç ðîçâèíåííÿ äiéñíèõ ÷èñåë

ó íåïåðåðâíi äðîáè çà àëãîðèòìîì Åâêëiäà. Éî. Õ. Ëàìáåðò, Æ. Ëàãðàíæ,

Ë. Îéëåð, Ê. Ô. Ãàóññ âèêîðèñòîâóâàëè ôóíêöiîíàëüíi íåïåðåðâíi äðîáè äëÿ

íàáëèæåííÿ åëåìåíòàðíèõ òà ñïåöiàëüíèõ ôóíêöié. Â ñåðåäèíi ÕIÕ ñòîëiòòÿ

ñôîðìóâàëàñÿ àíàëiòè÷íà òåîðiÿ íåïåðåðâíèõ äðîáiâ. Ðåçóëüòàòè äîñëiäæåíü

âèêëàäåíi ó ìîíîãðàôiÿõ Î. Ïåððîíà, Ã. Âîëëà, Ó. Äæîóíñà i Â. Òðîíà, Ë. Ëî-

ðåíòöåí i Õ. Âîäåëàíäà, À. Ì. Õîâàíñüêîãî, À. ß. Õií÷èíà, à òàêîæ À. Êàéò

òà Â. Áðåâiê-Ïåòåðñîí, Á. Âåðäîíê, Õ. Âîäåëàíäà, Ó. Äæîóíñà. Íåïåðåðâíi

äðîáè ïðîÿâèëè ñåáå ÿê åôåêòèâíèé àïàðàò äëÿ íàáëèæåííÿ äiéñíèõ ÷èñåë

i àíàëiòè÷íèõ ôóíêöié. Â àíàëiòè÷íié òåîði¨ íåïåðåðâíèõ äðîáiâ îñíîâíèìè

çàäà÷àìè ¹ ïîáóäîâà ðîçâèíåíü ôóíêöié ó ðiçíi òèïè ôóíêöiîíàëüíèõ íåïå-

ðåðâíèõ äðîáiâ, äîñëiäæåííÿ çáiæíîñòi òà îöiíêè ïîõèáîê àïðîêñèìàöi¨ ïiä-

õiäíèìè äðîáàìè ÷èñëîâèõ òà ôóíêöiîíàëüíèõ íåïåðåðâíèõ äðîáiâ.

Ïåðøi áàãàòîâèìiðíi óçàãàëüíåííÿ íåïåðåðâíèõ äðîáiâ âèíèêëè ó

òåîðåòèêî-÷èñëîâîìó íàïðÿìêó. Âîíè âèêîðèñòîâóâàëèñÿ äëÿ ïðåäñòàâëåí-

íÿ àëãåáðà¨÷íèõ iððàöiîíàëüíîñòåé âèùèõ ïîðÿäêiâ, ðîçâ'ÿçàííÿ äiîôàíòîâèõ

ðiâíÿíü i íåðiâíîñòåé i áóëè òiñíî ïîâ'ÿçàíi iç òðè÷ëåííèìè ðåêóðåíòíèìè ðiâ-

íÿííÿìè, ÿêi âèêîðèñòîâóâàëèñÿ äëÿ îá÷èñëåííÿ êàíîíi÷íèõ ÷èñåëüíèêiâ òà

çíàìåííèêiâ ïiäõiäíèõ äðîáiâ.

Ó 1966 ðîöi äëÿ íàáëèæåííÿ ôóíêöié áàãàòüîõ çìiííèõ Â. ß. Ñêîðîáîãà-

òüêî çàïðîïîíóâàâ âèêîðèñòîâóâàòè áàãàòîâèìiðíèé àíàëîã íåïåðåðâíèõ äðî-

áiâ � ãiëëÿñòèé ëàíöþãîâèé äðiá. Îñíîâè àíàëiòè÷íî¨ òåîði¨ ãiëëÿñòèõ ëàí-

öþãîâèõ äðîáiâ âèêëàäåíi ó ìîíîãðàôiÿõ Ï. I. Áîäíàð÷óêà òà Â. ß. Ñêîðîáî-

ãàòüêà, Â. ß. Ñêîðîáîãàòüêà, Ä. I. Áîäíàðà. Ðîçâèíåííÿ ñòåïåíåâèõ ðÿäiâ ó C-

äðîáè áàçó¹òüñÿ íà ïðèíöèïi âiäïîâiäíîñòi, ÿêèé âèêîðèñòîâóâàëè Ï. Ë. ×å-
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áèøåâ, Ò. Éî. Ñòiëüòü¹ñ. Öåé æå ïðèíöèï áóâ âèêîðèñòàíèé äëÿ ïîáóäîâè

Ïàäå àïðîêñèìàöié Ô. Ã. Ôðîáåíióñîì, Ê. Ô. Ãàóññîì, À. Ïàäå. Îäíàê çàäà÷à

âiäïîâiäíîñòi ìiæ êðàòíèìè ñòåïåíåâèìè ðÿäàìè i ãiëëÿñòèìè ëàíöþãîâèìè

äðîáàìè íå ìàëà ¹äèíîãî ðîçâ'ÿçêó. Öå ïðèâåëî äî ïîáóäîâè òà äîñëiäæåííÿ

äâîâèìiðíèõ íåïåðåðâíèõ äðîáiâ, âiäïîâiäíèõ ïîäâiéíîìó ñòåïåíåâîìó ðÿäó,

ó ðîáîòàõ Õ. É. Êó÷ìiíñüêî¨, Ä. I. Áîäíàðà, Î. Ì. Ñóñü, Ò. Ì. Àíòîíîâî¨,

Ñ. Ì. Âîçíî¨, Ì. Î'Äîíîãîå i Äæ. Ìåðôi, À. Êàéò i Á. Âåðäîíê, Â. Ñåìàøêà

òà iíøèõ.

Ïðè ïåðåõîäi äî N çìiííèõ çíà÷íî óñêëàäíþ¹òüñÿ ñòðóêòóðà äâîâèìið-

íèõ íåïåðåðâíèõ äðîáiâ. Öå ñïðèÿëî ðîçâèòêó àíàëiòè÷íî¨ òåîði¨ ãiëëÿñòèõ

ëàíöþãîâèõ äðîáiâ ç íåðiâíîçíà÷íèìè çìiííèìè. Âiäïîâiäíiñòü òàêèõ äðî-

áiâ êðàòíèì ñòåïåíåâèì ðÿäàì äîñëiäæóâàëè Ä. I. Áîäíàð, Ð. I. Äìèòðèøèí,

Î. �. Áàðàí. Ð. I. Äìèòðèøèí îçíà÷èâ ðiçíi êëàñè ôóíêöiîíàëüíèõ ãiëëÿñòèõ

ëàíöþãîâèõ äðîáiâ ç íåðiâíîçíà÷íèìè çìiííèìè, ïîáóäóâàâ ïðèêëàäè ðîçâè-

íåííÿ ôóíêöié äâîõ i òðüîõ çìiííèõ ó òàêi äðîáè, äîñëiäèâ åôåêòèâíiñòü öèõ

ðîçâèíåíü. Ïðè ôiêñîâàíèõ çíà÷åííÿõ çìiííèõ ãiëëÿñòi ëàíöþãîâi äðîáè ç íå-

ðiâíîçíà÷íèìè çìiííèìè íàçèâàþòü ãiëëÿñòèìè ëàíöþãîâèìè äðîáàìè ñïåöi-

àëüíîãî âèãëÿäó. Äîñëiäæåííÿì ¨õ çáiæíîñòi ïðèñâÿ÷åíi ðîáîòè Ä. I. Áîäíàðà,

Ð. I. Äìèòðèøèíà, Ñ. Â. Øàðèíà, Ò. Ì. Àíòîíîâî¨, Î. �. Áàðàí, Ì. Ì. Áó-

áíÿê.

Äëÿ ïîáóäîâè ðàöiîíàëüíèõ íàáëèæåíü ìîæíà âèêîðèñòîâóâàòè ÿê ïiäõi-

äíi äðîáè ôóíêöiîíàëüíèõ ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ, òàê i áàãàòîâèìiðíi

àïðîêñèìàöi¨ Ïàäå. Áàãàòîâèìiðíèì àïðîêñèìàöiÿì òèïó Ïàäå äëÿ ôóíêöié

áàãàòüîõ çìiííèõ çà äîïîìîãîþ ìåòîäó ìîìåíòíèõ çîáðàæåíü ïðèñâÿ÷åíi äî-

ñëiäæåííÿ À. Ï. Ãîëóáà, Ë. Î. ×åðíåöüêî¨.

Êîíòèíóàëüíèì àíàëîãîì ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ ¹ iíòåãðàëüíi ëàí-

öþãîâi äðîáè, îçíà÷åíi Ì. Ñ. Ñÿâàâêîì. Âîíè âèêîðèñòîâóâàëèñÿ äëÿ iíòåðïî-

ëÿöi¨ ôóíêöiîíàëiâ ó ðîáîòàõ Â. Ë. Ìàêàðîâà, Á. Ð. Ìèõàëü÷óêà, I. I. Äåìêiâà.

Áàãàòî îçíàê çáiæíîñòi íåïåðåðâíèõ òà ãiëëÿñòèõëàíöþãîâèõ äðîáiâ ôîð-
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ìóëþþòüñÿ ÿê òåîðåìè ïðî ìíîæèíè çáiæíîñòi. Äîñëiäæóþòüñÿ çîêðåìà, òàêi

ìíîæèíè çáiæíîñòi: êðóãîâi, çîâíiøíîñòi êðóãiâ, êóòîâi, êàðäiî¨äíi, îâàëüíi,

ïàðàáîëi÷íi òà ií. Âiäîìî, ùî äëÿ íåïåðåðâíèõ äðîáiâ ç ÷àñòèííèìè çíàìåí-

íèêàìè ðiâíèìè îäèíèöi ìíîæèíè çáiæíîñòi ïîâèííi áóòè îáìåæåíèìè. Ïðè

ðîçãëÿäi íåîáìåæåíèõ ìíîæèí âèíèêàþòü äîäàòêîâi óìîâè. Òàêi ìíîæèíè

íàçèâàþòü ìíîæèíàìè óìîâíî¨ çáiæíîñòi. Àíàëîãi÷íà çàäà÷à ¹ àêòóàëüíîþ

äëÿ ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ ç íåðiâíîçíà÷íèìè çìiííèìè. Âàæëèâîþ ¹

òàêîæ ïðîáëåìà âñòàíîâëåííÿ îöiíîê øâèäêîñòi çáiæíîñòi ãiëëÿñòèõ ëàíöþ-

ãîâèõ äðîáiâ ç íåðiâíîçíà÷íèìè çìiííèìè íà äåÿêèõ ïiäìíîæèíàõ ìíîæèí

óìîâíî¨ çáiæíîñòi.

Ç âiäîìèìè áàãàòîâèìiðíèìè óçàãàëüíåííÿìè íåïåðåðâíèõ äðîáiâ òiñíî

ïîâ'ÿçàíi ëiíiéíi îäíîðiäíi ðåêóðåíòíi ðiâíÿííÿ òðåòüîãî i âèùå ïîðÿäêiâ.

Äîñëiäæåííþ òàêèõ ðåêóðåíòíèõ ñïiââiäíîøåíü ïðèñâÿ÷åíi ðîáîòè Ò. Ï. Ãîÿ,

Ð. À. Çàòîðñüêîãî, Ñ. Â. Øàðèíà, Ð. Ôðîí÷àêà, Ó. Àêáàáè, À. Õ. Äåãåðà òà

iíøèõ. Äëÿ çàãàëüíèõ ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ ðåêóðåíòíi ôîðìóëè äëÿ

ïiäðàõóíêó êàíîíi÷íèõ ÷èñåëüíèêiâ i çíàìåííèêiâ íå ñïðàâäæóþòüñÿ, òîìó

âèíèêëà çàäà÷à âèäiëåííÿ òà äîñëiäæåííÿ êëàñó ãiëëÿñòèõ ëàíöþãîâèõ äðî-

áiâ äëÿ êàíîíi÷íèõ ÷èñåëüíèêiâ i çíàìåííèêiâ ÿêèõ âèêîíóþòüñÿ òàêi ñïiââiä-

íîøåííÿ.

Çâ'ÿçîê ðîáîòè ç íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òåìàìè. Äî-

ñëiäæåííÿ âèêîíóâàëîñü ó ðàìêàõ íàóêîâî-äîñëiäíî¨ äåðæáþäæåòíî¨ òåìè

�Ðîçâèòîê òà çàñòîñóâàííÿ òîïîëîãi÷íèõ, äèôåðåíöiàëüíî-ãåîìåòðè÷íèõ, àíà-

ëiòè÷íèõ i ÷èñëîâèõ ìåòîäiâ äîñëiäæåííÿ ðiâíÿíü òåîði¨ ôiçè÷íèõ ïîëiâ i ðó-

õó ÷àñòîê ó ðiìàíîâèõ ïðîñòîðàõ� (íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨ 0120U100496)

âiääiëó äèôåðåíöiàëüíèõ ðiâíÿíü i òåîði¨ ôóíêöié Iíñòèòóòó ïðèêëàäíèõ ïðî-

áëåì ìåõàíiêè i ìàòåìàòèêè iì. ß. Ñ. Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè.

Ìåòà òà çàäà÷i äîñëiäæåííÿ. Ìåòîþ äèñåðòàöiéíîãî äîñëiäæåííÿ ¹

âñòàíîâëåííÿ íåîáìåæåíèõ ìíîæèí óìîâíî¨ çáiæíîñòi ãiëëÿñòèõ ëàíöþãîâèõ

äðîáiâ ñïåöiàëüíîãî âèãëÿäó, âñòàíîâëåííÿ îöiíîê ïîõèáêè íàáëèæåííÿ ïiä-
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õiäíèìè äðîáàìè, ùî ïåðåäáà÷à¹ âèðiøåííÿ òàêèõ çàäà÷:

� âñòàíîâèòè êðèòåðié çáiæíîñòi ãiëëÿñòîãî ëàíöþãîâîãî äðîáó ñïåöiàëü-

íîãî âèãëÿäó ç äîäàòíèìè åëåìåíòàìè;

� âñòàíîâèòè îçíàêè çáiæíîñòi ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ, ÿêi ¹ áàãà-

òîâèìiðíèìè àíàëîãàìè òåîðåì Çåéäåëÿ � Øòåðíà òà Ïðiíãñõàéìà;

� îá ðóíòóâàòè ðîçâèíåííÿ âiäíîøåííÿ ëiíiéíî-íåçàëåæíèõ ðîçâ'ÿçêiâ ëi-

íiéíîãî îäíîðiäíîãî ðåêóðåíòíîãî ðiâíÿííÿ òðåòüîãî ïîðÿäêó ó ãiëëÿ-

ñòèé ëàíöþãîâèé äðiá, âñòàíîâèòè óìîâè çáiæíîñòi öüîãî äðîáó ó âèïàä-

êó äîäàòíèõ åëåìåíòiâ òà óìîâè âèðîäæåííÿ ó ãiëëÿñòèé ëàíöþãîâèé

äðiá ñïåöiàëüíîãî âèãëÿäó;

� âñòàíîâèòè óìîâè çáiæíîñòi ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ ñïåöiàëüíîãî

âèãëÿäó ç ÷àñòèííèìè ÷èñåëüíèêàìè, ùî íàëåæàòü ïàðàáîëi÷íèì îáëà-

ñòÿì, äîâåñòè áàãàòîâèìiðíèé àíàëîã òåîðåìè Òðîíà ïðî ñïàðåíi ïàðà-

áîëi÷íi ìíîæèíè çáiæíîñòi;

� âñòàíîâèòè àíàëîã îçíàêè çáiæíîñòi Òðîíà òà Äæîóíñà ïðî ïàðàáîëi-

÷íi ìíîæèíè çáiæíîñòi äëÿ äâîâèìiðíèõ ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ

ñïåöiàëüíîãî âèãëÿäó;

� äîâåñòè áàãàòîâèìiðíèé àíàëîã òåîðåìè Âàí Ôëåêà ïðî êóòîâó îáëàñòü

çáiæíîñòi òàêèõ äðîáiâ;

� âñòàíîâèòè îöiíêè øâèäêîñòi çáiæíîñòi ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ

ñïåöiàëüíîãî âèãëÿäó ç ÷àñòèííèìè ÷èñåëüíèêàìè ðiâíèìè îäèíèöi â

êóòîâèõ îáëàñòÿõ ïðè ðiâíîìiðíî içîëüîâàíèõ âiä íóëÿ ÷àñòèííèõ çíà-

ìåííèêàõ àáî ïðè óìîâàõ, ùî ïåâíi åëåìåíòè ïðÿìóþòü äî íóëÿ iç çà-

äàíîþ øâèäêiñòþ;

� âñòàíîâèòè áàãàòîâèìiðíi àíàëîãè îöiíîê øâèäêîñòi çáiæíîñòi íåïåðåðâ-

íèõ äðîáiâ îòðèìàíèõ Éî. Ë. �íñåíîì ó ôîðìóëþâàííi Â. Á. �ðà  à òà

Ä. Ä. Âîðíåðà;
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� çàñòîñóâàòè îòðèìàíi ðåçóëüòàòè ïðè äîñëiäæåííi çáiæíîñòi òà îöiíîê

ïîõèáêè àïðîêñèìàöi¨ áàãàòîâèìiðíèõ S-äðîáiâ ç íåðiâíîçíà÷íèìè çìií-

íèìè.

Îá'¹êòîì äîñëiäæåííÿ ¹ íåïåðåðâíi òà ãiëëÿñòi ëàíöþãîâi äðîáè ñïåöi-

àëüíîãî âèãëÿäó, áàãàòîâèìiðíi S-äðîáè ç íåðiâíîçíà÷íèìè çìiííèìè.

Ïðåäìåòîì äîñëiäæåííÿ ¹ íåîáìåæåíi ìíîæèíè óìîâíî¨ çáiæíîñòi ãiëëÿ-

ñòèõ ëàíöþãîâèõ äðîáiâ ñïåöiàëüíîãî âèãëÿäó, îöiíêè ïîõèáêè àïðîêñèìàöi¨

ïiäõiäíèìè äðîáàìè íà ¨õ ïiäìíîæèíàõ.

Ìåòîäè äîñëiäæåíü. Äëÿ ðîçâ'ÿçàííÿ ïîñòàâëåíèõ çàäà÷ âèêîðèñòîâó-

þòüñÿ ìåòîäè ìàòåìàòè÷íîãî òà êîìïëåêñíîãî àíàëiçó, àíàëiòè÷íî¨ òåîði¨ íå-

ïåðåðâíèõ òà ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ.

Íàóêîâà íîâèçíà ðåçóëüòàòiâ äîñëiäæåííÿ.

1. Çàïðîïîíîâàíî äâà íîâèõ ìåòîäè äîñëiäæåííÿ çáiæíîñòi ãiëëÿñòèõ ëàí-

öþãîâèõ äðîáiâ ñïåöiàëüíîãî âèãëÿäó, ÿêi ñóòò¹âî âðàõîâóþòü ñòðóêòó-

ðó öèõ äðîáiâ. Ïåðøèé ìåòîä áàçó¹òüñÿ íà âèêîðèñòàííi i îá ðóíòóâàííi

C-ôiãóðíî¨ çáiæíîñòi òàêèõ äðîáiâ, äðóãèé � âèêîðèñòîâó¹ âiäîìi îöiíêè

øâèäêîñòi çáiæíîñòi íåïåðåðâíèõ äðîáiâ i âðàõîâó¹ ðîçìiðíiñòü ãiëëÿ-

ñòîãî ëàíöþãîâîãî äðîáó ñïåöiàëüíîãî âèãëÿäó.

2. Âñòàíîâëåíî êðèòåðié çáiæíîñòiN -âèìiðíèõ ãiëëÿñòèõ ëàíöþãîâèõ äðî-

áiâ ñïåöiàëüíîãî âèãëÿäó ç äîäàòíèìè åëåìåíòàìè òà åôåêòèâíi äîñòàòíi

óìîâè çáiæíîñòi òàêèõ äðîáiâ, ÿêi ¹ àíàëîãàìè âiäîìèõ îçíàê çáiæíîñòi

íåïåðåðâíèõ äðîáiâ.

3. Äîâåäåíî òåîðåìè ïðî ïàðàáîëi÷íi ìíîæèíè óìîâíî¨ çáiæíîñòi ãiëëÿ-

ñòèõ ëàíöþãîâèõ äðîáiâ ñïåöiàëüíîãî âèãëÿäó, çîêðåìà ó âèïàäêó äî-

âiëüíî¨ ðîçìiðíîñòi âñòàíîâëåíî àíàëîã òåîðåìè Òðîíà ïðî ñïàðåíi ïà-

ðàáîëi÷íi ìíîæèíè çáiæíîñòi íåïåðåðâíèõ i àíàëîã òåîðåìè Òðîíà �

Äæîóíñà äëÿ äâîâèìiðíèõ ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ ñïåöiàëüíîãî

âèãëÿäó.



23

4. Äîñëiäæåíî êóòîâi ìíîæèíè óìîâíî¨ çáiæíîñòi N -âèìiðíèõ ãiëëÿñòèõ

ëàíöþãîâèõ äðîáiâ ñïåöiàëüíîãî âèãëÿäó òà âñòàíîâëåíî îöiíêè øâèä-

êîñòi çáiæíîñòi íà äåÿêèõ ïiäìíîæèíàõ.

5. Ïðîâåäåíî äîñëiäæåííÿ çáiæíîñòi òà âñòàíîâëåíî îöiíêè ïîõèáîê àïðî-

êñèìàöi¨ áàãàòîâèìiðíèõ S-äðîáiâ ç íåðiâíîçíà÷íèìè çìiííèìè.

6. Îá ðóíòîâàíî ðîçâèíåííÿ âiäíîøåííÿ ëiíiéíî-íåçàëåæíèõ ðîçâ'ÿçêiâ

îäíîðiäíîãî ëiíiéíîãî ðåêóðåíòíîãî ðiâíÿííÿ òðåòüîãî ïîðÿäêó ó ãië-

ëÿñòèé ëàíöþãîâèé äðiá ç äâîìà ãiëêàìè ðîçãàëóæåííÿ, äîñëiäæåíî çái-

æíiñòü îòðèìàíîãî äðîáó.

Ïðàêòè÷íå çíà÷åííÿ îäåðæàíèõ ðåçóëüòàòiâ. Äèñåðòàöiéíà ðîáî-

òà íîñèòü òåîðåòè÷íèé õàðàêòåð. Ðåçóëüòàòè äîñëiäæåíü ìîæóòü áóòè âèêî-

ðèñòàíi â àíàëiòè÷íié òåîði¨ ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ ç íåðiâíîçíà÷íè-

ìè çìiííèìè òà òåîði¨ àïðîêñèìàöi¨ àíàëiòè÷íèõ ôóíêöié áàãàòüîõ çìiííèõ.

Îòðèìàíi îçíàêè çáiæíîñòi òà îöiíêè ïîõèáêè àïðîêñèìàöi¨ ãiëëÿñòèõ ëàíöþ-

ãîâèõ äðîáiâ ñïåöiàëüíîãî âèãëÿäó áóëè çàñòîñîâàíi ïðè äîñëiäæåííi çáiæíî-

ñòi áàãàòîâèìiðíèõ S-äðîáiâ ç íåðiâíîçíà÷íèìè çìiííèìè. Îêðåìi ðåçóëüòàòè

áóëè âèêîðèñòàíi òàêîæ ó íàâ÷àëüíîìó ïðîöåñi (êàôåäðà ìàòåìàòèêè òà ìå-

òîäèêè ¨¨ íàâ÷àííÿ, Òåðíîïiëüñüêèé íàöiîíàëüíèé ïåäàãîãi÷íèé óíiâåðñèòåò

iìåíi Âîëîäèìèðà Ãíàòþêà) ïðè ÷èòàííi ñïåöêóðñó äëÿ ìàãiñòðàíòiâ �Òåîðiÿ

ëàíöþãîâèõ äðîáiâ òà ¨õ çàñòîñóâàííÿ�.

Îñîáèñòèé âíåñîê çäîáóâà÷à. Äàíà äèñåðòàöiéíà ðîáîòà âèêîíàíà àâ-

òîðîì ñàìîñòiéíî. Ó ñïiëüíèõ ðîáîòàõ ç íàóêîâèì êåðiâíèêîì îñòàííüîìó íà-

ëåæàòü ïîñòàíîâêè çàäà÷ òà àíàëiç îòðèìàíèõ ðåçóëüòàòiâ. Ó ñïiëüíié ðî-

áîòi ç Ä. I. Áîäíàðîì i Ë. Ì. Áóÿê àâòîðöi íàëåæàòü îá ðóíòóâàííÿ ôîð-

ìóë îá÷èñëåííÿ åëåìåíòiâ ãiëëÿñòîãî ëàíöþãîâîãî äðîáó, ÿêèé ¹ ðîçâèíåííÿì

âiäíîøåííÿ ëiíiéíî-íåçàëåæíèõ ðîçâ'ÿçêiâ ÷îòèðè÷ëåííîãî ðåêóðåíòíîãî ðiâ-

íÿííÿ, äîñëiäæåííÿ çáiæíîñòi öüîãî äîáó.

Àïðîáàöiÿ ðåçóëüòàòiâ. Ìàòåðiàëè äèñåðòàöiéíî¨ ðîáîòè äîïîâiäàëèñÿ

i îáãîâîðþâàëèñÿ íà:
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� Âñåóêðà¨íñüêié íàóêîâié êîíôåðåíöi¨ �Ñó÷àñíi ïðîáëåìè òåîði¨ éìîâið-

íîñòåé òà ìàòåìàòè÷íîãî àíàëiçó� (Âîðîõòà, 24�27 ëþòîãî 2016 ð.);

� Âñåóêðà¨íñüêié íàóêîâié êîíôåðåíöi¨ �Ñó÷àñíi ïðîáëåìè òåîði¨ éìîâið-

íîñòåé òà ìàòåìàòè÷íîãî àíàëiçó� (Âîðîõòà, 22�25 ëþòîãî 2017 ð.);

� Ìiæíàðîäíié êîíôåðåíöi¨ �Òåîðiÿ íàáëèæåííÿ ôóíêöié òà ¨¨ çàñòîñóâàí-

íÿ�, ïðèñâÿ÷åíié 75-ði÷÷þ ç äíÿ íàðîäæåííÿ ÷ëåíà-êîðåñïîíäåíòà ÍÀÍ

Óêðà¨íè, ïðîôåñîðà Î. I. Ñòåïàíöÿ (1942�2007) (Ñëîâ'ÿíñüê, 28 òðàâ-

íÿ � 3 ÷åðâíÿ 2017 ð.);

� Ìiæíàðîäíié êîíôåðåíöi¨ ìîëîäèõ ìàòåìàòèêiâ, ïðèñâÿ÷åíié 100-ði÷÷þ

ç äíÿ íàðîäæåííÿ àêàäåìiêà ÍÀÍ Óêðà¨íè, ïðîô. Þ. Î. Ìèòðîïîëü-

ñüêîãî (Êè¨â, 7�10 ÷åðâíÿ 2017 ð.);

� Âñåóêðà¨íñüêié íàóêîâié êîíôåðåíöi¨ �Ñó÷àñíi ïðîáëåìè òåîði¨ éìîâið-

íîñòåé òà ìàòåìàòè÷íîãî àíàëiçó� (Âîðîõòà, 27 ëþòîãî � 2 áåðåçíÿ

2018 ð.);

� Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ �Ñó÷àñíi ïðîáëåìè ìåõàíiêè òà ìà-

òåìàòèêè�, ïðèñâÿ÷åíié 90-ði÷÷þ âiä äíÿ íàðîäæåííÿ àêàäåìiêà ÍÀÍ

Óêðà¨íè ßðîñëàâà Ñòåïàíîâè÷à Ïiäñòðèãà÷à òà 40-ði÷÷þ ñòâîðåíîãî

íèì Iíñòèòóòó ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i ìàòåìàòèêè ÍÀÍ Óêðà-

¨íè (Ëüâiâ, 22�25 òðàâíÿ 2018 ð.);

� Ìiæíàðîäí¨é íàóêîâié êîíôåðåíöi¨ �Ñó÷àñíi ïðîáëåìè ìàòåìàòèêè òà

¨¨ çàñòîñóâàííÿ â ïðèðîäíè÷èõ íàóêàõ i iíôîðìàöiéíèõ òåõíîëîãiÿõ�,

ïðèñâÿ÷åíié 50-ði÷÷þ ôàêóëüòåòó ìàòåìàòèêè òà iíôîðìàòèêè ×åðíi-

âåöüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iìåíi Þðiÿ Ôåäüêîâè÷à (×åðíiâöi,

17�19 âåðåñíÿ 2018 ð.);

� VI âñåóêðà¨íñüêié íàóêîâié êîíôåðåíöi¨ iìåíi Á. Â. Âàñèëèøèíà �Íåëi-

íiéíi ïðîáëåìè àíàëiçó� (Iâàíî-Ôðàíêiâñüê � Ìèêóëè÷èí, 26�28 âåðåñíÿ

2018 ð.);
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� Âñåóêðà¨íñüêié íàóêîâié êîíôåðåíöi¨ �Ñó÷àñíi ïðîáëåìè òåîði¨ éìîâið-

íîñòåé òà ìàòåìàòè÷íîãî àíàëiçó� (Âîðîõòà, 25 ëþòîãî � 1 áåðåçíÿ

2019 ð.);

� Êîíôåðåíöi¨ ìîëîäèõ â÷åíèõ �Ïiäñòðèãà÷iâñüêi ÷èòàííÿ � 2019� (Ëüâiâ,

27�29 òðàâíÿ 2019 ð.);

� Ìiæíàðîäíié êîíôåðåíöi¨ ìîëîäèõ ìàòåìàòèêiâ (Êè¨â, 6�8 ÷åðâíÿ

2019 ð.);

� Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ �Ôóíêöiîíàëüíi ìåòîäè òåîði¨ íàáëè-

æåíü, äèôåðåíöiàëüíèõ ðiâíÿííÿõ òà îá÷èñëþâàëüíié ìàòåìàòèöi IV�,

ïðèñâÿ÷åíié 100-ði÷÷þ ç äíÿ íàðîäæåííÿ Â. Ê. Äçÿäèêà (Ñâiòÿçü, 20�

26 ÷åðâíÿ 2019 ð.);

� Âñåóêðà¨íñüêié íàóêîâié êîíôåðåíöi¨ �Òåîðiÿ íàáëèæåíü i ¨¨ çàñòîñóâà-

ííÿ� ç íàãîäè 70-ði÷÷ÿ Â. Ô. Áàáåíêà (Äíiïðî, 3�5 æîâòíÿ 2019 ð.);

� International Conference �In�nite Dimentional Analysis and Topology�

dedicated to the 70th anniversary of Professor Oleh Lopushansky (Ivano-

Frankivsk, October 16�20, 2019);

� Âñåóêðà¨íñüêié íàóêîâié êîíôåðåíöi¨ �Ñó÷àñíi ïðîáëåìè òåîði¨ éìîâið-

íîñòåé òà ìàòåìàòè÷íîãî àíàëiçó� (Âîðîõòà, 26 ëþòîãî � 1 áåðåçíÿ

2020 ð.);

� Êîíôåðåíöi¨ ìîëîäèõ â÷åíèõ �Ïiäñòðèãà÷iâñüêi ÷èòàííÿ � 2020� (Ëüâiâ,

26�28 òðàâíÿ 2020 ð.);

� 11th International Skorobohatko Mathematical Conference (Lviv,

October 26�30, 2020);

� International Online Workshop on Approximation Theory (Ivano-Frankivsk,

March 19�21, 2021);

à òàêîæ íà:

� íàóêîâîìó ñåìiíàði ç àíàëiòè÷íî¨ òåîði¨ íåïåðåðâíèõ òà ãiëëÿñòèõ ëàí-

öþãîâèõ äðîáiâ â Iíñòèòóòi ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i ìàòåìàòèêè
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iì. ß. Ñ. Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè (Ëüâiâ, 6 òðàâíÿ 2019 ð., 14 òðàâíÿ

2021 ð., êåðiâíèêè ñåìiíàðó: ä. ô.-ì.í., ïðîô. Ä. I. Áîäíàð, ä. ô.-ì.í.,

ñò. í. ñ. Õ. É. Êó÷ìiíñüêà);

� íàóêîâîìó ñåìiíàði iì. Â. ß. Ñêîðîáîãàòüêà Iíñòèòóòó ïðèêëàäíèõ ïðî-

áëåì ìåõàíiêè i ìàòåìàòèêè iì. ß. Ñ. Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè (Ëüâiâ,

17 òðàâíÿ 2021 ð., êåðiâíèêè ñåìiíàðó: ä. ô.-ì.í.á ñò. í. ñ. Â.Î. Ïåëèõ,

ê.ô.-ì.í., ñò. í. ñ. Ì. Ì. Ñèìîòþê).

Ïóáëiêàöi¨. Ðåçóëüòàòè äèñåðòàöi¨ îïóáëiêîâàíî ó 23 äðóêîâàíèõ ïðàöÿõ,

ñåðåä ÿêèõ: 5 ñòàòòåé ó âiò÷èçíÿíèõ òà çàêîðäîííèõ ôàõîâèõ âèäàííÿõ [21,23,

106, 107, 109], ðåøòà ó ìàòåðiàëàõ ìiæíàðîäíèõ òà âñåóêðà¨íñüêèõ íàóêîâèõ

êîíôåðåíöié [14�20, 22, 24�28, 108, 110�113]; 4 ñòàòòi ó ïåðiîäè÷íèõ íàóêîâèõ

âèäàííÿõ, ÿêi iíäåêñóþòüñÿ ó áàçàõ äàíèõ Scopus òà/àáî Web of Science Core

Collection [23,106,107,109].

Ñòðóêòóðà òà îáñÿã ðîáîòè. Äèñåðòàöiÿ ñêëàäà¹òüñÿ iç âñòóïó, ÷îòè-

ðüîõ ðîçäiëiâ, âèñíîâêiâ, ñïèñêó âèêîðèñòàíèõ äæåðåë i äîäàòêiâ. Ïîâíèé îá-

ñÿã ðîáîòè ñòàíîâèòü 159 ñòîðiíîê äðóêîâàíîãî òåêñòó. Ñïèñîê âèêîðèñòàíèõ

äæåðåë çàéìà¹ 19 ñòîðiíîê i ìiñòèòü 189 íàéìåíóâàíü. Äîäàòêè çàéìàþòü 6

ñòîðiíîê i ìiñòÿòü ñïèñîê ïóáëiêàöié çà òåìîþ äèñåðòàöi¨ òà âiäîìîñòi ïðî

àïðîáàöiþ ðåçóëüòàòiâ äèñåðòàöi¨.

Âèñëîâëþþ ùèðó ïîäÿêó ìî¹ìó Â÷èòåëþ Äìèòðó Iëüêîâè÷ó ÁÎÄÍÀÐÓ.
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ÐÎÇÄIË 1

ÎÃËßÄ ËIÒÅÐÀÒÓÐÈ ÒÀ ÒÅÎÐÅÒÈ×ÍI ÎÑÍÎÂÈ

ÄÎÑËIÄÆÅÍÍß

1.1. Åëåìåíòè òåîði¨ íåïåðåðâíèõ äðîáiâ

Íåïåðåðâíèì (ëàíöþãîâèì) äðîáîì [146, ñ. 17] íàçèâà¹òüñÿ âïîðÿäêîâàíà

ïàðà 〈〈{an}, {bn}〉, {fn}〉, äå a1, a2, . . . i b0, b1, b2, . . . � êîìïëåêñíi ÷èñëà, ïðè-

÷îìó âñi an 6= 0, {fn} � ïîñëiäîâíiñòü ç ðîçøèðåíî¨ êîìïëåêñíî¨ ïëîùèíè Ĉ,

îçíà÷åíà ñïiââiäíîøåííÿìè

fn = Sn(0), n = 0, 1, 2, . . . ,

S0(w) = s0(w), Sn(w) = Sn−1(sn(w)), n = 1, 2, 3, . . . ,

s0(w) = b0 + w, sn(w) =
an

bn + w
, n = 1, 2, 3, . . . .

Äëÿ çàïèñó íåñêií÷åíîãî íåïåðåðâíîãî äðîáó áóäåìî âèêîðèñòîâóâàòè íà-

ñòóïíi ïîçíà÷åííÿ:

b0 +
a1

b1 +
a2

b2 + ...

;

b0 +
a1
b1 +

a2
b2 + . . .

;

b0 +

∞

D
k=1

ak
bk
. (1.1)

×èñëà a1, a2, . . . íàçèâàþòü ÷àñòèííèìè ÷èñåëüíèêàìè, b1, b2, . . . � ÷àñòèí-

íèìè çíàìåííèêàìè, b0 � âiëüíèì ÷ëåíîì, fn � n-èì ïiäõiäíèì äðîáîì àáî

n-îþ àïðîêñèìàíòîþ, ïðè÷îìó

fn = b0 +
a1

b1 +
a2

b2 + ...+
an
bn

, n ∈ N 0, f0 = b0.
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Äëÿ çàïèñó n-ãî ïiäõiäíîãî äðîáó âèêîðèñòîâóþòü òàêîæ ïîçíà÷åííÿ

fn = b0 +
a1
b1 +

a2
b2 + . . .+

an
bn
, n ∈ N;

fn = b0 +

n

D
k=1

ak
bk
, n ∈ N, f0 = b0.

Êîæåí n-èé ïiäõiäíèé äðiá ìîæíà ïîäàòè ó âèãëÿäi

fn =
An

Bn
,

äå An i Bn íàçèâàþòüñÿ âiäïîâiäíî n-èì êàíîíi÷íèì ÷èñåëüíèêîì i n-èì êà-

íîíi÷íèì çíàìåííèêîì íåïåðåðâíîãî äðîáó (1.1). Äëÿ îá÷èñëåííÿ An i Bn

âèêîðèñòîâóþòü ðåêóðåíòíi ñïiââiäíîøåííÿ, âñòàíîâëåíi Äæ. Âàëëiñîì [188]:

An = bnAn−1 + anAn−2, Bn = bnBn−1 + anBn−2, n = 1, 2, 3, . . . , (1.2)

ïðè ïî÷àòêîâèõ óìîâàõ

A0 = b0, A−1 = 1, B0 = 1, B−1 = 0.

Ó âèïàäêó, êîëè An = 0 i Bn = 0, âèíèêà¹ íåâèçíà÷åíiñòü. Òîäi ââàæà¹ìî,

ùî ïiäõiäíèé äðiá fn íå ìà¹ ñåíñó.

Â ìîíîãðàôiÿõ Î.Ïåððîíà [169], Ã. Âîëëà [187], Ó.Äæîóíñà i Â.Òðîíà [146]

òà Ë.Ëîðåíòöåí i Õ.Âîäåëàíäà [156] äàþòüñÿ ðiçíi îçíà÷åííÿ çáiæíîñòi íåïå-

ðåðâíîãî äðîáó.

Íåïåðåðâíèé äðiá (1.1) çáiãà¹òüñÿ [187] (çáiãà¹òüñÿ ó âóçüêîìó ðîçóìií-

íi [169]), ÿêùî âñi éîãî ïiäõiäíi äðîáè ìàþòü ñåíñ, îêðiì ñêií÷åííîãî ÷èñëà

ïiäõiäíèõ äðîáiâ, òà iñíó¹ ñêií÷åíà ãðàíèöÿ ïîñëiäîâíîñòi {fn}, òîáòî

lim
n→∞

fn = lim
n→∞

Sn(0) = f, f ∈ C.

Âåëè÷èíà f íàçèâà¹òüñÿ çíà÷åííÿì öüîãî äðîáó.

Íåïåðåðâíèé äðiá (1.1) çáiãà¹òüñÿ [146] (çáiãà¹òüñÿ ó øèðîêîìó [169], ó

êëàñè÷íîìó [156] ðîçóìiííi), ÿêùî

lim
n→∞

fn = lim
n→∞

Sn(0) = f, f ∈ Ĉ.
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Áóäåìî âèêîðèñòîâóâàòè îçíà÷åííÿ çàïðîïîíîâàíå ó ðîáîòi [187], àáî óòî-

÷íÿòè, ùî íåïåðåðâíèé äðiá çáiãà¹òüñÿ äî ñêií÷åííîãî çíà÷åííÿ.

Íåõàé f ∗n, n ∈ N 0, � n-èé ïiäõiäíèé äðiá íåïåðåðâíîãî äðîáó

b∗0 +

∞

D
k=1

a∗k
b∗k
. (1.3)

Íåïåðåðâíi äðîáè (1.1) i (1.3) íàçèâàþòüñÿ åêâiâàëåíòíèìè , ÿêùî äëÿ ¨õ ïiä-

õiäíèõ äðîáiâ âèêîíóþòüñÿ ñïiââiäíîøåííÿ:

fn = f ∗n, n = 0, 1, 2, . . . .

Òåîðåìà 1.1 [146, ñ. 31] Íåïåðåðâíi äðîáè åêâiâàëåíòíi òîäi i òiëüêè òîäi,

êîëè iñíó¹ ïîñëiäîâíiñòü íåíóëüîâèõ ñòàëèõ {ρk}, k ≥ 1, òàêà, ùî

a∗k = ρkρk−1ak; b∗k = ρkbk; k = 1, 2, 3, . . . ; ρ0 = 1.

Äëÿ ïîçíà÷åííÿ åêâiâàëåíòíîñòi äâîõ äðîáiâ âèêîðèñòîâóþòü ñèìâîë ” ≈ ”.

Íåïåðåðâíèé äðiá (1.1) çà äîïîìîãîþ åêâiâàëåíòíèõ ïåðåòâîðåíü ìîæíà

çâåñòè äî äðîáó ç ÷àñòèííèìè çíàìåííèêàìè ðiâíèìè îäèíèöi

b0 +

∞

D
k=1

ak
bk
≈ b0 +

∞

D
k=1

a∗k
1
,

äå a∗1 = a1/b1, a∗k = ak/(bkbk−1), k = 2, 3, . . ., ÿêùî bk 6= 0 äëÿ âñiõ k ≥ 1, àáî

äî äðîáó ç ÷àñòèííèìè ÷èñåëüíèêàìè ðiâíèìè îäèíèöi

b0 +

∞

D
k=1

ak
bk
≈ b0 +

∞

D
k=1

1

b∗k
,

äå b∗k = bk
k∏
s=1

a
(−1)k+s−1

s , k = 1, 2, . . ..

Äëÿ ïiäõiäíèõ äðîáiâ fn, n ≥ 1, íåïåðåðâíîãî äðîáó ç äîäàòíèìè åëåìåí-

òàìè ñïðàâäæó¹òüñÿ âëàñòèâiñòü "âèëêè" [100, c. 13], òîáòî

f2k < f2k+2 < f2j+1 < f2j−1, (1.4)

äå k, j �äîâiëüíi íàòóðàëüíi ÷èñëà.
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Îäíèì iç îñíîâíèõ íàïðÿìiâ â àíàëiòè÷íié òåîði¨ íåïåðåðâíèõ äðîáiâ ¹ äî-

ñëiäæåííÿ çáiæíîñòi ÷èñëîâèõ i ôóíêöiîíàëüíèõ äðîáiâ. Áàãàòî îçíàê çáiæ-

íîñòi íåïåðåðâíèõ äðîáiâ ôîðìóëþþòüñÿ ÿê òåîðåìè ïðî ìíîæèíè çáiæíîñòi

òà ìíîæèíè çíà÷åíü. Ïåðøi iäå¨ äîñëiäæåííÿ çáiæíîñòi íåïåðåðâíèõ äðîáiâ çà

äîïîìîãîþ ìíîæèí çíà÷åíü òà âiäïîâiäíèõ ¨ì ìíîæèí åëåìåíòiâ áóëè çàïðî-

ïîíîâàíi Ó.Ñêîòòîì i Ã.Óîëëîì [172]. Ó.Òðîí [146], Ó.Äæîóíñ [146], òà iíøi

óäîñêîíàëâàëè òà ðîçøèðèëè òåõíiêó ìíîæèí åëåìåíòiâ òà ìíîæèí çíà÷åíü.

Íà îñíîâi çàïðîïîíîâàíîãî ïiäõîäó Ë.Ëîðåíòöåí [156�159] òà Õ.Âîäåëàíä

[156,157] îòðèìàëè áàãàòî íîâèõ îçíàê çáiæíîñòi.

Ïîñëiäîâíiñòü {Vk}∞k=0 íåïîðîæíiõ ìíîæèí {Vk}, Vk ⊂ Ĉ, k ≥ 0, íàçèâà-

¹òüñÿ ïîñëiäîâíiñòþ ìíîæèí çíà÷åíü íåïåðåðâíîãî äðîáó (1.1), ÿêùî

ak
bk + Vk

⊆ Vk−1, k = 1, 2, . . . .

ßêùî âñi Vk = V , òîäi V íàçèâà¹òüñÿ ïðîñòîþ ìíîæèíîþ çíà÷åíü íåïå-

ðåðâíîãî äðîáó (1.1). ßêùî V2k = V0 i V2k+1 = V1, k = 0, 1, 2, . . ., òîäi 〈V0, V1〉

íàçèâàþòüñÿ ñïàðåíèìè ìíîæèíàìè çíà÷åíü íåïåðåðâíîãî äðîáó (1.1).

Äëÿ çàäàíî¨ ïîñëiäîâíîñòi ìíîæèí çíà÷åíü {Vk}∞k=0 ïîñëiäîâíiñòü ìíîæèí

{Ωk}; ∅ 6= Ωk ⊂ C× C; k ≥ 1, ÿêi âèçíà÷àþòüñÿ ñïiââiäíîøåííÿìè

Ωk :=

{
(a, b) ∈ C2 :

a

b+ Vk
⊆ Vk−1

}
, k = 1, 2, . . . ,

íàçèâà¹òüñÿ ïîñëiäîâíiñòþ ìíîæèí åëåìåíòiâ íåïåðåðâíîãî äðîáó (1.1), ùî

âiäïîâiäà¹ {Vk}.

Ïðè çàäàíèõ ìíîæèíàõ çíà÷åíü, ìíîæèíà åëåìåíòiâ íåïåðåðâíîãî äðîáó

∞

D
k=1

ak
1

(1.5)

âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿìè

Ek :=

{
a ∈ C :

a

1 + Vk
⊆ Vk−1

}
, k = 1, 2, . . . ,
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òîáòî Ωk = Ek × {1}; k = 1, 2, . . ., à íåïåðåðâíîãî äðîáó

∞

D
k=1

1

bk
(1.6)

� ñïiââiäíîøåííÿìè

Gk :=

{
b ∈ C :

1

b+ Vk
⊆ Vk−1

}
, k = 1, 2, . . . ,

òîáòî Ωk = {1} ×Gk; k = 1, 2, . . ..

ßêùî âñi Ωk = Ω, òîäi Ω íàçèâà¹òüñÿ ïðîñòîþ ìíîæèíîþ åëåìåíòiâ. ßêùî

Ω2k−1 = Ω1 i Ω2k = Ω2, k = 1, 2, . . ., òîäi 〈Ω1,Ω2〉 íàçèâàþòüñÿ ñïàðåíèìè

ìíîæèíàìè åëåìåíòiâ äðîáó (1.1).

×àñòî ó ëiòåðàòóði, âæèâàþòü òåðìiíè îáëàñòi çíà÷åíü i îáëàñòi åëåìåíòiâ

ÿê ñèíîíiìè ìíîæèí çíà÷åíü i ìíîæèí åëåìåíòiâ.

Ïîñëiäîâíiñòü îáëàñòåé åëåìåíòiâ {Ωk} íàçèâà¹òüñÿ ïîñëiäîâíiñòþ îáëà-

ñòåé çáiæíîñòi äðîáó (1.1), ÿêùî óìîâè (ak, bk) ∈ Ωk; k = 1, 2, . . ., çàáåçïå÷ó-

þòü çáiæíiñòü äðîáó (1.1).

ßêùî âñi Ωk = Ω, òîäi Ω íàçèâà¹òüñÿ ïðîñòîþ îáëàñòþ çáiæíîñòi. ßêùî

Ω2k−1 = Ω1 i Ω2k = Ω2; k = 1, 2, . . ., òîäi 〈Ω1,Ω2〉 íàçèâàþòüñÿ ñïàðåíèìè

îáëàñòÿìè çáiæíîñòi äðîáó (1.1).

Ó ìîíîãðàôi¨ Ó.Äæîóíñà i Â.Òðîíà [146, ñ. 80] ïðîâåäåíî àíàëiç îçíàê

çáiæíîñòi íåïåðåðâíîãî äðîáó (1.5) i çàóâàæåíî, ùî æîäíà ïðîñòà îáëàñòü

çáiæíîñòi íå ìîæå áóòè íåîáìåæåíîþ, òîáòî íå iñíó¹ íåîáìåæåíèõ ïðîñòèõ

îáëàñòåé çáiæíîñòi öüîãî äðîáó. Òîìó ââîäèòüñÿ ïîíÿòòÿ ïðîñòî¨ ìíîæèíè

óìîâíî¨ çáiæíîñòi.

Ïiäìíîæèíà E ⊂ C íàçèâà¹òüñÿ ïðîñòîþ ìíîæèíîþ óìîâíî¨ çáiæíîñòi

äëÿ íåïåðåðâíèõ äðîáiâ (1.5), ÿêùî äëÿ éîãî çáiæíîñòi äîñòàòíüî, ùîá

an ∈ E, n = 1, 2, 3, . . . ,

i ðîçáiãàâñÿ ðÿä ∑
|b∗n| ,



32

äå äðiá
∞

D
k=1

1

b∗k
åêâiâàëåíòíèé äàíîìó, òîáòî b∗kb

∗
k−1 =

1

ak
, k ≥ 1, äå b∗0 = 1.

Ðîçãëÿäàþòüñÿ òàêi íåîáìåæåíi ìíîæèíè óìîâíî¨ çáiæíîñòi íåïåðåðâíèõ

äðîáiâ: ïiâïëîùèíè, êóòîâi, ïàðàáîëi÷íi ìíîæèíè, çîâíiøíîñòi êðóãiâ òà iíøi.

Äî êëàñè÷íèõ ðåçóëüòàòiâ òåîði¨ çáiæíîñòi íåïåðåðâíèõ äðîáiâ âiäíîñÿ-

òüñÿ, çîêðåìà, òåîðåìè Çåéäåëÿ, Âîðïiöüêîãî, Ñëåøèíñüêîãî � Ïðiíãñõàéìà,

Âàí Ôëåêà, Øòåðíà � Øòîëüöà, ïàðàáîëi÷íà òåîðåìà òà iíøi.

Ïîäàëüøi äîñëiäæåííÿ ïîâ'ÿçàíi iç áàãàòîâèìiðíèìè óçàãàëüíåííÿìè íà-

ñòóïíèõ îçíàê çáiæíîñòi íåïåðåðâíèõ äðîáiâ.

Òåîðåìà 1.2 (Ô. Ë. Çåéäåëü [174]) Íåïåðåðâíèé äðiá (1.6) åëåìåíòàìè

ÿêîãî ¹ äiéñíi äîäàòíi ÷èñëà, çáiãà¹òüñÿ òîäi, i òiëüêè òîäi, êîëè ðîçáiãÿ¹-

òüñÿ ðÿä
∞∑
k=1

bk.

Öåé êðèòåðié áóëî äîâåäåíî Ô. Ë. Çåéäåëåì ó 1846 ðîöi. Äâà ðîêè ïiçíiøå

Ì. À. Øòåðí íåçàëåæíî âñòàíîâèâ àíàëîãi÷íèé ðåçóëüòàò.

Òåîðåìà 1.3 (Ô. Ë. Çåéäåëü [174], Ì. À. Øòåðí [178]) Íåïåðåðâíèé

äðiá ç äîäàòíèìè åëåìåíòàìè (1.1) çáiãà¹òüñÿ òîäi, i òiëüêè òîäi, êîëè

ðîçáiãÿ¹òüñÿ ðÿä
∞∑
k=1

bk

k∏
n=1

a(−1)
n+k+1

n .

Òåîðåìà 1.4 (À. Ïðiíãñõàéì [171]) Íåïåðåðâíèé äðiá (1.1) åëåìåíòàìè

ÿêîãî ¹ äiéñíi äîäàòíi ÷èñëà, çáiãà¹òüñÿ ÿêùî ðîçáiãÿ¹òüñÿ ðÿä

∞∑
k=2

√
bkbk−1
ak

.

Òåîðåìà 1.5 (Å. Á. Âàí Ôëåê [185]) Íåõàé äëÿ åëåìåíòiâ íåïåðåðâíîãî

äðîáó

b0 +
∞

D
k=1

1

bk
(1.7)

âèêîíóþòüñÿ óìîâè

bi 6= 0, |arg bi| <
π

2
− ε (i = 0, 1, 2, ... ) ,
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äå ε � äîâiëüíå äiéñíå äîäàòíå ÷èñëî
(

0 < ε <
π

2

)
. Òîäi

1) êîæíà n-òà àïðîêñèìàíòà fn äðîáó (1.7) çàäîâîëüíÿ¹ óìîâó

fn 6= 0, |arg fn| <
π

2
− ε (n = 0, 1, 2, ...) ;

2) iñíóþòü ñêií÷åííi ãðàíèöi ïàðíèõ i íåïàðíèõ àïðîêñèìàíò;

3) äëÿ çáiæíîñòi íåïåðåðâíîãî äðîáó (1.7) íåîáõiäíî i äîñòàòíüî, ùîá

ðÿä
∞∑
k=1

|bk| ðîçáiãàâñÿ.

Òåîðåìà 1.6 (Ä. Ä. Âîðíåð, Â. Á. �ðà   [137]) Íåõàé äëÿ åëåìåíòiâ

íåïåðåðâíîãî äðîáó (1.7) âèêîíóþòüñÿ óìîâè

bk 6= 0, |arg bk| < θ, θ <
π

2
, k = 0, 1, 2, . . . . (1.8)

Òîäi

1) iñíóþòü ñêií÷åííi ãðàíèöi ïàðíèõ i íåïàðíèõ ïiäõiäíèõ äðîáiâ;

2) ïîñëiäîâíiñòü ïiäõiäíèõ äðîáiâ {fn} çáiãà¹òüñÿ òîäi i òiëüêè òîäi, êî-

ëè ðÿä
∞∑
n=1

|bn| ðîçáiãà¹òüñÿ;

3) ñïðàâäæó¹òüñÿ îöiíêà

|fm − fn−1| ≤
1

dn
, m ≥ n, (1.9)

dn ≥
<b1

2 + <b1
cos θ ln

(
1 + (< (b1))

2 min

{
1,

1

|b1|2

}
cos θ

n∑
k=1

|bk|

)
, n ≥ 1.

Îñòàííÿ îöiíêà áóëà âñòàíîâëåíà Éî. À. �íñåíîì [144, 168] ïðè äåâåäåí-

íi çáiæíîñòi íåïåðåðâíèõ äðîáiâ, ïðîòå âîíà íå ôiãóðóâàëà ó ôîðìóëþâàííi

ñàìî¨ òåîðåìè. Ïiçíiøå Ä. Ä. Âîðíåð, Â. Á. �ðà   ó ñïiëüíié ðîáîòi [137],

âèêîðèñòîâóþ÷è âëàñíó ìåòîäèêó, äîâåëè öþ æ îöiíêó ó âèùåïðèâåäåíîìó

âèãëÿäi.

Òåîðåìà 1.7 (Ä. Ä. Âîðíåð, Â. Á. �ðà   [137]) Íåõàé äëÿ åëåìåíòiâ

íåïåðåðâíîãî äðîáó (1.1) âèêîíóþòüñÿ óìîâè

ak > 0, <(bk) > 0, k = 1, 2, . . . .
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Òîäi

|fm − fn−1| ≤ 2α1

n∏
k=2

(
(1 + 4αk)

1/2 − 1

(1 + 4αk)
1/2 + 1

)
, m ≥ n ≥ 1,

äå

αk =
ak

<(bk)<(bk−1)
, b0 = 1.

Ïåðøà ïàðàáîëi÷íà îáëàñòü ç âiññþ ïàðàáîëè âçäîâæ äiéñíî¨ îñi

P =

{
w ∈ C : |w| − <(w) ≤ 1

2

}
áóëà äîñëiäæåíà Ó.Ñêîòòîì i Ã.Óîëëîì.

Òåîðåìà 1.8 (Â. Ò. Ñêîòò, Ã. Ñ. Âîëë [172]) Ìíîæèíà òî÷îê S, ñèìå-

òðè÷íà âiäíîñíî äiéñíî¨ îñi, ¹ îáëàñòþ çáiæíîñòi íåïåðåðâíîãî äðîáó(
1 +

∞

D
k=2

ak
1

)−1
(1.10)

òîäi i òiëüêè òîäi, êîëè S � îáìåæåíà i ìiñòèòüñÿ â ïàðàáîëi÷íié îáëàñòi

P =

{
z ∈ C : |z| − <(z) ≤ 1

2

}
,

áiëüøå òîãî, ÿêùî ak ∈ P, k = 2, 3, ..., òî íåïåðåðâíèé äðiá çáiãà¹òüñÿ òîäi

i òiëüêè òîäi, êîëè âèêîíó¹òüñÿ îäíà iç óìîâ:

1) iñíó¹ iíäåêñ p òàêèé, ùî ap = 0;

2) âñi ak 6= 0, k = 2, 3, ... , i ðÿä
∞∑
k=1

|bk| ðîçáiãà¹òüñÿ, äå bk, k ≥ 1 �

åëåìåíòè íåïåðåðâíîãî äðîáó
∞

D
k=1

1

bk
, åêâiâàëåíòíîãî (1.10) i b1 = 1, ak =

b−1k b−1k−1, k ≥ 2.

Íàéïîâíiøèé îãëÿä îãëÿä äîñëiäæåíü ïàðàáîëi÷íèõ îáëàñòåé çáiæíîñòi

íàâåäåíî ó ìîíîãðàôi¨ Ó.Äæîóíñà i Ó.Òðîíà [146]. Ìè æ ñôîðìóëþ¹ìî ëèøå

òi ïàðàáîëi÷íi òåîðåìè, ÿêi áóäóòü óçàãàëüíåíi, àáî âèêîðèñòàíi ïðè ïîäàëü-

øèõ äîñëiäæåííÿõ.

Â íàñòóïíié òåîðåìi äîñëiäæåíî ñïàðåíi ïàðàáîëi÷íi ìíîæèíè çáiæíîñòi.
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Òåîðåìà 1.9 (Â. Éî. Òðîí [184]) Íåõàé d � äîäàòíå ÷èñëî, ùî çàäîâîëü-

íÿ¹ íåðiâíîñòi d ≤ 1
2 i γ � êóò òàêèé, ùî −π

2
< γ <

π

2
íåõàé z = x+ iy ∈

C0(γ, d), ÿêùî

x tg γ − d ≤ y ≤ x tg γ + d

i z ∈ C1(γ, d), ÿêùî

x tg γ − (1− d) ≤ y ≤ x tg γ + (1− d).

Òîäi íåïåðåðâíèé äðiá

1 +
c21
1 +

c22
1 +

...

çáiãà¹òüñÿ, ÿêùî äëÿ óñiõ n ≥ 1, c2n ∈ C0(γ, d), c2n−1 ∈ C1(γ, d) i ðÿä
∑
|bn|

ðîçáiãà¹òüñÿ, äå b1 = 1/c21, bn = 1/bn−1c
2
n, n ≥ 2.

Îñòàííÿ óìîâà ¹ íåîáõiäíîþ óìîâîþ äëÿ çáiæíîñòi íåïåðåðâíîãî äðîáó.

Óìîâè íàëåæíîñòi åëåìåíòiâ c2n i c2n−1 ìíîæèíàì ìîæóòü áóòè ïîìiíÿíi ìi-

ñöÿìè, òîáòî c2n−1 ∈ C0(γ, d), c2n ∈ C1(γ, d), n ≥ 1.

Òåîðåìà 1.10 (Â. Á. Äæîóíñ, Â. Éî. Òðîí [145]) Íåïåðåðâíèé äðiá

(1.1) çáiãà¹òüñÿ äî ñêií÷åííîãî çíà÷åííÿ, ÿêùî åëåìåíòè an, bn çàäîâîëüíÿ-

þòü óìîâè:

|an| − <(ane
−i(ψn+ψn−1)) ≤ 2pn−1

(
<(bne

−iψn)− pn
)
, n = 1, 2, 3,···

äå pn ≥ 0 i ψn � äiéñíi, à ïîñëiäîâíiñòü{
an

pnpn−1

}
îáìåæåíà. Âñi éîãî ïiäõiäíi äðîáè ñêií÷åííi i ëåæàòü ó ïiâïëîùèíi

H =
{
z ∈ C : <

(
zei(ψ1−arg a1)

)
≥ 0
}
,

ÿêùî <(b1e
iψ1) = p1, i â êðóçi

K =

{
z ∈ C :

∣∣∣∣z − a1e
−iψ1

2(<(b1e−iψ1)− p1)

∣∣∣∣ ≤ |a1|
2(<(b1e−iψ1)− p1)

}
,

ÿêùî <(b1e
iψ1) > p1.
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Â àíàëiòè÷íié òåîði¨ íåïåðåðâíèõ äðîáiâ ðîçãëÿäàþòü, êðiì ÷èñëîâèõ,

ôóíêöiîíàëüíi íåïåðåðâíi äðîáè

b0(z) +

∞

D
k=1

ak(z)

bk(z)
,

äå b0(z), ak(z), bk(z) � ôóíêöi¨ êîìïëåêñíî¨ çìiííî¨ z, âèçíà÷åíi â äåÿêié

îáëàñòi D ⊂ C.

Ó ìîíîãðàôiÿõ Ã.Óîëëà [187] òà Ó.Äæîóíñà i Â.Òðîíà [146] îïèñàíi ðiçíi

òèïè ôóíêöiîíàëüíèõ äðîáiâ: C-, S-, g-, π-, J-, T -äðîáè òà iíøi.

Íåïåðåðâíèé äðiá

∞

D
k=1

akz

1
, (1.11)

äå ak ∈ C \ {0}, k ≥ 1, íàçèâàþòü ðåãóëÿðíèì C -äðîáîì (äèâ. [169, c. 119]).

ßêùî ak > 0, k ≥ 1, òî íåïåðåðâíèé äðiá (1.11) íàçèâàþòü S -äðîáîì àáî

äðîáîì Ñòiëüòü¹ñà [97].

Äëÿ S -äðîáiâ êëàñè÷íîþ îçíàêîþ çáiæíîñòi ¹ íàñòóïíà òåîðåìà.

Òåîðåìà 1.11 (Ò. Éî. Ñòiëüòü¹ñ [179]) Íåõàé (1.11) � S-äðiá, òîáòî

ak > 0, k ≥ 1. Òîäi

1) ïàðíà i íåïàðíà ÷àñòèíè S-äðîáó (1.11) çáiãàþòüñÿ äî ôóíêöié, ãîëî-

ìîðôíèõ äëÿ âñiõ z ó ïëîùèíi ç ðîçðiçîì

R = {z ∈ C : | arg z| < π},

i ðiâíîìiðíî çáiãàþòüñÿ íà êîæíié êîìïàêòíié ïiäìíîæèíi îáëàñòi R;

2) S-äðiá (1.11) çáiãà¹òüñÿ äî ôóíêöi¨, ãîëîìîðôíî¨ â îáëàñòi R, òîäi i

ëèøå òîäi, êîëè ïðèíàéìíi îäèí iç äâîõ ðÿäiâ

∞∑
n=1

∣∣∣∣∣
2n∏
k=1

a
(−1)k−1
k

∣∣∣∣∣ ,
∞∑
n=1

∣∣∣∣∣
2n−1∏
k=1

a
(−1)k
k

∣∣∣∣∣
ðîçáiãà¹òüñÿ;
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3) ÿêùî S-äðiá (1.11) çáiãà¹òüñÿ â îäíié òî÷öi iç R, òî öåé íåïåðåðâíèé

äðiá çáiãà¹òüñÿ ó âñiõ òî÷êàõ iç R äî ãîëîìîðôíî¨ ôóíêöi¨;

4) ÿêùî iñíó¹ ñòàëà M > 0 òàêà, ùî |ak| ≤ M, k ≥ 1, òî S-äðiá (1.11)

çáiãà¹òüñÿ äî ôóíêöi¨, ãîëîìîðôíî¨ â îáëàñòi R.

1.2. Îñíîâíi ïîíÿòòÿ òà ðåçóëüòàòè àíàëiòè÷íî¨ òåîði¨ ãiëëÿñòèõ

ëàíöþãîâèõ äðîáiâ ç íåðiâíîçíà÷íèìè çìiííèìè

Âïåðøå áàãàòîâèìiðíå óçàãàëüíåííÿ íåïåðåðâíèõ äðîáiâ çàïðîïîíóâàâ

ÿïîíñüêèì ìàòåìàòèê Ê. Òàêåáå. Âîíî áóëî çàñòîñîâàíå äëÿ ðîçâ'ÿçàííÿ äiî-

ôàíòîâèõ íåðiâíîñòåé |ax+ by ± c| < 1, äå a, b, c � äiéñíi äîäàòíi ÷èñëà.

Ë. Îéëåð ïîáóäóâàâ áàãàòîâèìiðíå óçàãàëüíåííÿ íåïåðåðâíèõ äðîáiâ äëÿ

ðîçâ'ÿçàííÿ êóái÷íèõ ðiâíÿíü, âèêîðèñòîâóþ÷è ñêií÷åííi ðiçíèöåâi ñïiââiä-

íîøåííÿ. Öÿ iäåÿ ðîçâèíóòà ó ðîáîòàõ iíøèõ ìàòåìàòèêiâ [100, 149, 160, 165].

Ë. Ì. Ìiëí-Òîìïñîí [162] çàñòîñóâàâ ìàòðè÷íèé ïiäõiä äî óçàãàëüíåííÿ íå-

ïåðåðâíèõ äðîáiâ. Îòðèìàíi ðåçóëüòàòè âií äîïîâiäàâ íà I-ìó ìàòåìàòè÷íîìó

êîíãðåñi ó Öþðèõó.

Å. Ôþðñòåíàó [132] ó 1876 ðîöi çàïðîïîíóâàâ äâîâèìiðíå óçàãàëüíåííÿ

íåïåðåðâíèõ äðîáiâ. Öå îäíà ç íåáàãàòüîõ ðîáiò, äå ñàì äðiá áóâ ÿâíî âèïèñà-

íèé. Â ðîáîòi Á. Â. Êðóêîâñüêîãî [70] äîâåäåíà îçíàêà çáiæíîñòi öèõ äðîáiâ.

n-âèìiðíå óçàãàëüíåííÿ äðîáiâ Ôþðñòåíàó áóëî çàïðîïîíîâàíî òà äîñëiäæåíî

Ð. À. Çàòîðñüêèì [42, 43]. Öi äðîáè òiñíî ïîâ'ÿçàíi ç ëiíiéíèìè îäíîðiäíèìè

ðåêóðåíòíèìè ðiâíÿííÿìè òðåòüîãî i âèùèõ ïîðÿäêiâ. Äîñëiäæåííþ òàêèõ

ðiâíÿíü ïðèñâÿ÷åíi òàêîæ ðîáîòè [134�136,147,148].

Îäíèì iç íàéáiëüø âäàëèõ i äîñëiäæóâàíèõ óçàãàëüíåíü íåïåðåðâíèõ äðî-

áiâ ¹ àëãîðèòì ßêîái-Ïåðîíà [142]. Îäíàê çàäà÷à ïðî ïðåäñòàâëåííÿ àëãåáðà-

¨÷íèõ iððàöiîíàëüíîñòåé âèùèõ ïîðÿäêiâ ïðàâèëüíèìè áàãàòîâèìiðíèìè óçà-

ãàëüíåííÿìè íåïåðåðâíèõ äðîáiâ, äëÿ ÿêî¨ âèêîðèñòîâóþòü àëãîðèòì ßêîái-

Ïåðîíà, ôàêòè÷íî äî êiíöÿ íå ðîçâ'ÿçàíà.
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Ã. Ô. Âîðîíèé ó ñâî¨é äîêòîðñüêi äèñåðòàöi¨ [53] îòðèìàâ íîâå óçàãàëü-

íåííÿ íåïåðåðâíèõ äðîáiâ íà îñíîâi êîâàðiàíòíèõ ôîðì, êðèòè÷íî ïðîàíà-

ëiçóâàâ ðåçóëüòàòè, ïðèñâÿ÷åíi áàãàòîâèìiðíèì óçàãàëüíåííÿì íåïåðåðâíèõ

äðîáiâ ñâî¨õ ïîïåðåäíèêiâ.

Äëÿ íàáëèæåííÿ äiéñíèõ ÷èñåë ðàöiîíàëüíèìè âèêîðèñòîâóþòü ïðàâèëüíi

íåïåðåðâíi äðîáè, ïîáóäîâàíi çà àëãîðèòìîì Åâêëiäà. Áàãàòîâèìiðíi óçàãàëü-

íåííÿ íà îñíîâi öüîãî àëãîðèòìó äîñëiäæóâàëè Â. Áðóí [119] i �. Â. Ïîäñè-

ïàíií [85]. Òîìó àêòóàëüíîþ ¹ çàäà÷à ïîøóêó òà äîñëiäæåííÿ ðàöiîíàëüíèõ

íàáëèæåíü äiéñíèõ ÷èñåë. Òàêi ïðîáëåìè âèíèêàþòü ó ïðèêëàäíèõ çàäà÷àõ,

íàïðèêëàä, ó ðîáîòàõ [153�155,173].

Áóëè é iíøi óçàãàëüíåííÿ íåïåðåðâíèõ äðîáiâ, çîêðåìà ó ðîáîòi Ä. Ñåêåðå-

øà [180] íà îñíîâi âèêîðèñòàííÿ äðîáiâ Ôàðåÿ. Óñi çãàäàíi âèùå óçàãàëüíåííÿ

íåïåðåðâíèõ äðîáiâ ñòîñóâàëèñÿ çàäà÷ òåîði¨ ÷èñåë i àëãåáðè.

Â. ß. Ñêîðîáîãàòüêî ó 1966 ðîöi, âèêîðèñòîâóþ÷è iíòåðïðåòàöiþ íåïåðåðâ-

íèõ äðîáiâ ó âèãëÿäi ãðàôiâ i ðîçãëÿäàþ÷è áiëüø çàãàëüíi ãðàôè òèïó äåðåâà,

äàâ îçíà÷åííÿ ãiëëÿñòîãî ëàíöþãîâîãî äðîáó (ÃËÄ) [89]. Ï. I. Áîäíàð÷óê äëÿ

îçíà÷åííÿ ÃËÄ âèêîðèñòàâ êîìïîçèöiþ äðîáîâî-ëiíiéíèõ âiäîáðàæåíü [48].

Îñíîâè àíàëiòè÷íî¨ òåîði¨ ÃËÄ ç N ãiëêàìè ðîçãàëóæåííÿ áóëè çàêëàäåíi

â ðîáîòàõ Â. ß. Ñêîðîáîãàòüêà i éîãî ó÷íiâ Ï. I. Áîäíàð÷óêà, Ä. I. Áîäíà-

ðà, Õ. É. Êó÷ìiíñüêî¨, Ì. Î. Íåäàøêîâñüêîãî, à òàêîæ Ð. I. Äìèòðèøèíà,

Ò. Ì. Àíòîíîâî¨, Â. Ð. Ãëàäóíà, Í. Ï. Ãî¹íêî, Î. Ñ. Ìàíçié.

Ì. Ñ. Ñÿâàâêî çàïðîïîíóâàâ êîíòèíóàëüíèé àíàëîã ÃËÄ i çàñòîñóâàâ éîãî

äî ðîçâ'ÿçóâàííÿ iíòåãðàëüíèõ ðiâíÿíü. Äîñëiäæåííÿì iíòåãðàëüíèõ ëàíöþ-

ãîâèõ äðîáiâ çàéìàëèñÿ Ò. Ì. Àíòîíîâà [2], Ð. I. Ìèõàëü÷óê [78] òà iíøi.

Îäèí iç îñíîâíèõ ìåòîäiâ ðîçâèíåííÿ ôóíêöi¨ ó íåïåðåðâíèé äðiá ïîáó-

äîâàíèé íà âèêîðèñòàííi ïðèíöèïó âiäïîâiäíîñòi. Çàäà÷à âiäïîâiäíîñòi ìiæ

ôîðìàëüíèìè êðàòíèìè ñòåïåíåâèìè ðÿäàìè i ôóíêöiîíàëüíèìè ÃËÄ íå ìà¹

¹äèíîãî ðîçâ'ÿçêó áåç íàêëàäàííÿ äîäàòêîâèõ óìîâ íà êîåôiöi¹íòè äðîáó.

Ñàìå òîìó, ó âèïàäêó N = 2 öÿ ïðîáëåìà ñïðèÿëà ïîÿâi äâîâèìiðíèõ íå-
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ïåðåðâíèõ äðîáiâ, ÿêi ñòàëè îá'¹êòîì äîñëiäæåíü ó ðîáîòàõ Õ. É. Êó÷ìií-

ñüêî¨, Ò. Ì. Àíòîíîâî¨, Î. Ì. Ñóñü, Ñ. Ì. Âîçíî¨, Â. Ñåìàøêà, Ì. Î'Äîíîãîå,

Äæ. Ìåðôi, Á. Âåðäîíê, À. Êàéò òà iíøèõ [5,44,52,71�73,95,121,122,150,163,

164,166,175�177]. Ïðîòå ó âèïàäêó áiëüøî¨ êiëüêîñòi çìiííèõ, êîíñòðóêöiÿ öèõ

äðîáiâ çíà÷íî óñêëàäíþâàëàñÿ, ùî âèêëèêàëî òðóäíîùi ïðè ¨õ äîñëiäæåííi.

Öå ñïðè÷èíèëî ïîÿâó ó 1976 ðîöi ÃËÄ ç íåðiâíîçíà÷íèìè çìiííèìè, ÿêi ó âè-

ïàäêó ôiêñîâàíèõ çìiííèõ îòðèìàëè íàçâó ÃËÄ ñïåöiàëüíîãî âèãëÿäó [12,33].

Ïðèíöèï âiäïîâiäíîñòi âèêîðèñòàëè Ê. Ã. ß. ßêîái [143], Ô. Ã. Ôðîáåíi-

óñ [131], À. Ïàäå [167] äëÿ ïîáóäîâè àïðîêñèìàöié Ïàäå àíàëiòè÷íèõ ôóíêöié,

çàäàíèõ ó âèãëÿäi ñòåïåíåâèõ ðÿäiâ. Ó 1981 ðîöi Â. Ê. Äçÿäèê äëÿ ïîáóäîâè

àïðîêñèìàöi¨ Ïàäå àíàëiòè÷íèõ ôóíêöié çàïðîïîíóâàâ âèêîðèñòîâóâàòè ìå-

òîä óçàãàëüíåíèõ ìîìåíòíèõ çîáðàæåíü [61, 62]. Áàãàòîâèìiðíi àïðîêñèìàöi¨

Ïàäå ïî÷àëè âèâ÷àòè ëèøå ç 70-õ ðîêiâ ÕÕ ñò. Ìåòîä ìîìåíòíèõ çîáðàæåíü

áóâ çàñòîñîâàíèé À. Ï. Ãîëóáîì, Ë. Î. ×åðíåöüêîþ äëÿ ïîáóäîâè òàêèõ àïðîê-

ñèìàöié [58,59,139�141]. Ó ðîáîòàõ [6,13,60,63,82,86] äîñëiäæóâàëîñÿ ïèòàííÿ

çáiæíîñòi àïðîêñèìàöié Ïàäå, çîêðåìà äiàãîíàëüíèõ àïðîêñèìàöié Ïàäå, ÿêi

¹ ôàêòè÷íî íåïåðåðâíèìè äðîáàìè.

Íåïåðåðâíi äðîáè, ïî÷èíàþ÷è ç ðîáîòè Ò. Î. Òiëå [181], âèêîðèñòîâóþòü

äëÿ iíòåðïîëÿöi¨ ôóíêöié. Öÿ òåìàòèêà áóëà ðîçâèíóòà ó ðîáîòàõ Ì. Ì. Ïà-

ãiði [83], Õ. É. Êó÷ìiíñüêî¨, Ñ. Ì. Âîçíî¨ [51, 52, 72, 73, 150], Î. �. Áàðàí [11].

Â. Ë. Ìàêàðîâ, Á. Ð. Ìèõàëü÷óê, I. I. Äåìêiâ [74�76] çàñòîñîâóâàëè iíòåãðàëü-

íi ëàíöþãîâi äðîáè äëÿ iíòåðïîëÿöi¨ ôóíêöiîíàëiâ. Ðàöiîíàëüíi ôóíêöi¨ ÿê

àïàðàò íàáëèæåííÿ äîñëiäæóâàëè Å. Ï. Äîëæåíêî [64], Â. Ì. Ðóñàê [88],

Å. Î. Ðîâáà [87], Î. À. Ïåêàðñüêèé [84].

Îñêiëüêè íåïåðåðâíi äðîáè ¹ åôåêòèâíèì àïàðàòîì ðàöiîíàëüíèõ íàáëè-

æåíü, òî äëÿ ïîáóäîâè òà äîñëiäæåííÿ áàãàòîâèìiðíèõ ðàöiîíàëüíèõ àïðî-

êñèìàöié âèêîðèñòîâóþòü ÃËÄ. Îá'¹êòîì äèñåðòàöiéíîãî äîñëiäæåííÿ ¹ ÃËÄ

ñïåöiàëüíîãî âèãëÿäó. �õ îçíà÷åííÿ äàþòü çà àíàëîãi¹þ iç íåïåðåðâíèìè äðî-

áàìè, âèêîðèñòîâóþ÷è êîìïîçèöiþ äðîáîâî-ëiíiéíèõ âiäîáðàæåíü [11].
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Ðîçãëÿíåìî ìíîæèíó ìóëüòèiíäåêñiâ:

I = {i(k) : i(k) = (i1, i2, . . . , ik); 1 ≤ ip ≤ ip−1 ≤ ... ≤ i0; k = 1, 2, . . . ; i0 = N},

äå N � ôiêñîâàíå íàòóðàëüíå ÷èñëî.

Íåõàé b0, ai(k), bi(k), i(k) ∈ I, � êîìïëåêñíi ÷èñëà, zi(k), i(k) ∈ I, � êîì-

ïëåêñíi çìiííi, ïðè÷îìó âñi ai(k) 6= 0, i(k) ∈ I; i íåõàé

t0(z1, z2, . . . , zN) = b0 + z1 + z2 + . . .+ zN ,

ti(k)(zi(k),1, zi(k),2, . . . , zi(k),ik) = ai(k)(bi(k) +zi(k),1 +zi(k),2 + . . .+zi(k),ik)
−1 (1.12)

� ik-âèìiðíi äðîáîâî-ëiíiéíi âiäîáðàæåííÿ, i(k) ∈ I. Ïîçíà÷èìî ÷åðåç z(r)i(k);

r ∈ N, âåêòîð iç Cp

z
(r)
i(k) = {zi(k),j(r) ∈ C; i(k), j(r) ∈ I}, (1.13)

äå p = C ik−1
ik+r−1, i, çîêðåìà,

z(r) = {zj(r) ∈ C; j(r) ∈ I},

äå p = CN−1
N+r−1. Êîìïîíåíòè âåêòîðà (1.13) zi(k),j(r); i(k), j(r) ∈ I, âïîðÿäêî-

âàíi íàñòóïíèì ÷èíîì: zi(k),n(r) ≺ zi(k),m(r), ÿêùî n(r) ≺ m(r) òà n(r) ≺ m(r),

ÿêùî n1 < m1 àáî iñíó¹ òàêèé iíäåêñ s; 1 ≤ s < r, ùî np = mp; p = 1, s i

ns+1 < ms+1. Íåõàé

wi(k) = ti(k)(z
(1)
i(k)), i(k) ∈ I.

Îçíà÷èìî w(r)
i(k) àíàëîãi÷íî (1.13). Ðîçãëÿíåìî êîìïîçèöi¨ äðîáîâî-ëiíiéíèõ âi-

äîáðàæåíü

T0(z
(1)) = t0(z

(1)), Tk(z
(k+1)) = Tk−1(w

(k)), k = 1, 2, . . . , (1.14)

i ïîñëiäîâíiñòü {Tk(0)}, äå 0 = (0, 0, . . . , 0) � âåêòîð iç âiäïîâiäíîãî ïðîñòîðó.

ßâíi âèðàçè äëÿ Tk(0), k = 0, 1, 2, . . ., ìàòèìóòü âèãëÿä:

T0(0) = t0(0) = b0, T1(0) = t0(t1(0), . . . , tN(0)) = b0 +
N∑
i1=1

ai1
bi1
,
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Tk(0) = b0 +
N∑
i1=1

ai(1)

bi(1) +

i1∑
i2=1

ai(2)
bi(2) + ...

+

ik−1∑
ik=1

ai(k)
bi(k)

. (1.15)

Ãiëëÿñòèì ëàíöþãîâèì äðîáîì ñïåöiàëüíîãî âèãëÿäó íàçèâà¹òüñÿ âïîðÿä-

êîâàíà ïàðà 〈〈{ai(k)}, {bi(k)}〉, {fk}〉, äå ai(k) i b0, bi(k) � êîìïëåêñíi ÷èñëà,

i(k) ∈ I, ïðè÷îìó âñi ai(k) 6= 0, {fk} � ïîñëiäîâíiñòü iç ðîçøèðåíî¨ êîì-

ïëåêñíî¨ ïëîùèíè Ĉ òàêà, ùî fk = Tk(0); k = 0, 1, 2, . . ., i Tk(0) âèçíà÷àþòüñÿ

çà ôîðìóëàìè (1.12)�(1.15).

×èñëà ai(k) òà bi(k), i(k) ∈ I, íàçèâàþòüñÿ i(k)-ìè ÷àñòèííèìè ÷èñåëü-

íèêàìè òà çíàìåííèêàìè ÃËÄ âiäïîâiäíî àáî éîãî åëåìåíòàìè, âiäíîøåííÿ

ai(k)/bi(k) íàçèâàþòüñÿ i(k)-ìè ÷àñòèííèìè ëàíêàìè, b0 � âiëüíèì ÷ëåíîì,

fk � k-èì ïiäõiäíèì äðîáîì àáî k-îþ àïðîêñèìàíòîþ. Ñóêóïíiñòü âñiõ k-èõ

ëàíîê óòâîðþ¹ k-èé ïîâåðõ ãiëëÿñòîãî ëàíöþãîâîãî äðîáó.

Äëÿ çàïèñó ÃËÄ ñïåöiàëüíîãî âèãëÿäó âèêîðèñòîâóþòü íàñòóïíi

ïîçíà÷åííÿ, çàïðîïîíîâàíi Î. �. Áàðàí [11]:

b0 +
N∑
i1=1

ai(1)

bi(1) +

i1∑
i2=1

ai(2)

bi(2) +

i2∑
i3=1

ai(3)
bi(3) + ...

;

b0 +
N∑
i1=1

ai(1)
bi(1) +

i1∑
i2=1

ai(2)
bi(2) +

i2∑
i3=1

ai(3)
bi(3) + . . .

;

b0 +

∞

D
k=1

ik−1∑
ik=1

ai(k)
bi(k)

. (1.16)

Ïiäõiäíi äðîáè êîìïàêòíî áóäåìî çàïèñóâàòè ó âèãëÿäi

f0 = b0, fn = b0 +

n

D
k=1

ik−1∑
ik=1

ai(k)
bi(k)

, n = 1, 2, . . . .
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Îçíà÷åííÿ ÃËÄ çàãàëüíîãî âèãëÿäó ââîäèòüñÿ àíàëîãi÷íî äî îçíà÷àåííÿ

ÃËÄ ñïåöiàëüíîãî âèãëÿäó, çà âèíÿòêîì ïåâíèõ âiäìiííîñòåé, ùî âèçíà÷àþòü

ñïåöèôi÷íi îñîáëèâîñòi êîæíîãî êëàñó ÃËÄ. Äëÿ ÃËÄ ç N ãiëêàìè ðîçãàëó-

æåíü (ÃËÄ çàãàëüíîãî âèãëÿäó) äðîáîâî-ëiíiéíi âiäîáðàæåííÿ (1.12) ìàþòü

âèãëÿä

ti(k)(zi(k),1, zi(k),2, . . . , zi(k),N) = ai(k)(bi(k) + zi(k),1 + zi(k),2 + . . .+ zi(k),N)−1,

à âåêòîð z(r)i(k) öå âåêòîð iç C
p; p = N r; r ∈ N, äå i(k) ∈ I,

I =
{
i(k) : i(k) = (i1, i2, . . . , ik); ip = 1, N ; p = 1, k; k = 1, 2, . . .

}
.

Îòæå, íåñêií÷åííèé ÃËÄ ç N -ãiëêàìè ðîçãàëóæåíü ìàòèìå âèãëÿä

b0 +
N∑
i1=1

ai(1)

bi(1) +
N∑
i2=1

ai(2)

bi(2) +
N∑
i3=1

ai(3)
bi(3) + ...

i êîìïàêòíå ïîçíà÷åííÿ

b0 +

∞

D
k=1

N∑
ik=1

ai(k)
bi(k)

, (1.17)

à äëÿ äëÿ ïiäõiäíèõ äðîáiâ âèêîðèñòîâóþòü ñêîðî÷åíèé çàïèñ

f0 = b0, fn = b0 +

n

D
k=1

N∑
ik=1

ai(k)
bi(k)

, n = 1, 2, . . . .

Íàéâàæëèâiøèì ïèòàííÿì â àíàëiòè÷íié òåîði¨ ãiëëÿñòèõ ëàíöþãîâèõ

äðîáiâ ¹ ïèòàííÿ çáiæíîñòi ÃËÄ.

ÃËÄ ñïåöiàëüíîãî âèãëÿäó (1.16) çáiãà¹òüñÿ [11], ÿêùî íå áiëüøå, íiæ ñêií-

÷åííà êiëüêiñòü éîãî ïiäõiäíèõ äðîáiâ íå ìà¹ çìiñòó, i ïîñëiäîâíiñòü éîãî ïiä-

õiäíèõ äðîáiâ {fn}n∈N0
çáiãà¹òüñÿ äî ñêií÷åííî¨ ãðàíèöi f . Ó öüîìó âèïàäêó

f íàçèâàþòü çíà÷åííÿì ÃËÄ (1.16). Iíàêøå öåé ÃËÄ ðîçáiãà¹òüñÿ.

Çàóâàæèìî, ùî ïiäõiäíi äðîáè ÃËÄ ç N ãiëêàìè ðîçãàëóæåíü (1.17) ìà-

þòü òàêó îñîáëèâiñòü, ùî äîâæèíà âñiõ âiòîê, ÿêi âõîäÿòü ó éîãî ñòðóêòóðó,
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ðiâíà ïîðÿäêó ïiäõiäíîãî äðîáó. Àëå ïiäõiäíi äðîáè ìîæíà ôîðìóâàòè òà-

êèì ÷èíîì, ùîá ¨õ ãiëêè ìàëè ðiçíó äîâæèíó. Òàêi àïðîêñèìàíòè íàçèâàþòü

ôiãóðíèìè ïiäõiäíèìè äðîáàìè ÃËÄ. Ïðè ðîçâ'ÿçàííi êîíêðåòíèõ çàäà÷ âè-

íèêàþòü ïåâíi êîíñòðóêöi¨ òàêèõ äðîáiâ. Çîêðåìà, A-ôiãóðíi àïðîêñèìàíòè

âèêîðèñòîâóþòüñÿ ïðè äîâåäåííi ôîðìóë äëÿ êàíîíi÷íèõ ÷èñåëüíèêiâ i êàíî-

íi÷íèõ çíàìåííèêiâ ó ôîðìi âèçíà÷íèêiâ [32], B-ôiãóðíi ïiäõiäíi äðîáè � äëÿ

âèðiøåííÿ ïèòàííÿ âiäïîâiäíîñòi ìiæ ôîðìàëüíèìè êðàòíèìè ñòåïåíåâèìè

ðÿäàìè i ÃËÄ.

A-ôiãóðíi ïiäõiäíi äðîáè áóäóþòüñÿ òàêèì ÷èíîì, ùî êîæåí íîâèé ïiäõi-

äíèé äðiá óòâîðþ¹òüñÿ äîäàâàííÿì ÷åðãîâî¨ ëàíêè ó ïðèðîäíîìó çàïèñi ÃËÄ,

òîáòî

f̂0 = b0, f̂1 = b0 +
a1
b1
, f̂2 = b0 +

a1
b1

+
a2
b2
, . . . ,

f̂N = b0 +
N∑
i1=1

ai1
bi1
, f̂N+1 = b0 +

a1

b1 +
a1,1
b1,1

+
N∑
i1=2

ai1
bi1
, . . . .

Òàêèì ÷èíîì,

f̂n = b0 +
N∑
i1=1

ai(1)
bi(1) + . . . +

N∑
is−1=1

ai(s−1)
bi(s−1) +

N∑
is=1

ξi(s)
ηi(s)

,

äå

ξi(s)
ηi(s)

)
≡


ai(s)
bi(s)

, ÿêùî i(s) � n(s),

0

1
, ÿêùî i(s) � n(s),

çàïèñ òîòîæíîñòi
a

b
≡ c

d
, îçíà÷à¹, ùî a = c, b = d, ïîðÿäîê íà ìíîæèíi

ìóëüòèiíäåêñiâ âèçíà÷åíî âèùå, à ÷èñëî s, iíäåêñè nj, j = 1, s, ìóëüòèiíäåêñè

n(s) = (n1, n2, . . . , ns), âèçíà÷àþòüñÿ ç ðîçêëàäó ÷èñëà n

n = n1N
s−1 + n2N

s−2 + · · ·+ ns, 1 ≤ kj ≤ N, j = 1, s.

n-èì B-ôiãóðíèì ïiäõiäíèì äðîáîì ÃËÄ (1.17) ¹ ñêií÷åííèé ÃËÄ âèãëÿäó

f̆n =
n

D
k=1

N∑
ik=1

ξi(k)

ηi(k)
, n ≥ 1,
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äå

ξi(k)

ηi(k)
≡


ai(k)

bi(k)
, ÿêùî i1 + i2 + . . .+ ik ≤ n;

0

1
, ÿêùî i1 + i2 + . . .+ ik > n.

Àíàëîãi÷íèì ÷èíîì ïîíÿòòÿ A-ôiãóðíîãî i B-ôiãóðíîãî ïiäõiäíèõ äðîáiâ

ïåðåíîñèòüñÿ íà ÃËÄ ñïåöiàëüíîãî âèãëÿäó.

Âðàõîâóþ÷è îñîáëèâîñòi ñòðóêòóðè ÃËÄ ñïåöiàëüíîãî âèãëÿäó, äëÿ íüîãî

ìîæíà ââåñòè ñïåöèôi÷íi ôiãóðíi ïiäõiäíi äðîáè, ÿêi íåìîæëèâî îçíà÷èòè

äëÿ ÃËÄ çàãàëüíîãî âèãëÿäó, ÿêi áóäåìî íàçèâàòè C-ôiãóðíèìè ïiäõiäíèìè

äðîáàìè.

Íåõàé óñi íåïåðåðâíi äðîáè, ùî âõîäÿòü ó ñòðóêòóðó N -âèìiðíîãî ÃËÄ

ñïåöiàëüíîãî âèãëÿäó (1.16) çáiãàþòüñÿ, òîáòî ìàþòü çìiñò âåëè÷èíè b
(1)
0 i

b
(1)
i(s), i(s) ∈ I

(2), äå

b
(1)
0 = b0 +

∞

D
k=1

a1[k]
b1[k]

, b
(1)
i(s) = bi(s) +

∞

D
k=1

ai(s),1[k]
bi(s),1[k]

,

I(2) = {i(n) = (i1, i2, . . . , in) : 2 ≤ in ≤ in−1 ≤ ... ≤ i0; n ≥ 1; i0 = N} ,

1[k] = (1, 1, . . . , 1︸ ︷︷ ︸
k

).

Òîäi ñêií÷åííèé ÃËÄ

f̃n = b
(1)
0 +

n

D
k=1

ik−1∑
ik=2

ai(k)

b
(1)
i(k)

, n ≥ 1,

íàçèâàòèìåìî C1-ôiãóðíèì ïiäõiäíèì äðîáîì ÃËÄ ñïåöiàëüíîãî âèãëÿäó

(1.16).

Íåõàé òåïåð óñi (N − 1)-âèìiðíi ÃËÄ ñïåöiàëüíîãî âèãëÿäó, ùî âõîäÿòü

ó ñòðóêòóðó N -âèìiðíîãî ÃËÄ ñïåöiàëüíîãî âèãëÿäó (1.16) çáiãàþòüñÿ, òîáòî

ìàþòü çìiñò âåëè÷èíè b(N−1)0 i b(N−1)N [s] , s = 1, 2, . . . , äå

b
(N−1)
0 = b0 +

∞

D
l=1

il−1∑
il=1

ai(l)
bi(l)

, b
(N−1)
N [s] = bN [s] +

∞

D
l=1

il−1∑
il=1

aN [s],i(l)

bN [s],i(l)
,
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i0 = N − 1, s = 1, 2, . . . , n.

Òîäi ñêií÷åííèé íåïåðåðâíèé äðiá

˜̃
fn = b

(N−1)
0 +

n

D
s=1

aN [s]

b
(N−1)
N [s]

, n ≥ 1,

íàçèâàòèìåìî C2-ôiãóðíèì ïiäõiäíèì äðîáîì ÃËÄ ñïåöiàëüíîãî âèãëÿäó

(1.16). Î÷åâèäíî, ùî äëÿ äâîâèìiðíîãî ÃËÄ ñïåöiàëüíîãî âèãëÿäó C1- òà C2-

ôiãóðíi ïiäõiäíi äðîáè ñïiâïàäàþòü.

Îçíà÷åííÿ ôiãóðíî¨ çáiæíîñòi, ç óðàõóâàííÿì êîíêðåòíîãî òèïó ôiãóðíèõ

ïiäõiäíèõ äðîáiâ, ââîäèòüñÿ àíàëîãi÷íî ÿê i çáiæíiñòîñòi ÃËÄ. ×àñòî âèíè-

êàþòü ïèòàííÿ âçà¹ìîçâ'ÿçêó çâè÷àéíî¨ òà ôiãóðíî¨ çáiæíîñòi. Çàçâè÷àé, êî-

ëè ðîçãëÿäàþòü çáiæíiñòü ÃËÄ, òî ìà¹òüñÿ íà óâàçi çáiæíiñòü ïîñëiäîâíîñòi

{fn}. Âçà¹ìîçâ'ÿçîê ìiæ ôiãóðíîþ çáiæíiñòþ i çáiæíiñòþ ÃËÄ äåìîíñòðó¹

íàñòóïíà òåîðåìà.

Òåîðåìà 1.12 (Ä. I. Áîäíàð [32]) ßêùî ÃËÄ (1.17) ç äàäàòíèìè åëåìåí-

òàìè çáiãà¹òüñÿ, òî âií ôiãóðíî çáiãà¹òüñÿ äî òi¹¨ æ ãðàíèöi, ïðè äîâiëü-

íîìó âèáîði ôiãóðíèõ ïiäõiäíèõ äðîáiâ.

Äëÿ ÃËÄ ç äîäàòíèìè åëåìåíòàìè áóäåìî âèêîðèñòîâóâàòè íàñòóïíó òå-

îðåìó.

Òåîðåìà 1.13 (Ä. I. Áîäíàð [90]) ßêùî ÃËÄ (1.17) ç äàäàòíèìè åëåìåí-

òàìè çáiãà¹òüñÿ, òî äëÿ äîâiëüíîãî ìóëüòèiíäåêñó i(k), i(k) ∈ I, ÃËÄ

bi(k) +
∞

D
m=k+1

N∑
im=1

ai(m)

bi(m)
,

ùî ¹ ÷àñòèíîþ ÃËÄ (1.17), çáiãà¹òüñÿ.

Öi òåîðåìà î÷åâèäíèì ÷èíîì ïåðåíîñèòüñÿ íà ÃËÄ ñïåöiàëüíîãî âèãëÿäó.

Äëÿ ïiäõiäíèõ äðîáiâ ÃËÄ ç äîäàòíèìè åëåìåíòàìè âèêîíó¹òüñÿ âëàñòè-

âiñòü �âèëêè�, ùî âèðàæà¹òüñÿ ñïiââiäíîøåííÿìè òèïó (1.4).

Ïåðøèì ðåçóëüòàòîì, ùî ñòîñó¹òüñÿ çáiæíîñòi ÃËÄ ñïåöiàëüíîãî âèãëÿäó,

áóëà òåîðåìà Çåéäåëÿ äëÿ äâîâèìiðíîãî âèïàäêó.
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Òåîðåìà 1.14 (Ä. I. Áîäíàð [33]) ÃËÄ

a00 +
1

a01 +
1

a02 +
1

a03+...

+
1

a10 +
1

a11 +
1

a12+...

+
1

a20 +
1

a21+...

+
1

a30+...

,

äå aik > 0, (i, k = 0, 1, . . . ), çáiãà¹òüñÿ òîäi i òiëüêè òîäi, êîëè ðîçáiãàþòüñÿ

ðÿäè
∞∑
k=0

aik,
∞∑
i=0

ξi,

çà óìîâè, ùî

ξi = ai0 +
1

ai1 +
1

ai2 +
1

ai3+...

, i = 0, 1, . . . .

Ïðè äîñëiäæåííi çáiæíîñòi íåïåðåðâíèõ äðîáiâ ñóòò¹âî âèêîðèñòîâóþòüñÿ

ðåêóðåíòíi ñïiââiäíîøåííÿ (1.2). Äëÿ ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ òàêèõ

ôîðìóë íåìà¹. Òóò äëÿ äîñëiäæåííÿ çáiæíîñòi âèêîðèñòîâó¹òüñÿ ôîðìóëà

ðiçíèöi ïiäõiäíèõ äðîáiâ, ÿêà âèðàæà¹òüñÿ ÷åðåç çàëèøêè ïiäõiäíèõ äðîáiâ.

Çàëèøêàìè s-ãî ïiäõiäíîãî äðîáó ÃËÄ (1.16) íàçèâàþòüñÿ âèðàçè

Q
(s)
i(s) = bi(s), Q

(s)
i(p) = bi(p) +

s

D
r=p+1

ir−1∑
ir=1

ai(r)
bi(r)

, (1.18)

äå s = 1, 2, . . .; p = 1, s− 1; i(s) ∈ I; i(p) ∈ I. Äëÿ çàëèøêiâ (1.18) âèêîíóþ-

òüñÿ òàêi ðåêóðåíòíi ñïiââiäíîøåííÿ:

Q
(s)
i(p) = bi(p) +

ip∑
ip+1=1

ai(p+1)

Q
(s)
i(p+1)

,

äå s = 1, 2, . . .; p = 1, s− 1; i(p) ∈ I.

Òîäi ñïðàâäæó¹òüñÿ ôîðìóëà ðiçíèöi äâîõ ïiäõiäíèõ äðîáiâ fn − fm äëÿ

ÃËÄ (1.16) [11]:

fn − fm = (−1)m
N∑
i1=1

i1∑
i2=1

. . .

im∑
im+1=1

m+1∏
r=1

ai(r)

m+1∏
r=1

Q
(n)
i(r)

m∏
r=1

Q
(m)
i(r)

. (1.19)
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ÃËÄ (1.16) i ÃËÄ

b0 +

∞

D
k=1

ik−1∑
ik=1

a∗i(k)
b∗i(k)

(1.20)

íàçèâàþòüñÿ åêâiâàëåíòíèìè, ÿêùî

f̂n = f̂ ∗n, n = 0, 1, . . . , (1.21)

äå f̂n, f̂ ∗n � n-i A-ôiãóðíi ïiäõiäíi äðîáè ÃËÄ (1.16) i (1.20) âiäïîâiäíî.

Òåîðåìà 1.15 (Î. �. Áàðàí [11]) Ãiëëÿñòi ëàíöþãîâi äðîáè (1.16) i

(1.20), â ÿêèõ ai(k) 6= 0 i a∗i(k) 6= 0, i(k) ∈ I, åêâiâàëåíòíi òîäi i òiëüêè

òîäi, êîëè iñíó¹ ïîñëiäîâíiñòü íåíóëüîâèõ ñòàëèõ {ρi(k)}, i(k) ∈ I, òàêà,

ùî

a∗i(k) = ρi(k)ρi(k−1)ai(k); b∗i(k) = ρi(k)bi(k); i(k) ∈ I, ρi(0) = 1. (1.22)

Òåîðåìà 1.15 ñïî÷àòêó áóëà ñôîðìóëüîâàíà äëÿ ÃËÄ çàãàëüíîãî âèãëÿäó [32].

Çàìiíèòè óìîâó (1.21) ðiâíiñòþ ïiäõiäíèõ äðîáiâ fn = f ∗n, n = 0, 1, . . . , ó

öié òåîðåìi íåìîæëèâî. Äiéíî, äëÿ äâîõ ÃËÄ ñïåöiàëüíîãî âèãëÿäó

1

2
a

1 +
a

1 + . . .

+

1

2
a

1 +

1

2
a

1 +
a

1 + . . .

+

1

2
a

1 +

1

2
a

1 + . . .
+

1

2
a

1 + . . .

i
1

3
a

1 +
a

1 + . . .

+

2

3
a

1 +

1

3
a

1 +
a

1 + . . .

+

2

3
a

1 +

1

3
a

1 + . . .
+

2

3
a

1 + . . .
ïiäõiäíi äðîáè ñïiâïàäàþòü, a 6= 0. Ïðîòå æîäåí iç öèõ ÃËÄ íå ìîæíà ïåðå-

òâîðèòè ó iíøèé, âèêîðèñòîâóþ÷è åêâiâàëåíòíi ïåðåòâîðåííÿ (1.22), îñêiëüêè
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ïîâèííi âèêîíóâàòèñÿ ñóïåðå÷ëèâi ðiâíîñòi, íàïðèêëàä,
1

2
a =

1

3
aρi(0)ρ1,

1 = 1 · ρ1
àáî


1

3
a =

1

2
aρi(0)ρ1,

1 = 1 · ρ1,

äå ρi(0) = 1, a 6= 0.

ßêùî bi(k) 6= 0 äëÿ âñiõ i(k) ∈ I, òî, âèáèðàþ÷è ρi(k) = 1/bi(k), ÃËÄ (1.16)

ìîæíà çâåñòè äî äðîáó ç ÷àñòèííèìè çíàìåííèêàìè ðiâíèìè îäèíèöi, òîáòî

b0 +

∞

D
k=1

ik−1∑
ik=1

ai(k)
bi(k)

≈ b0 +

∞

D
k=1

ik−1∑
ik=1

a∗i(k)
1
,

äå a∗i(k) = ai(k)/(bi(k)bi(k−1)); i(k) ∈ I, ïðè÷îìó bi(0) = 1.

Âèáèðàþ÷è

ρi(k) =
k∏
p=1

(ai(p))
(−1)k+p−1

,

ÃËÄ (1.16) åêâiâàëåíòíèìè ïåðåòâîðåííÿìè ìîæíà çâåñòè äî ÃËÄ ç ÷àñòèí-

íèìè ÷èñåëüíèêàìè ðiâíèìè îäèíèöi, òîáòî

b0 +

∞

D
k=1

ik−1∑
ik=1

ai(k)
bi(k)

≈ b0 +

∞

D
k=1

ik−1∑
ik=1

1

b∗i(k)
,

äå b∗i(k) = bi(k)
k∏
p=1

(ai(p))
(−1)k+p−1

; i(k) ∈ I.

Ïîñëiäîâíiñòü {Vi(k)}, i(k) ∈ I, íåïîðîæíiõ ìíîæèí Vi(k) ⊆ Ĉ íàçèâà¹òüñÿ

ïîñëiäîâíiñòþ ìíîæèí çíà÷åíü äðîáó (1.16), ÿêùî

ai(k)

bi(k) +
ik∑

ik+1=1

Vi(k+1)

⊆ Vi(k), i(k) ∈ I.

Äëÿ çàäàíî¨ ïîñëiäîâíîñòi ìíîæèí çíà÷åíü {Vi(k)}, i(k) ∈ I, äå Vi(k) ⊆ Ĉ,

ïîñëiäîâíiñòþ ìíîæèí åëåìåíòiâ ÃËÄ (1.16), ùî ¨é âiäïîâiäà¹ íàçèâà¹òüñÿ

ïîñëiäîâíiñòü ìíîæèí {Ωi(k)}, åëåìåíòè ÿêî¨ âèçíà÷àþòüñÿ ñïiââiäíîøåííÿìè

Ωi(k) :=

(a, b) ∈ C2 :
a

b+
ik∑

ik+1=1

Vi(k+1)

⊆ Vi(k)

 , i(k) ∈ I.
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Ó ÷àñòèííîìó âèïàäêó äëÿ ÃËÄ

∞

D
k=1

ik−1∑
ik=1

ai(k)
1

(1.23)

ìíîæèíà åëåìåíòiâ ìà¹ âèãëÿä

Ei(k) :=

a ∈ C :
a

1 +
ik∑

ik+1=1

Vi(k+1)

⊆ Vi(k)

 , i(k) ∈ I,

òîáòî äëÿ ÃËÄ (1.23) Ωi(k) = Ei(k) × {1}, i(k) ∈ I, à äëÿ ÃËÄ
∞

D
k=1

ik−1∑
ik=1

1

bi(k)
, (1.24)

ìíîæèíà åëåìåíòiâ ìà¹ âèãëÿä

Gi(k) :=

b ∈ C :
1

b+
ik∑

ik+1=1

Vi(k+1)

⊆ Vi(k)

 , i(k) ∈ I,

òîáòî äëÿ ÃËÄ (1.24) Ωi(k) = {1} ×Gi(k), i(k) ∈ I.

Ó äèñåðòàöiéíié ðîáîòi [11] îçíà÷åíî ðiçíi òèïè ìíîæèí åëåìåíòiâ òà ìíî-

æèí çíà÷åíü. ßêùî âñi Vi(k) = V , òîäi V íàçèâà¹òüñÿ ïðîñòîþ ìíîæèíîþ

çíà÷åíü äðîáó (1.16). ßêùî Vi(2k) = V0 i Vi(2k−1) = V1, i(2k) ∈ I, òîäi 〈V0, V1〉

íàçèâàþòüñÿ ñïàðåíèìè ìíîæèíàìè çíà÷åíü ÃËÄ (1.16).

ßêùî âñi Ωi(k) = Ω, òîäi Ω íàçèâà¹òüñÿ ïðîñòîþ ìíîæèíîþ åëåìåíòiâ.

ßêùî Ωi(2k−1) = Ω0 i Ωi(2k) = Ω1, i(2k) ∈ I, òîäi 〈Ω0,Ω1〉 íàçèâàþòüñÿ ñïàðå-

íèìè ìíîæèíàìè åëåìåíòiâ äðîáó (1.16).

Ïîñëiäîâíiñòü îáëàñòåé åëåìåíòiâ {Ωi(k)} íàçèâà¹òüñÿ ïîñëiäîâíiñòþ îáëà-

ñòåé çáiæíîñòi ÃËÄ (1.16), ÿêùî óìîâà (ai(k), bi(k)) ∈ Ωi(k), i(k) ∈ I, çàáåçïå÷ó¹

çáiæíiñòü ÃËÄ (1.16).

ßêùî âñi Ωi(k) = Ω, òîäi Ω íàçèâà¹òüñÿ ïðîñòîþ îáëàñòþ çáiæíîñòi. ßêùî

Ωi(2k+1) = Ω1 i Ωi(2k) = Ω2, i(k) ∈ I, òîäi 〈Ω1,Ω2〉 íàçèâàþòüñÿ ñïàðåíèìè

îáëàñòÿìè çáiæíîñòi äðîáó (1.16).
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Ïîñëiäîâíiñòü îáëàñòåé åëåìåíòiâ {Ωi(k)} íàçèâà¹òüñÿ ïîñëiäîâíiñòþ îáëà-

ñòåé óìîâíî¨ çáiæíîñòi, ÿêùî, êðiì óìîâè (ai(k), bi(k)) ∈ Ωi(k), i(k) ∈ I, äëÿ

îá ðóíòóâàííÿ çáiæíîñòi ÃËÄ ïîòðiáíî âèìàãàòè iíøi äîäàòêîâi óìîâè. Ñàìå

âñòàíîâëåííÿ òàêèõ óìîâ ¹ îäíi¹þ iç çàäà÷ äèñåðòàöiéíîãî äîñëiäæåííÿ. ßê i ó

îäíîâèìiðíîìó âèïàäêó ðîçãëÿäàòèìåìî êóòîâi i ïàðàáîëi÷íi ìíîæèíè óìîâ-

íî¨ çáiæíîñòi òà ¨õ ïiäìíîæèíè. Îçíàêè çáiæíîñòi ÃËÄ ñïåöiàëüíîãî âèãëÿäó

äîñëiäæóâàëè Ä. I. Áîäíàð, Ð. I. Äìèòðèøèí, Ñ. Â. Øàðèí, Ò. Ì. Àíòîíîâà,

Î. �. Áàðàí, Ì. Ì. Áóáíÿê [3, 4, 7�11,33�35,104,116,117,129].

Ïðè âñòàíîâëåííi îöiíîê ïîõèáîê àïðîêñèìàöi¨ ïiäõiäíèìè äðîáàìè ÃËÄ

ñïåöiàëüíîãî âèãëÿäó ç ÷àñòèííèìè çíàìåííèêàìè, ùî íàëåæàòü êóòîâèì

ìíîæèíàì, áóäåìî âèêîðèñòîâóâàòè ðåçóëüòàòè, îòðèìàíi ïðè äîñëiäæåííi

öi¹¨ æ çàäà÷i Ò. Ì. Àíòîíîâîþ [2,4].

Òåîðåìà 1.16 (Ò. Ì. Àíòîíîâà [4]) Íåõàé åëåìåíòè ÃËÄ

b0 +
∞

D
k=1

ik−1∑
ik=1

∣∣ai(k)∣∣∣∣bi(k)∣∣ exp
(
iφi(k)

) , (1.25)

çàäîâîëüíÿþòü óìîâè

0 ≤ φi(2p−1) ≤
π

2
, −π

2
≤ φi(2p) ≤ 0, p = 1, 2, . . . , (1.26)

∣∣ai(k)∣∣∣∣bi(k)bi(k+1)

∣∣ ≤ L, k = 1, 2, . . . , (1.27)

äå L � äîäàòíà ñòàëà. Òîäi ÃËÄ (1.25) çáiãà¹òüñÿ; äëÿ øâèäêîñòi çáiæíî-

ñòi ñïðàâäæó¹òüñÿ îöiíêà

|f − fn| ≤ max
1≤i1≤N

∣∣ai(1)∣∣∣∣bi(1)∣∣CN−1
N+n

(
L2

L2 + 1

)n/2
.

Äîâåäåííÿ öi¹¨ òåîðåìè  ðóíòó¹òüñÿ íà âèêîðèñòàííi íåðiâíîñòi∣∣∣∣∣∣ ai(k)

Q
(s)
i(k)Q

(s)
i(k+1)

∣∣∣∣∣∣ ≤
√

L2

L2 + 1
, s = 2, 3, . . . . k = 1, 2, . . . , s−1, i(k+1) ∈ I. (1.28)
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Ñàìå âîíà áóäå ñóòò¹âî çàñòîñîâàíà äëÿ äîâåäåííÿ îöiíêè øâèäêîñòi çáiæíî-

ñòi ÃËÄ ñïåöiàëüíîãî âèãëÿäó ó ñïàðåíèõ êóòîâèõ ìíîæèíàõ. Òàêîæ âàæëè-

âîþ ïðè öüîìó áóäå íàñòóïíà ëåìà.

Ëåìà 1.1 ßêùî åëåìåíòè ÃËÄ (1.25) çàäîâîëüíÿþòü óìîâè (1.26) àáî óìî-

âè

−π
2
≤ arg bi(2p−1) ≤ 0, 0 ≤ arg bi(2p) ≤

π

2
, p ≥ 1, i(2p),∈ I,

ai(k) > 0, k ≥ 1, i(k) ∈ I,

òî äëÿ éîãî çàëèøêiâ ñïðàâäæó¹òüñÿ îöiíêà∣∣∣Q(n)
i(k)

∣∣∣ ≥ ∣∣bi(k)∣∣ , i(k) ∈ I, k = 1, . . . , n, n = 1, 2, . . . .

Âèêîðèñòîâóþ÷è ïðèíöèï âiäïîâiäíîñòi ìiæ ÃËÄ i êðàòíèìè ñòåïåíåâè-

ìè ðÿäàìè, àíàëîãi÷íî ÿê i â îäíîâèìiðíîìó âèïàäêó ìîæíà âèäiëèòè ðiçíi

òèïè ôóíêöiîíàëüíèõ áàãàòîâèìiðíèõ ÃËÄ ç íåðiâíîçíà÷íèìè çìiííèìè. �õ

êëàñèôiêàöiþ çðîáëåíî ó äèñåðòàöi¨ Ð. I. Äìèòðèøèíà [65].

ÃËÄ ç íåðiâíîçíà÷íèìè çìiííèìè

N∑
i1=1

ai(1)zi1
1 +

∞

D
k=2

ik−1∑
ik=1

ai(k)zik
1

, (1.29)

äå ai(k) ∈ C \ {0} äëÿ âñiõ i(k) ∈ I, íàçèâàþòü áàãàòîâèìiðíèì ðåãóëÿðíèì

C -äðîáîì ç íåðiâíîçíà÷íèìè çìiííèìè [11, c. 40]. ßêùî ai(k) > 0 äëÿ âñiõ

i(k) ∈ I, òî ãiëëÿñòèé ëàíöþãîâèé äðiá (1.29) íàçèâàþòü áàãàòîâèìiðíèì S -

äðîáîì ç íåðiâíîçíà÷íèìè çìiííèìè.

Äîñëiäæåííþ ðiâíîìiðíî¨ i ïîòî÷êîâî¨ çáiæíîñòi òàêèõ äðîáiâ ïðèñâÿ÷åíi

ðîáîòè [11, 36, 66�69, 114�116, 129, 129]. Ó ðîáîòàõ [65, 68] íàâåäåíi ïðèêëàäè,

ÿêi iëþñòðóþòü åôåêòèâíiñòü íàáëèæåííÿ êîíêðåòíèõ ôóíêöié ó ÃËÄ ç íå-

ðiâíîçíà÷íèìè çìiííèìè.

Ïðè äîñëiäæåííi çáiæíîñòi ôóíêöiîíàëüíèõ ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ

÷àñòî âèêîðèñòîñòîâó¹òüñÿ áàãàòîâèìiðíå óçàãàëüíåííÿ òåîðåì Ìîíòåëÿ [79]

i Ñòiëüòü¹ñà�Âiòàëi [146].



52

Òåîðåìà 1.17 (Ò. Éî. Ñòiëüòü¹ñ, Äæ. Âiòàëi) Íåõàé {fm (z)}∞m=1 � ïî-

ñëiäîâíiñòü ãîëîìîðôíèõ ôóíêöié â îáëàñòi D ⊂ C òàêèõ, ùî fm(z) 6= a,

fm(z) 6= b, äëÿ âñiõ z ∈ D, m ∈ N, äå a i b � êîìïëåêñíi ÷èñëà (a 6= b).

Íåõàé ∆ ⊂ D � íåñêií÷åííà ìíîæèíà òî÷îê, ùî ìàþòü ïðèíàéìíi

îäíó ãðàíè÷íó òî÷êó, ùî íàëåæèòü D.

ßêùî ïîñëiäîâíiñòü {fm (z)} çáiãà¹òüñÿ äî ñêií÷åííîãî çíà÷åííÿ äëÿ âñiõ

z ∈ ∆, òî âîíà ðiâíîìiðíî çáiãà¹òüñÿ íà êîæíîìó êîìïàêòi îáëàñòi D äî

ãîëîìîãôíî¨ ôóíêöi¨ â D.

ÍåõàéD � äåÿêà îáëàñòü âCn. Ðîçãëÿíåìî ïîñëiäîâíiñòü {fm(z)}∞m=1 ãîëî-

ìîðôíèõ ôóíêöié â D. Ïîñëiäîâíiñòü {fm(z)} íàçèâà¹òüñÿ ðiâíîìiðíî îáìå-

æåíîþ âñåðåäèíi îáëàñòi D, ÿêùî äëÿ äîâiëüíîãî êîìïàêòó K iñíó¹ ñòàëà

M = M(K) òàêà, ùî |fm(z)| ≤M äëÿ âñiõ z ∈ K i äîâiëüíîãîm,m = 1, 2, . . ..

Òåîðåìà 1.18 ( [32]) Íåõàé {fm (z)}∞m=1 � ïîñëiäîâíiñòü ãîëîìîðôíèõ

ôóíêöié â îáëàñòi D ⊂ Cn, ðiâíîìiðíî îáìåæåíèõ âñåðåäèíi D. ßêùî

{fm (z)} çáiãà¹òüñÿ â êîæíié òî÷öi ìíîæèíè ∆ ⊂ D, ÿêà ¹ 2n-âèìiðíèì

îêîëîì, n-âèìiðíèì äiéñíèì àáî n-âèìiðíèì êîìïëåêñíèì îêîëîì òî÷êè

z0 ∈ D, òî fm(z) çáiãà¹òüñÿ ðiâíîìiðíî íà áóäü-ÿêîìó êîìïàêòi K, K ⊂ D,

äî ãîëîìîðôíî¨ ôóíêöi¨ â D.
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ÐÎÇÄIË 2

ÃIËËßÑÒI ËÀÍÖÞÃÎÂI ÄÐÎÁÈ ÑÏÅÖIÀËÜÍÎÃÎ ÂÈÃËßÄÓ

Ç ÄÎÄÀÒÍÈÌÈ ÅËÅÌÅÍÒÀÌÈ

2.1. Êðèòåðié çáiæíîñòi ãiëëÿñòîãî ëàíöþãîâîãî äðîáó ñïåöiàëü-

íîãî âèãëÿäó

Ïèòàííÿ çáiæíîñòi íåïåðåðâíèõ äðîáiâ ç äîäàòíèìè åëåìåíòàìè ïîâíiñòþ

âèðiøó¹ êðèòåðié Çåéäåëÿ (òåîðåìà 1.2). Öåé êðèòåðié âèêîðèñòîâó¹òüñÿ ïðè

äîñëiäæåííi êóòîâèõ òà ïàðàáîëi÷íèõ ìíîæèí çáiæíîñòi íåïåðåðâíèõ äðîáiâ

ç êîìïëåêñíèìè åëåìåíòàìè. Âñòàíîâèìî áàãàòîâèìiðíå óçàãàëüíåííÿ êðèòå-

ðiþ Çåéäåëÿ. Äëÿ öüîãî äîâåäåìî äåÿêi äîïîìiæíi ëåìè.

Ðîçãëÿíåìî ÃËÄ âèãëÿäó

b0 +

∞

D
k=1

ik−1∑
ik=1

1

bi(k)
, (2.1)

äå bi(k) > 0, i(k) ∈ I,

I = {i(k) = (i1, i2, . . . , ik) : 1 ≤ ik ≤ ik−1 ≤ ... ≤ i0; k ≥ 1; i0 = N} .
Ëåìà 2.1 Íåõàé ÃËÄ (2.1) ç äîäàòíèìè êîìïîíåíòàìè çáiãà¹òüñÿ,

ε−äîâiëüíå äiéñíå äîäàòíå ÷èñëî.

Òîäi iñíó¹ íàòóðàëüíå ÷èñëî m, m ≥ 2, çàëåæíå âiä ε, òàêå, ùî äëÿ

êîæíîãî ÃËÄ ç äîäàòíèìè åëåìåíòàìè

b̂0 +

∞

D
k=1

ik−1∑
ik=1

1

b̂i(k)
, (2.2)

äå b̂i(k) = bi(k), äëÿ âñiõ i(k) ∈ I, k < m, ñïðàâäæó¹òüñÿ îöiíêà∣∣∣fr − f ′r∣∣∣ < ε, r ≥ m− 1,

äå fr, f
′

r � r-òi ïiäõiäíi äðîáè ÃËÄ (2.1) òà (2.2) âiäïîâiäíî.

Ä î â å ä å í í ÿ. Çi çáiæíîñòi ÃËÄ (2.1) ñëiäó¹, ùî äëÿ äîâiëüíîãî

ε > 0 iñíó¹ íîìåð m, m ≥ 2, òàêèé, ùî äëÿ êîæíîãî r, r ≥ m − 1 ìà¹ìî

|fr − fm−2| <
ε

2
, çîêðåìà, |fm−1 − fm−2| <

ε

2
.
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Îñêiëüêè fp = f
′

p, p = 1, 2, ...,m− 1, òî, âðàõîâóþ÷è âëàñòèâiñòü ìîíîòîí-

íîñòi (âëàñòèâiñòü ¾âèëêè¿ (1.4)) ïiäõiäíèõ äðîáiâ äëÿ ÃËÄ (2.2), ìà¹ìî äëÿ

áóäü-ÿêîãî r ≥ m− 1∣∣∣f ′r − f ′m−2∣∣∣ ≤ ∣∣∣f ′m−1 − f ′m−2∣∣∣ = |fm−1 − fm−2| <
ε

2
.

Îòæå, âðàõîâóþ÷è, ùî fm−2 = f
′

m−2, ìà¹ìî∣∣∣fr − f ′r∣∣∣ ≤ |fr − fm−2|+ ∣∣∣f ′r − f ′m−2∣∣∣ < ε.

Ëåìà 2.2 Íåõàé

fm = b0 +

m

D
k=1

ik−1∑
ik=1

1

bi(k)
, m ≥ 1,

� ñêií÷åííèé ÃËÄ ç äîäàòíèìè êîìïîíåíòàìè. Íåõàé b̂0 > 0, b̂i(k) > 0

íàáëèæåíi çíà÷åííÿ âåëè÷èí b0 i bi(k), âiäïîâiäíî, i íåõàé

f̂m = b̂0 +

m

D
k=1

ik−1∑
ik=1

1

b̂i(k)
, m ≥ 1.

ßêùî ∆0 =
∣∣∣̂b0 − b0∣∣∣ , ∆i(k) =

∣∣∣̂bi(k) − bi(k)∣∣∣, òî
∣∣∣fm − f̂m∣∣∣ ≤ fm · max

0≤s≤[m2 ]
max

i(2s+1)∈I

{
∆i(2s)

bi(2s)
,
∆i(2s+1)

b̂i(2s+1)

}
,

ïðè÷îìó bi(0) = b0, ∆i(0) = ∆0, ∆i(2k+1) = 0, ÿêùî m = 2k.

Ä î â å ä å í í ÿ. Äîâåäåííÿ áàçó¹òüñÿ íà âèêîðèñòàííi ìåòîäèêè çàïðî-

ïîíîâàíî¨ ó ìîíîãðàôi¨ [90, c. 106]. Íåõàé

δ̂α =
α− α̂
α̂

, δα =
α̂− α
α

,

äå α̂ � íàáëèæåíå çíà÷åííÿ ÷èñëà α.

ßêùî a > 0, â > 0, b > 0, b̂ > 0, òî

|δa+b| ≤ max {|δa| , |δb|} .
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Äiéñíî, íåõàé äëÿ âèçíà÷åíîñòi |δb| ≤ |δa|, òîäi

|δa+b| =

∣∣∣â+ b̂− a− b
∣∣∣

a+ b
=

a

a+ b
· |a− â|

a

(
1 +

∣∣∣∣∣ b− b̂a− â

∣∣∣∣∣
)
≤

≤ a

a+ b
|δa|
(

1 +
b

a

)
= |δa| .

Àíàëîãi÷íî ìîæíà äîâåñòè íåðiâíiñòü∣∣∣δ̂a+b∣∣∣ ≤ max
{∣∣∣δ̂a∣∣∣ , ∣∣∣δ̂b∣∣∣} .

Âiðíèìè áóäóòü òàêîæ íàñòóïíi ðiâíîñòi, ùî äîâîäÿòüñÿ ç âèêîðèñòàííÿì

åëåìåíòàðíèõ ïåðåòâîðåíü:∣∣∣δ 1
a

∣∣∣ =
∣∣∣δ̂a∣∣∣ , ∣∣∣δ̂ 1

a

∣∣∣ = |δa| ,
∣∣∣δ̂a∣∣∣ =

∣∣∣∣ δa
1 + δa

∣∣∣∣ .
Íåõàé

Q
(m)
i(k) = bi(k) +

m

D
s=k+1

is−1∑
is=1

1

bi(s)
= bi(k) +

ik∑
ik+1=1

1

Q
(m)
i(k+1)

,

Q̂
(m)
i(k) = b̂i(k) +

m

D
s=k+1

is−1∑
is=1

1

b̂i(s)
= b̂i(k) +

ik∑
ik+1=1

1

Q̂
(m)
i(k+1)

i

δ
(m)
i(k) =

1

Q
(m)
i(k)

(
Q

(m)
i(k) − Q̂

(m)
i(k)

)
, δ̂

(m)
i(k) =

1

Q̂
(m)
i(k)

(
Q

(m)
i(k) − Q̂

(m)
i(k)

)
.

Òîäi

fm = b0 +
N∑
i1=1

1

Q
(m)
i(1)

, f̂m = b̂0 +
N∑
i1=1

1

Q̂
(m)
i(1)

i ∣∣∣fm − f̂m∣∣∣
fm

=
∣∣∣δ(m)

0

∣∣∣ ≤ max
i1

{
|δ0| ,

∣∣∣δ̂(m)
i(1)

∣∣∣} ≤
≤ max

i1,i2

{
|δ0| ,

∣∣∣δ̂i(1)∣∣∣ , ∣∣∣δ̂i(2)(m)
∣∣∣} ≤

≤ max
i1,i2,i3

{
|δ0| ,

∣∣∣δ̂i(1)∣∣∣ , ∣∣δi(2)∣∣ , ∣∣∣δ̂(m)
i(3)

∣∣∣} ≤ ... ≤

≤ max
0≤s≤[m2 ]

max
i(2s+1)∈I

{∣∣δi(2s)∣∣ , ∣∣∣∣ δi(2s+1)

1 + δi(2s+1)

∣∣∣∣} =
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= max
0≤s≤[m2 ]

max
i(2s+1)∈I

{
∆i(2s)

bi(2s)
,
∆i(2s+1)

b̂i(2s+1)

}
.

Íàäàëi áóäåìî âèêîðèñòîâóâàòè òàêi ìíîæèíè ìóëüòèiíäåêñiâ

I(m) = {i(n) = (i1, i2, . . . , in) : m ≤ in ≤ in−1 ≤ ... ≤ i0; n ≥ 1; i0 = N} ,

m = 2, N .

Ðåêóðåíòíî îçíà÷èìî íåïåðåðâíi äðîáè, ïðè ïî÷àòêîâèõ óìîâàõ

b
(0)
0 = b0, b

(0)
i(k) = bi(k), i(k) ∈ I,

b
(1)
0 = b

(0)
0 +

∞

D
s=1

1

b
(0)
1[s]

, b
(1)
i(n) = b

(0)
i(n) +

∞

D
s=1

1

b
(0)
i(n),1[s]

, i(n) ∈ I(2),

b
(2)
0 = b

(1)
0 +

∞

D
s=1

1

b
(1)
2[s]

, b
(2)
i(n) = b

(1)
i(n) +

∞

D
s=1

1

b
(1)
i(n),2[s]

, i(n) ∈ I(3),

. . . , . . . ,

b
(m)
0 = b

(m−1)
0 +

∞

D
s=1

1

b
(m−1)
m[s]

, b
(m)
i(n) = b

(m−1)
i(n) +

∞

D
s=1

1

b
(m−1)
i(n),m[s]

, i(n) ∈ I(m+1),

. . . , . . . ,

b
(N)
0 = b

(N−1)
0 +

∞

D
s=1

1

b
(N−1)
N [s]

,

(2.3)

äå m[s] = (m,m, ...,m︸ ︷︷ ︸)
s

, bi(k) � ÷àñòèííi çíàìåííèêè ÃËÄ (2.1), i(k) ∈ I.

Òåîðåìà 2.1 (Áàãàòîâèìiðíå óçàãàëüíåííÿ êðèòåðiþ Çåéäåëÿ) ÃËÄ

(2.1) ç äîäàòíèìè ÷àñòèííèìè çíàìåííèêàìè çáiãà¹òüñÿ òîäi i òiëüêè

òîäi, êîëè ç óðàõóâàííÿì ïîçíà÷åíü (2.3) äëÿ êîæíîãî m, 1 ≤ m ≤ N,

ðîçáiãàþòüñÿ ðÿäè
∞∑
p=1

b
(m−1)
m[p] , (2.4)

à òàêîæ äëÿ êîæíîãî m, 1 ≤ m ≤ N, i êîæíîãî ìóëüòèiíäåêñó i(n), i(n) ∈

I(m+1) ðîçáiãÿþòüñÿ ðÿäè
∞∑
p=1

b
(m−1)
i(n),m[p]. (2.5)
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Ä î â å ä å í í ÿ. Íåî á õ i ä í i ñ ò ü. Íåõàé äðiá (2.1) ¹ çáiæíèì, òîäi çà

àíàëîãîì òåîðåìè 1.13 äëÿ ÃËÄ ñïåöiàëüíîãî âèãëÿäó çáiæíèìè ¹ óñi éîãî

s-òi çàëèøêè:

ri(s) = bi(s) +

∞

D
k=s+1

ik−1∑
ik=1

1

bi(k)
, i(s) ∈ I.

Çîêðåìà, ÿêùî is = 1, òî çáiæíèìè ¹ íåïåðåðâíi äðîáè

r1 = b1 +
∞

D
p=2

1

b1[p]
, ri(n),1 = bi(n),1 +

∞

D
p=2

1

bi(n),1[p]
, i(n) ∈ I(2).

Òîìó çãiäíî ç òåîðåìîþ Çåéäåëÿ äëÿ êîæíîãî i(n), i(n) ∈ I(2), ðîçáiæíèìè ¹

ðÿäè
∞∑
p=1

b1[p],
∞∑
p=1

bi(n),1[p].

Ïîçíà÷èìî

b
(1)
0 = b0 +

1

r1
, b

(1)
i(n) = bi(n) +

1

ri(n),1
, i(n) ∈ I(2).

Ðîçãëÿíåìî (N − 1)-âèìiðíèé ÃËÄ ñïåöiàëüíîãî âèãëÿäó

b
(1)
0 +

∞

D
k=1

ik−1∑
ik=2

1

b
(1)
i(k)

, (2.6)

åëåìåíòàìè ÿêîãî ¹ çíà÷åííÿ íåïåðåðâíèõ äðîáiâ. Ïîêàæåìî, ùî çi çáiæíîñòi

ÃËÄ (2.1) âèïëèâà¹ çáiæíiñòü ÃËÄ (2.6). Òîáòî çi çáiæíîñòi ÃËÄ (2.1) âè-

ïëèâà¹ éîãî C1-ôiãóðíà çáiæíiñòü. n-é ïiäõiäíèé äðiá ÃËÄ (2.6), f̃n, ìîæíà

çàïèñàòè ó âèãëÿäi

f̃n = b0 +
n

D
k=1

ik−1∑
ik=1

1

b̃i(k)
, n ≥ 1,

äå

b̃i(k) =


bi(k), ÿêùî k < n;

bi(k) +
∞

D
p=1

1

bi(k),1[p]
, ÿêùî k = n.

Òîáòî f̃n ¹ C1-ôiãóðíèì ïiäõiäíèì äðîáîì ÃËÄ (2.1).
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Íåõàé

Q
(n)
i(k) = bi(k) +

ik∑
ik+1=1

1

Q
(m)
i(k+1)

,

Q̃
(m)
i(k) = b̃i(k) +

ik∑
ik+1=1

1

Q̃
(m)
i(k+1)

,

òîäi âñòàíîâèìî ôîðìóëó ðiçíèöi äâîõ ïiäõiäíèõ äðîáiâ fn − f̃n :

fn − f̃n = b0 +
N∑
ik=1

1

Q
(n)
i(1)

− b0 −
N∑
i1=1

1

Q̃
(n)
i(1)

=
N∑
i1=1

Q̃
(n)
i(1) −Q

(n)
i(1)

Q̃
(n)
i(1)Q

(n)
i(1)

=

= −
N∑
i1=1

1

Q̃
(n)
i(1)Q

(n)
i(1)

·

bi(1) +

i1∑
i2=1

1

Q
(n)
i(2)

− bi(1) −
i1∑
i2=1

1

Q̃
(n)
i(2)

 =

= (−1)2
N∑
i1=1

1

Q̃
(n)
i(1)Q

(n)
i(1)

i1∑
i2=1

1

Q̃
(n)
i(2)Q

(n)
i(2)

(
Q

(n)
i(2) − Q̃

(n)
i(2)

)
= · · · =

= (−1)n
N∑
i1=1

i1∑
i2=1

...

in−1∑
in=1

Q
(n)
i(n) − Q̃

(n)
i(n)

n∏
p=1

Q̃
(n)
i(p)Q

(n)
i(p)

=

= (−1)n
N∑
i1=1

i1∑
i2=1

...

in−1∑
in=1

bi(n) − b̃i(n)
n∏
p=1

Q̃
(n)
i(p)Q

(n)
i(p)

.

Î÷åâèäíî, ùî äëÿ êîæíîãî i(n), i(n) ∈ I, bi(n) − b̃i(n) < 0.

Îòæå, (−1)n+1
(
fn − f̃n

)
> 0. Âðàõîâóþ÷è öþ íåðiâíiñòü i âëàñòèâiñòü

�âèëêè�, ìà¹ìî

f2r < f̃2r < f̃2r+1 < f2r+1. (2.7)

ßêùî ÃËÄ (2.1) çáiãà¹òüñÿ, òî |f2r − f2r−1| → 0, ïðè r → ∞, à îòæå, ç íå-

ðiâíîñòi (2.7) ìà¹ìî, ùî
∣∣∣f̃2r − f̃2r−1∣∣∣ → 0, ïðè r → ∞, òîáòî ÃËÄ (2.6)

çáiãà¹òüñÿ.

Àíàëîãi÷íî, çi çáiæíîñòi äðîáó (2.6) âèïëèâà¹ çáiæíiñòü óñiõ éîãî çàëè-

øêiâ, çîêðåìà, íåïåðåðâíèõ äðîáiâ

r2 = b
(1)
2 +

∞

D
p=2

1

b
(1)
2[p]

, ri(n),2 = b
(1)
i(n),2 +

∞

D
p=2

1

b
(1)
i(n),2[p]

, i(n) ∈ I(3).



59

Òîìó çãiäíî ç òåîðåìîþ Çåéäåëÿ ðîçáiæíèìè áóäóòü ðÿäè

∞∑
p=1

b
(1)
2[p],

∞∑
p=1

b
(1)
i(n),2[p], i(n) ∈ I(3),

Ïðîâîäÿ÷è àíàëîãi÷íi ìiðêóâàííÿ äëÿ (N − 2)-âèìiðíîãî ÃËÄ ñïåöiàëü-

íîãî âèãëÿäó

b
(2)
0 +

∞

D
k=1

ik−1∑
ik=3

1

b
(2)
i(k)

,

äîõîäèìî âèñíîâêó, ùî öåé äðiá çáiãà¹òüñÿ, à, îòæå, çáiãàþòüñÿ éîãî çàëèøêè

i ðîçáiãàþòüñÿ ðÿäè (2.4) i (2.5) äå m = 3. Ïîâòîðèâøè äàíèé ïðîöåñ, ïiñëÿ

(N − 1) êðîêó îòðèìà¹ìî, ùî ðÿäè

∞∑
p=1

b
(m−1)
m[p] ,

∞∑
p=1

b
(m−1)
i(n),m[p]

¹ ðîçáiæíèìè äëÿ êîæíîãî m, 1 ≤ m ≤ N − 1, i(n) ∈ I(m+1), à òàêîæ íåïå-

ðåðâíèé äðiá

b
(N−1)
0 +

∞

D
p=1

1

b
(N−1)
N [p]

¹ çáiæíèì, ùî åêâiâàëåíòíî, çà îçíàêîþ Çåéäåëÿ, ðîçáiæíîñòi ðÿäó
∞∑
p=1

b
(N−1)
N [p] .

Îòæå, ðîçáiæíèìè ¹ ðÿäè (2.4) äëÿ êîæíîãî m, 1 ≤ m ≤ N ¹ , à òàêîæ ðÿäè

(2.5) äëÿ êîæíîãî m, 1 ≤ m ≤ N − 1, i êîæíîãî ìóëüòèiíäåêñó i(n), i(n) ∈

I(m+1).

Ä î ñ ò à ò í i ñ ò ü. Äîâåäåííÿ òîãî ôàêòó, ùî iç ðîçáiæíîñòi ðÿäiâ (2.4) i

(2.5) âèïëèâà¹ çáiæíiñòü ÃËÄ (2.1) ïðîâåäåìî, âèêîðèñòîâóþ÷è ìåòîä ìàòå-

ìàòè÷íî¨ iíäóêöi¨ ïî N � ðîçìiðíîñòi ÃËÄ (2.1).

Ïðè N = 1 ÃËÄ (2.1) âèðîäæó¹òüñÿ ó íåïåðåðâíèé äðiá ç äîäàòíèìè

åëåìåíòàìè

b0 +
∞

D
p=1

1

b1[p]
,

ÿêèé çáiãà¹òüñÿ çà òåîðåìîþ Çåéäåëÿ, ÿêùî ðÿä
∞∑
i=1

b1[p] ¹ ðîçáiæíèì.
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Ïðè N = 2 ÃËÄ ç äîäàòíèìè åëåìåíòàìè

b0 +
∞

D
k=1

ik−1∑
ik=1

1

bi(k)
, i(k) ∈ I, i0 = 2,

çáiãà¹òüñÿ çà òåîðåìîþ 1.14, ÿêùî ðÿäè

∞∑
p=1

b1[p],
∞∑
p=1

bi(n),1[p], i(k) ∈ I(2),
∞∑
p=1

b
(1)
1[p]

¹ ðîçáiæíèìè.

Ïðèïóñòèìî, ùî ïðè êîæíîìó N, N < l, iç ðîçáiæíîñòi ðÿäiâ (2.4) âèïëè-

âà¹ çáiæíiñòü ÃËÄ (2.1) ðîçìiðíîñòi N .

Íåõàé N = l. Äîñëiäèìî çáiæíiñòü ÃËÄ

b0 +
∞

D
k=1

ik−1∑
ik=1

1

bi(k)
, i(k) ∈ I, i0 = l. (2.8)

Ç òîãî, ùî
∞∑
p=1

b1[p] = ∞,
∞∑
p=1

bi(n),1[p] = ∞, i(n) ∈ I(2), âèïëèâà¹ çáiæíiñòü

íåïåðåðâíèõ äðîáiâ

b
(1)
0 = b0 +

∞

D
p=1

1

b1[p]
, b

(1)
i(n) = bi(n) +

∞

D
p=1

1

bi(n),1[p]
, i(n) ∈ I(2), (2.9)

äî çíà÷åíü b(1)0 i b(1)i(n) âiäïîâiäíî. Çàìiíèâøè íåïåðåðâíi äðîáè (2.9) ¨õ çíà÷åí-

íÿìè, îäåðæó¹ìî (l − 1) âèìiðíèé ÃËÄ

b
(1)
0 +

∞

D
k=1

ik−1∑
ik=2

1

b
(1)
i(k)

, i0 = l. (2.10)

Îñêiëüêè ðÿäè (2.4) ïðè êîæíîìó m, 2 ≤ m ≤ l, ¹ ðîçáiæíèìè, òî çà

ïðèïóùåííÿì iíäóêöi¨ çáiæíèì ¹ äðiá (2.10). Äîâåäåìî, ùî ïðè öüîìó äðiá

(2.8) ¹ òàêîæ çáiæíèì, òîáòî iç C1-ôiãóðíî¨ çáiæíîñòi ÃËÄ (2.8) âèïëèâà¹ éîãî

çâè÷àéíà çáiæíiñòü. Äëÿ öüîãî ðîçãëÿíåìî ðiçíèöþ ïiäõiäíèõ äðîáiâ ÃËÄ

(2.8) i (2.10).
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Ïîçíà÷èìî r-òi ïiäõiäíi äðîáè íåïåðåðâíèõ äðîáiâ (2.9) b(1,r)0 , b
(1,r)
i(n) âiäïî-

âiäíî. Òîäi r-é ïiäõiäíèé äðiá ÃËÄ (2.8) ìîæíà çàïèñàòè ó âèãëÿäi

fr = b
(1,r)
0 +

r

D
k=1

ik−1∑
ik=2

1

b
(1,r−k)
i(k)

.

Çà ñâî¹þ ñòðóêòóðîþ fr � ñêií÷åííèé (l − 1)-âèìiðíèé ÃËÄ ñïåöiàëüíîãî

âèãëÿäó.

Íåõàé

f̂r = b
(1)
0 +

r

D
k=1

ik−1∑
ik=2

1

b
(1)
i(k)

� r-é ïiäõiäíèé äðiá ÃËÄ (2.10).

Çãiäíî ç ëåìîþ 2.1, iç çáiæíîñòi äðîáó (2.10) âèïëèâà¹, ùî äëÿ äîâiëüíîãî

ε > 0 iñíó¹ m, m ∈ N òàêå, ùî äëÿ äîâiëüíîãî íîìåðà r, r ≥ 2m + 1,

âèêîíó¹òüñÿ íåðiâíiñòü
∣∣∣f̂r − gr∣∣∣ < ε, äå

gr = b
(1)
0 +

p∑
i1=2

1

b
(1)
i(1) +

i1∑
i2=2

1

b
(1)
i(2) + ···+

i2m∑
i2m+1=2

1

b
(1)
i(2m+1) +

i2m+1∑
i2m+2=2

1

b
(1,r−2m−2)
i(2m+1) + ···+

ir−1∑
ir=2

1

b
(1,0)
i(r)

.

Âðàõîâóþ÷è, ùî ∣∣∣fr − f̂r∣∣∣ ≤ |fr − gr|+ ∣∣∣gr − f̂r∣∣∣ ,
äëÿ çàâåðøåííÿ îöiíêè

∣∣∣fr − f̂r∣∣∣ çàñòîñó¹ìî ëåìó 2.2 äëÿ ïðàâî¨ ÷àñòèíè öi¹¨
íåðiâíîñòi

|fr − gr| ≤ gr · max
0≤s≤m

max
i(2s+1)


∣∣∣b(1,r−2s)i(2s) − b(1)i(2s)

∣∣∣
b
(1)
i(2s)

,

∣∣∣b(1,r−2s−1)i(2s+1) − b(1)i(2s+1)

∣∣∣
b
(1,n−2s−1)
i(2s+1)

 .

Îñêiëüêè, íåïåðåðâíèé äðiá (2.9) çáiãà¹òüñÿ, òî lim
n→∞

b
(1,n−k)
i(k) = b

(1)
i(k), i(k) ∈

I(2).

Òàêîæ ìà¹ìî, ùî

gr < g1 < b0 +
l∑

i1=1

1

bi1
= A.
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Òîäi âèáåðåìî r1, r1 ≥ 2m + 2, òàêå, ùîá äëÿ äîâiëüíîãî r, r ≥ r1, i

äîâiëüíîãî i(2s+ 1), i(2s+ 1) ∈ I(2), âèêîíóâàëèñÿ íåðiâíîñòi∣∣∣∣∣∣b
(1,n−2s)
i(2s) − b(1)i(2s)

b
(1)
i(2s)

∣∣∣∣∣∣ < ε

2A
,

∣∣∣∣∣∣b
(1,n−2s−1)
i(2s+1) − b(1)i(2s+1)

b
(1)
i(2s+1)

∣∣∣∣∣∣ < ε

2A
.

Îòæå,

|fr − gr| <
ε

2
.

Òàêèì ÷èíîì, äëÿ äîâiëüíîãî r, r ≥ r1 ìà¹ìî, ùî∣∣∣f̂r − gr∣∣∣ < ε.

Òîáòî iç çáiæíîñòi ÃËÄ (2.10) ñëiäó¹ çáiæíiñòü ÃËÄ (2.8).

2.2. Äîñòàòíi óìîâè çáiæíîñòi ãiëëÿñòîãî ëàíöþãîâîãî äðîáó ñïå-

öiàëüíîãî âèãëÿäó

Îñêiëüêè åëåìåíòè ðÿäiâ (2.4) îá÷èñëèòè çà ôîðìóëàìè (2.3) íåïðîñòî, òî

äîâåäåìî åôåêòèâíó äîñòàòíþ îçíàêó çáiæíîñòi ÃËÄ (2.1).

Òåîðåìà 2.2 ÃËÄ (2.1) ¹ çáiæíèì, ÿêùî äëÿ êîæíîãî m, 1 ≤ m ≤ N,

ðîçáiãàþòüñÿ ðÿäè
∞∑
p=1

bm[p], (2.11)

i äëÿ êîæíîãî m, 1 ≤ m ≤ N − 1, i êîæíîãî ìóëüòèiíäåêñó i(n), i(n) ∈

I(m+1) ðîçáiãàþòüñÿ ðÿäè
∞∑
p=1

bi(n),m[p]. (2.12)

Ä î â å ä å í í ÿ. Ïîêàæåìî, ùî iç ðîçáiæíîñòi ðÿäiâ (2.11) i (2.12) ñëiäó¹

ðîçáiæíiñòü ðÿäiâ (2.4) i (2.5).

Íåõàé m = 1. Ðÿäè

∞∑
p=1

b
(0)
1[p],

∞∑
p=1

b
(0)
i(n),1[p], i(n) ∈ I(2),
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¹ ðîçáiæíèìè îñêiëüêè b(0)1[p] = b1[p], b
(0)
i(n),1[p] = bi(n),1[p], p ≥ 1.

Òàêèì ÷èíîì, íà îñíîâi òåîðåìè Çåéäåëÿ çáiæíèìè ¹ íåïåðåðâíi äðîáè,

ÿêi âèçíà÷åíi çãiäíî ç (2.3) i ïðèéìàþòü çíà÷åííÿ b(1)2[p], b
(1)
i(n),2[p], i(n) ∈ I(3),

âiäïîâiäíî.

Ïðè m = 2 ç óìîâ òåîðåìè ìà¹ìî ðîçáiæíiñòü ðÿäiâ
∞∑
p=1

b2[p],
∞∑
p=1

bi(n),2[p], i(n) ∈ I(3).

Âðàõîâóþ÷è ïîçíà÷åííÿ (2.3), îòðèìà¹ìî íàñòóïíi ñïiââiäíîøåííÿ

b
(1)
2[p] > b

(0)
2[p] = b2[p], b

(1)
i(n),2[p] > b

(0)
i(n),2[p] = bi(n),2[p],

äå p = 1, 2, ... , i(n) ∈ I(3).

Çâiäñè, çà îçíàêîþ ïîðiâíÿííÿ çíàêîäîäàòíèõ ðÿäiâ, ìà¹ìî, ùî ðîçáiãàþ-

òüñÿ ðÿäè
∞∑
p=1

b
(1)
2[p],

∞∑
p=1

b
(1)
i(n),2[p], i(n) ∈ I(3).

Òîìó çãiäíî iç òåîðåìîþ Çåéäåëÿ çáiæíèìè ¹ íåïåðåðâíi äðîáè, ÿêi âèçíà÷åíi

çãiäíî ç (2.3) i ïðèéìàþòü çíà÷åííÿ b(2)3[p], b
(2)
i(n),3[p], p = 1, 2, ... , i(n) ∈ I(4).

Ïîâòîðèâøè öi ìiðêóâàííÿ äëÿm = 3, 4, ..., (N−1), îäåðæèìî ðîçáiæíiñòü

âiäïîâiäíèõ ðÿäiâ
∞∑
p=1

b
(m−1)
m[p] ,

∞∑
p=1

b
(m−1)
i(n),m[p], i(n) ∈ I(m+1),

à òàêîæ çáiæíiñòü äðîáiâ, ÿêi âèçíà÷åíi çãiäíî ç (2.3) i ïðèéìàþòü çíà÷åííÿ

b
(m)
0 , b

(m)
m−1[p], b

(m)
i(n),m−1[p], i(n) ∈ I(m+2), m = 3, 4, ... , N − 1, bN−1N [p] , p ≥ 1, äå

m− 1[p] = (m− 1,m− 1, . . . ,m− 1︸ ︷︷ ︸
p

).

Íåõàé m = N . Â òàêîìó âèïàäêó, ìà¹ìî ðîçáiæíiñòü ðÿäó
∞∑
p=1

bN [p].

Áåðó÷è äî óâàãè ïîçíà÷åííÿ (2.3), îòðèìà¹ìî

b
(N−1)
N [p] > b

(N−2)
N [p] > · · · > b

(1)
N [p] > b

(0)
N [p] = bN [p], p = 1, 2, ... .
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Îòæå, ðîçáiæíèìè ¹ ðÿäè (2.4) òà (2.5), i íà îñíîâi äîñòàòíîñòi òåîðåìè

2.1 ÃËÄ (2.1) çáiãà¹òüñÿ.

Âñòàíîâèìî àíàëîã äîñòàòíüî¨ îçíàêè çáiæíîñòi íåïåðåðâíèõ äðîáiâ,

òåîðåìè Øòåðíà äëÿ ÃËÄ ñïåöiàëüíîãî âèãëÿäó ç äîäàòíèìè åëåìåíòàìè.

Òåîðåìà 2.3 (Áàãàòðîâèìiðíèé àíàëîã òåîðåìè Øòåðíà) ÃËÄ ñïå-

öiàëüíîãî âèãëÿäó ç äîäàòíèìè åëåìåíòàìè

b0 +

∞

D
k=1

ik−1∑
ik=1

ai(k)
bi(k)

, (2.13)

çáiãà¹òüñÿ, ÿêùî âèêîíóþòüñÿ óìîâè

à) äëÿ êîæíîãî m, 1 ≤ m ≤ N, ðîçáiãà¹òüñÿ õî÷à á îäèí iç ðÿäiâ

∞∑
s=1

bm[2s]

am[1]am[3] . . . am[2s−1]

am[2]am[4] . . . am[2s]
,

∞∑
s=1

bm[2s+1]

am[2]am[4] . . . am[2s]

am[1]am[3] . . . am[2s+1]
;

(2.14)

á) äëÿ êîæíîãî m, 1 ≤ m ≤ N − 1, i êîæíîãî i(2l), i(2l) ∈ I(m+1)

ðîçáiãà¹òüñÿ õî÷à á îäèí iç ðÿäiâ

∞∑
s=1

bi(2l),m[2s]

ai(2l),m[1] . . . ai(2l),m[2s−1]

ai(2l),m[2] . . . ai(2l),m[2s]
,

∞∑
s=1

bi(2l),m[2s+1]

ai(2l),m[2] . . . ai(2l),m[2s]

ai(2l),m[1] . . . ai(2l),m[2s+1]
;

(2.15)

â) äëÿ êîæíîãî m, 1 ≤ m ≤ N − 1, i êîæíîãî i(2l+ 1), i(2l+ 1) ∈ I(m+1)

ðîçáiãà¹òüñÿ õî÷à á îäèí iç ðÿäiâ

∞∑
s=1

bi(2l+1),m[2s]

ai(2l+1),m[1] . . . ai(2l+1),m[2s−1]

ai(2l+1),m[2] . . . ai(2l+1),m[2s]
,

∞∑
s=1

bi(2l+1),m[2s+1]

ai(2l+1),m[2] . . . ai(2l+1),m[2s]

ai(2l+1),m[1] . . . ai(2l+1),m[2s+1]
.

(2.16)

Ä î â å ä å í í ÿ. Çâåäåìî ÃËÄ (2.13) äî åêâiâàëåíòíîãî éîìó

b0 +

∞

D
k=1

ik−1∑
ik=1

1

di(k)
, (2.17)
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äå

di(k) = bi(k)

k∏
r=1

(
ai(r)

)(−1)k+r+1

, i(k) ∈ I.

Îñòàííié ÃËÄ çáiãà¹òüñÿ, ÿêùî ðîçáiãàþòüñÿ ðÿäè

∞∑
p=1

dm[p], m = 1, N, (2.18)

∞∑
p=1

di(n),m[p], m = 1, N − 1, i(n) ∈ I(m+1). (2.19)

Ðîçãëÿíåìî äåòàëüíiøå åëåìåíòè ðÿäiâ (2.18), dm[p], p = 2, 3, . . . ; m =

1, N − 1. Íåõàé p = 2s, s ≥ 1, òîäi

dm[2s] = bm[2s]

2s∏
r=1

(
am[r]

)(−1)2s+r+1

= bm[2s]

am[1]am[3] . . . am[2s−1]

am[2]am[4] . . . am[2s]
, s ≥ 1;

Íåõàé p = 2s+ 1, s ≥ 1, òîäi

dm[2s+1] = bm[2s+1]

2s+1∏
r=1

(
am[r]

)(−1)2s+r+2

= bm[2s+1]

am[2]am[4] . . . am[2s]

am[1]am[3] . . . am[2s+1]
, s ≥ 1.

Òàêèì ÷èíîì iç ðîçáiæíîñòi îäíîãî iç ðÿäiâ (2.14) âèïëèâà¹ ðîçáiæíiñòü ðÿäiâ

(2.18).

Íåõàé n = 2l, l ≥ 1, ðîçãëÿíåìî åëåìåíòè ðÿäiâ (2.19) äëÿ êîæíîãî i(2l) ∈

I, s = 1, 2, . . . . Íåõàé p = 2s, s ≥ 1

di(2l),m[2s] = bi(2l),m[2s]

2s+2l∏
r=1

(
ai(r)

)(−1)2s+2l+r+1

=

= bi(2l),m[2s]

ai(1)ai(3) . . . ai(2l−1)ai(2l),m[1] . . . ai(2l),m[2s−1]

ai(2)ai(4) . . . ai(2l)ai(2l),m[2] . . . ai(2l),m[2s]
;

di(2l),m[2s+1] = bi(2l),m[2s+1]

2s+2l+1∏
r=1

(
ai(r)

)(−1)2s+2l+r+2

=

= bi(2l),m[2s+1]

ai(2)ai(4) . . . ai(2l)ai(2l),m[2] . . . ai(2l),m[2s]

ai(1)ai(3) . . . ai(2l−1)ai(2l),m[1] . . . ai(2l),m[2s+1]
.
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Àíàëîãi÷íî, êîëè n = 2l + 1, l ≥ 1, ðîçãëÿíåìî åëåìåíòè ðÿäiâ äëÿ êîæíîãî

i(2l + 1), i(2l + 1) ∈ I, s = 1, 2, . . . ,

di(2l+1),m[2s] = bi(2l+1),m[2s]

2s+2l+1∏
r=1

(
ai(r)

)(−1)2s+2l+r+2

=

= bi(2l+1),m[2s]

ai(2)ai(4) . . . ai(2l)ai(2l+1),m[1] . . . ai(2l+1),m[2s−1]

ai(1)ai(3) . . . ai(2l+1)ai(2l+1),m[2] . . . ai(2l+1),m[2s]
;

di(2l+1),m[2s+1] = bi(2l+1),m[2s+1]

2s+2l+2∏
r=1

(
ai(r)

)(−1)2s+2l+r+3

=

= bi(2l+1),m[2s+1]

ai(1)ai(3) . . . ai(2l+1)ai(2l+1),m[2] . . . ai(2l+1),m[2s]

ai(2)ai(4) . . . ai(2l)ai(2l+1),m[1] . . . ai(2l+1),m[2s+1]
.

Âðàõîâóþ÷è îñòàííi ñïiââiäíîøåííÿ, iç ðîçáiæíîñòi õî÷à á îäíîãî iç ðÿäiâ

(2.15) äëÿ êîæíîãî i(2l), i(2l) ∈ I òà ðîçáiæíîñòi õî÷à á îäíîãî iç ðÿäiâ

(2.16) äëÿ êîæíîãî i(2l + 1), i(2l + 1) ∈ I âèïëèâà¹ ðîçáiæíiñòü ðÿäiâ (2.19)

äëÿ êîæíîãî m, 1 ≤ m ≤ N − 1 i êîæíîãî i(n), i(n) ∈ I(m+1). À öå, çãiäíî ç

òåîðåìîþ 2.2 îçíà÷à¹ çáiæíiñòü ÃËÄ (2.17) i âiäïîâiäíî çáiæíiñòü åêâiâàëåí-

òíîãî éîìó ÃËÄ (2.13).

Òåîðåìà 2.4 (Áàãàòîâèìiðíå óçàãàëüíåííÿ òåîðåìè Ïðiíãñõàéìà)

ÃËÄ ç äîäàòíèìè åëåìåíòàìè (2.13) çáiãà¹òüñÿ, ÿêùî äëÿ êîæíîãî

m, 1 ≤ m ≤ N, ðîçáiãàþòüñÿ ðÿäè

∞∑
p=1

√
bm[p]bm[p+1]

am[p+1]
, (2.20)

i äëÿ êîæíîãî m, 1 ≤ m ≤ N − 1, i êîæíîãî ìóëüòèiíäåêñó i(n), i(n) ∈

I(m+1) ðîçáiãàþòüñÿ ðÿäè

∞∑
p=1

√
bi(n),m[p]bi(n),m[p+1]

ai(n),m[p+1]
. (2.21)

Ä î â å ä å í í ÿ. Íåõàé ÃËÄ (2.13) äî åêâiâàëåíòíîãî ÃËÄ (2.17). Çãiäíî

ç òåîðåìîþ 2.2 ÃËÄ (2.17) çáiãà¹òüñÿ ÿêùî ðîçáiãàþòüñÿ ðÿäè (2.18) i (2.19).

Îñêiëüêè
r∑
p=1

dm[p] =
1

2

(
dm[1] + dm[r]

)
+

r−1∑
p=1

1

2

(
dm[p] + dm[p+1]

)
≥
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≥ 1

2

(
dm[1] + dm[r]

)
+

r−1∑
p=1

√
dm[p]dm[p+1] >

>
r−1∑
p=1

√√√√bm[p]

p∏
s=1

(
am[s]

)(−1)p+s−1

bm[p+1]

p+1∏
s=1

(
am[s]

)(−1)p+s

=
r−1∑
p=1

√
bm[p]bm[p+1]

am[p+1]

r = 1, 2, ..., m = 1, N ;

i àíàëîãi÷íî
r∑
p=1

di(n),m[p] >
r−1∑
p=1

√
di(n),m[p]di(n),m[p+1] =

=
r−1∑
p=1

(

√√√√bi(n),m[p]

n∏
s=1

(
ai(s)

)(−1)n+p+s−1
p∏
s=1

(
ai(n),m[s]

)(−1)n+p+s−1

·

·

√√√√bi(n),m[p+1]

n∏
s=1

(
ai(s)

)(−1)n+p+s
p+1∏
s=1

(
ai(n),m[s]

)(−1)n+p+s

) =

=
r−1∑
p=1

√
bi(n),m[p]bi(n),m[p+1]

ai(n),m[p+1]
.

ßêùî ðÿäè (2.20) i (2.21) ðîçáiãàþòüñÿ, òî íà îñíîâi òåîðåìè 2.2 ÃËÄ (2.17)

çáiãà¹òüñÿ, à, îòæå, i çáiæíèì ¹ i åêâiâàëåíòíèé éîìó ÃËÄ (2.13).

2.3. Ïðåäñòàâëåííÿ òà äîñëiäæåííÿ ãiëëÿñòîãî ëàíöþãîâîãî äðî-

áó, â ÿêèé ðîçâèâà¹òüñÿ âiäíîøåííÿ ëiíiéíî-íåçàëåæíèõ

ðîçâ'ÿçêiâ ÷îòèðè÷ëåííîãî ðåêóðåíòíîãî ðiâíÿííÿ

Âiäîìî [146,156,169], ùî çàãàëüíèé ðîçâ'ÿçîê ëiíiéíîãî îäíîðiäíîãî ðåêó-

ðåíòíîãî ðiâíÿííÿ ðiâíÿííÿ II ïîðÿäêó

xn = bnxn−1 + anxn−2, n = 1, 2, . . . ,

äå an, bn, n ≥ 1, � êîìïëåêñíi ÷èñëà, ìîæíà ïîäàòè ó âèãëÿäi ëiíiéíî¨ êîìái-

íàöi¨ äâîõ ëiíiéíî-íåçàëåæíèõ ðîçâ'ÿçêiâ

x(k) = (x
(k)
−1, x

(k)
0 , x

(k)
1 , . . .), k = 1, 2,
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ÿêi çàäîâîëüíÿþòü ïî÷àòêîâi óìîâè:

x
(1)
−1 = 1, x

(1)
0 = 0, x

(2)
−1 = 0, x

(2)
0 = 1

i ÿêi ¹ âiäïîâiäíî êàíîíi÷íèìè ÷èñåëüíèêàìè i êàíîíi÷íèìè çíàìåííèêàìè

ïiäõiäíèõ äðîáiâ íåïåðåðâíîãî äðîáó

∞

D
k=1

ak

bk
, (2.22)

òîáòî, ÿêùî
An

Bn
� n-èé ïiäõiäíèé äðiá (2.22), òî An = x

(1)
n , Bn = x

(2)
n , n =

−1, 0, 1, . . . .

Ðîçãëÿíåìî ëiíiéíå îäíîðiäíå ðåêóðåíòíå ðiâíÿííÿ III ïîðÿäêó

xn = cnxn−1 + bnxn−2 + anxn−3, n = 2, 3, . . . , (2.23)

äå an, bn, cn, n ≥ 2, � êîìïëåêñíi ÷èñëà.

Íåõàé

x(k) = (x
(k)
−1, x

(k)
0 , x

(k)
1 , . . .), k = 1, 2,

� äâà ðîçâ'ÿçêè (2.23), ÿêi çàäîâîëüíÿþòü ïî÷àòêîâi óìîâè: x
(1)
−1 = 1, x

(1)
0 = 0, x

(1)
1 = b1,

x
(2)
−1 = 0, x

(2)
0 = 1, x

(2)
1 = c1,

(2.24)

äå b1, c1 � ïàðàìåòðè, âèáèðàþ÷è çíà÷åííÿ ÿêèõ, îòðèìà¹ìî âñi òðè ëiíiéíî-

íåçàëåæíi ðîçâ'ÿçêè (2.23), íàïðèêëàä,

x(1) = (1, 0, 0, x
(1)
2 , x

(1)
3 , . . .),

x(2) = (0, 1, 0, x
(2)
2 , x

(2)
3 , . . .),

x(1) = (0, 1, 1, x
(3)
2 , x

(3)
3 , . . .).

Çà àíàëîãi¹þ ç íåïåðåðâíèì äðîáîì (2.22), ïîáóäó¹ìî ÃËÄ êàíîíi÷íi ÷è-

ñåëüíèêè An i êàíîíi÷íi çíàìåííèêè Bn ÿêîãî çáiãàþòüñÿ iç ðîçâ'ÿçêàìè ðå-

êóðåíòíîãî ðiâíÿííÿ (2.23) ïðè ïî÷àòêîâèõ óìîâàõ (2.24). Òîáòî

An = x(1)n , Bn = x(2)n , n = −1, 0, 1, . . . ,
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ïðè÷îìó  A−1 = 1, A0 = 0, A1 = b1,

B−1 = 0, B0 = 1, B1 = c1.
(2.25)

Ðîçãëÿíåìî ÷àñòêó
An

Bn
, n ≥ 1. ßêùî n = 1, òî

A1

B1
=
b1
c1
. ßêùî n = 2, òî

A2

B2
=
c2A1 + b2A0 + a2A−1
c2B1 + b2B0 + a2B−1

=
c2b1 + a2
c1c2 + b2

=
b1

c1 +
b2
c2

+
a2

b2 + c1c2
.

ßêùî n ≥ 3, òî ó ñïiââiäíîøåííi

An = cnAn−1 + bnAn−2 + anAn−3, (2.26)

âiçüìåìî (n − 1) çàìiñòü n i ïiäñòàâèìî îòðèìàíå çíà÷åííÿ An−1 ó (2.26).

Îòðèìà¹ìî

An = (cn−1cn + bn)An−2 + (bn−1cn + an)An−3 + an−1cnAn−4,

Ïîçíà÷èìî γ(n)n−1 = cn−1cn + bn, β
(n)
n−1 = bn−1cn + an, α

(n)
n−1 = an−1cn, òîäi

An = γ
(n)
n−1An−2 + β

(n)
n−1An−3 + α

(n)
n−1An−4. (2.27)

Äàëi, ÿêùî n ≥ 4, çíàõîäèìî An−2, âçÿâøè ó (2.26) (n−2) çàìiñòü n, ïiäñòàâ-

ëÿ¹ìî îòðèìàíå çíà÷åííÿ An−2 ó (2.27) i ò. ä.

ßêùî n ≥ ν + 2, òî ïiñëÿ (n− ν) êðîêiâ îòðèìà¹ìî

An = γ(n)ν Aν−1 + β(n)
ν Aν−2 + α(n)

ν Aν−3,

äå

γ
(n)
ν = cνγ

(n)
ν+1 + β

(n)
ν+1;

β
(n)
ν = bνγ

(n)
ν+1 + α

(n)
ν+1;

α
(n)
ν = aνγ

(n)
ν+1,

(2.28)

ν = n− 1, n− 2, . . . , 2, ïðè÷îìó γ(n)n = cn, β
(n)
n = bn, α

(n)
n = an.



70

Àíàëîãi÷íå ñïiââiäíîøåííÿ, àëå ç óðàõóâàííÿì ïî÷àòêîâèõ óìîâ (2.24),

ñïðàâäæó¹òüñÿ i äëÿ Bn

Bn = γ(n)ν Bν−1 + β(n)
ν Bν−2 + α(n)

ν Bν−3,

äå γ(n)ν , β
(n)
ν , α

(n)
ν âèçíà÷àþòüñÿ çãiäíî iç (2.28).

Âèêîðèñòîâóþ÷è ïîçíà÷åííÿ

c′k = ckck−1 + bk, k = 2, 3, . . . , n;

b′k = bkck−2 + ak, k = 3, 4, . . . , n;

a′k = akck−3, k = 4, 5, . . . , n;

(2.29)

i

w
(n)
j =

β
(n)
j

γ
(n)
j

, j = 1, n; v
(n)
j =

cj−2β
(n)
j + α

(n)
j

γ
(n)
j

, j = 3, n, (2.30)

ç óðàõóâàííÿì ïî÷àòêîâèõ óìîâ (2.25) i ñïiââiäíîøåíü (2.28), ïðè ν = 2 îòðè-

ìà¹ìî

An

Bn
=
γ
(n)
2 A1 + β

(n)
2 A0 + α

(n)
2 A−1

γ
(n)
2 B1 + β

(n)
2 B0 + α

(n)
2 B−1

=
γ
(n)
2 b1 + α

(n)
2

γ
(n)
2 c1 + β

(n)
2

=
β
(n)
1

γ
(n)
1

= w
(n)
1 , n ≥ 3.

Âèêîðèñòîâóþ÷è ïîçíà÷åííÿ (2.29) i (2.30) îòðèìà¹ìî

w
(n)
1 =

b1

c1 + w
(n)
2

+
a2γ

(n)
3

c1(c2γ
(n)
3 + β

(n)
3 ) + b2γ

(n)
3 + α

(n)
3

=
b1

c1 + w
(n)
2

+
a2

c′2 + v
(n)
3

.

Âñòàíîâèìî ðåêóðåíòíi ôîðìóëè äëÿ w
(n)
k , k = 2, n− 2, n ≥ 4, v

(n)
k , k =

3, n− 2, n ≥ 5. Ìà¹ìî

w
(n)
k =

β
(n)
k

γ
(n)
k

=
bkγ

(n)
k+1 + α

(n)
k+1

ckγ
(n)
k+1 + β

(n)
k+1

=

=
bk

ck + w
(n)
k+1

+
ak+1γ

(n)
k+2

ck(ck+1γ
(n)
k+2 + β

(n)
k+2) + bk+1γ

(n)
k+2 + α

(n)
k+2

=

=
bk

ck + w
(n)
k+1

+
ak+1

c′k+1 + v
(n)
k+2

.
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Àíàëîãi÷íî

v
(n)
k =

ck−2β
(n)
k + α

(n)
k

γ
(n)
k

=
ck−2(bkγ

(n)
k+1 + α

(n)
k+1) + akγ

(n)
k+1

ckγ
(n)
k+1 + β

(n)
k+1

=

=
bk

ck + w
(n)
k+1

+
ak+1γ

(n)
k+2

ck(ck+1γ
(n)
k+2 + β

(n)
k+2) + bk+1γ

(n)
k+2 + α

(n)
k+2

=

=
b′k

ck + w
(n)
k+1

+
ck−2ak+1γ

(n)
k+2

ck(ck+1γ
(n)
k+2 + β

(n)
k+2) + bk+1γ

(n)
k+2 + α

(n)
k+2

=
b′k

ck + w
(n)
k+1

+
a′k+1

c′k+1 + v
(n)
k+2

.

Ðîçãëÿíåìî âèïàäîê k = n− 1

w
(n)
n−1 =

bn−1

cn−1 +
bn

an

+
an

c′n
, n ≥ 2, v

(n)
n−1 =

b′n−1

cn−1 +
bn

an

+
a′n

c′n
, n ≥ 4.

ßêùî k = n, òî

w(n)
n =

bn

cn
, n ≥ 1, v(n)n =

b′n

cn
, n ≥ 3.

Îòæå, ìà¹ìî òàêi ðåêóðåíòíi ñïiââiäíîøåííÿ

w
(n)
k =

bk

ck + w
(n)
k+1

+
ak+1

c′k+1 + v
(n)
k+2

, k = 1, n;

v
(n)
k =

b′k

ck + w
(n)
k+1

+
a′k+1

c′k+1 + v
(n)
k+2

, k = 3, n,

(2.31)

ïðè÷îìó w(n)
n+1 = v

(n)
n+1 = 0, w(n)

n+2 = v
(n)
n+2 =∞.

Ðîçãëÿíåìî ÃËÄ ç äâîìà ãiëêàìè ðîçãàëóæåííÿ

∞

D
k=1

2∑
ik=1

ξi(k)

ηi(k)
, (2.32)

äå

ξ1 = b1, ξ2 = a2
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i äëÿ áóäü-ÿêîãî ìóëüòèiäíåêñó i(k), i(k) = i1, i2, . . . , ik, 1 ≤ ip ≤ 2, p =

1, k, k ≥ 2

ξi(k) =



bi1+i2+...+ik, ÿêùî ik−1 = ik = 1;

b′i1+i2+...+ik, ÿêùî ik−1 = 2, ik = 1;

ai1+i2+...+ik, ÿêùî ik−1 = 1, ik = 2;

a′i1+i2+...+ik, ÿêùî ik−1 = 2, ik = 2;

(2.33)

à äëÿ äîâiëüíîãî ìóëüòèiäíåêñó i(k), k ≥ 1

ηi(k) =

 ci1+i2+...+ik, ÿêùî ik = 1;

c′i1+i2+...+ik, ÿêùî ik = 2;
(2.34)

äå aj, bj, cj, j ≥ 1, � êîåôiöi¹íòè ðåêóðåíòíîãî ñïiââiäíîøåííÿ (2.23),

a′j+2, b
′
j+1, c

′
j, j ≥ 2, âèçíà÷åíi çãiäíî (2.29).

Òåîðåìà 2.5 Íåõàé {An}, {Bn}, n ≥ −1, � ïîñëiäîâíîñòi êîìïëåêñíèõ

÷èñåë âèçíà÷àþòüñÿ çãiäíî ç ðåêóðåíòíèìè ñïiââiäíîøåííÿìè

An = cnAn−1 + bnAn−2 + cnAn−3, n = 1, 2, . . . ,

Bn = cnBn−1 + bnBn−2 + cnBn−3, n = 1, 2, . . . ,

ïðè÷îìó

A−1 = 1, A0 = 0, A1 = b1,

B−1 = 0, B0 = 1, B1 = c1,

äå an, bn, cn, n ≥ 1 � êîìïëåêñíi ÷èñëà. Òîäi An, Bn � êàíîíi÷íèé ÷èñåëüíèê

i êàíîíi÷íèé çíàìåííèê n-ãî B-ôiãóðíîãî ïiäõiäíîãî äðîáó f̂n ÃËÄ ç äâîìà

ãiëêàìè ðîçãàëóæåííÿ (2.32), òîáòî f̂n =
An

Bn
.

Ä î â å ä å í í ÿ. Ïîáóäó¹ìî ðîçâèíåííÿ
An

Bn
ó ÃËÄ. Âèêîðèñòà¹ìî ðåêó-

ðåíòíi ñïiââiäíîøåííÿ (2.31), âðàõîâóþ÷è, ùî
An

Bn
= w

(n)
1 . Íà ïåðøîìó êðîöi

îòðèìà¹ìî

An

Bn
=

b1

c1 + w
(n)
2

+
a2

c′2 + v
(n)
3

=
ξ1

η1 + w
(n)
2

+
ξ2

η2 + v
(n)
3

.
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Çâiäêè
A1

B1
=
ξ1
η1

= f̂1. Ïiñëÿ äðóãîãî êðîêó ìàòèìåìî

An

Bn
=

ξ1

η1 +
ξ1,1

η1,1 + w
(n)
3

+
ξ1,2

η1,2 + v
(n)
4

+
ξ2

η2 + v
(n)
3

, (2.35)

à ïiñëÿ òðåòüîãî êðîêó �

An

Bn
=

ξ1

η1 +
ξ1,1

η1,1 +
ξ1,1,1

η1,1,1 + w
(n)
4

+
ξ1,1,2

η1,1,2 + v
(n)
5

+
ξ1,2

η1,2 + v
(n)
4

+

+
ξ2

η2 +
ξ2,1

η2,1 + w
(n)
4

+
ξ2,2

η2,2 + v
(n)
5

.

Ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ äîâåäåìî, ùî ïiñëÿ m êðîêiâ, 1 < m < n,

îòðèìà¹ìî, ùî

An

Bn
=

m

D
k=1

2∑
ik=1

ξ∗i(k)

η∗i(k)
, (2.36)

äå ξ∗i(k) = ξi(k), ÿêùî i1 + i2 + . . .+ ik ≤ m àáî i1 + i2 + . . .+ ik = m+ 1 i ik = 2;

η∗i(k) =



ηi(k), ÿêùî i1 + i2 + . . .+ ik ≤ m− 1;

ηi(k) + w
(n)
m+1, ÿêùî ik = 1 i i1 + i2 + . . .+ ik = m;

ηi(k) + v
(n)
m+1, ÿêùî ik = 2 i i1 + i2 + . . .+ ik = m;

ηi(k) + v
(n)
m+2, ÿêùî ik = 2 i i1 + i2 + . . .+ ik = m+ 1.

Â óñiõ iíøèõ âèïàäêàõ
ξ∗i(k)

η∗i(k)
=

0

1
.

Íåõàé m = 2, òîäi

ξ∗1 = ξ1, ξ
∗
2 = ξ2, ξ

∗
11 = ξ11, ξ

∗
12 = ξ12, ξ

∗
21 = ξ∗22 = 0;
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η∗1 = η1, η
∗
2 = η2 + v

(n)
3 , η∗11 = η11 + w

(n)
3 , η∗21 = η∗22 = 1.

Òîáòî ìè îòðèìàëè ôîðìóëó (2.35)

Çðîáèìî íàñòóïíèé (m + 1)-é êðîê. Íåõàé i1 + i2 + . . . + ik = m, ik = 1 ,

òîäi

η∗i(k) = ηi(k) + w
(n)
m+1 = ηi(k) +

bm+1

cm+1 + w
(n)
m+2

+
am+2

c′m+2 + v
(n)
m+3

àáî ç óðàõóâàííÿì (2.33), (2.34)

η∗i(k) = ηi(k) +
ξi(k),1

ηi(k),1 + w
(n)
m+2

+
ξi(k),2

ηi(k),2 + v
(n)
m+3

.

ßêùî i1 + i2 + . . .+ ik = m, ik = 2 , òî

η∗i(k) = ηi(k) + v
(n)
m+1 = ηi(k) +

b′m+1

cm+1 + w
(n)
m+2

+
a′m+2

c′m+2 + v
(n)
m+3

= ηi(k) +
ξi(k),1

ηi(k)1 + w
(n)
m+2

+
ξi(k),2

ηi(k),2 + v
(n)
m+3

.

ßêùî i1 + i2 + . . .+ ik = m+ 1, ik = 2 , òî

η∗i(k) = ηi(k) + v
(n)
m+2.

Îòæå, ìè äîâåëè ñïðàâåäëèâiñòü ôîðìóëè (2.36), êîëè çàìiñòü m âçÿòî

m+ 1.

Ïîêàæåìî òàïåð, ùî n-é B-ôiãóðíèé ïiäõiäíèé äðiá ÃËÄ (2.32) ñïiâïàäà¹

iç
An

Bn
, n > 1. Ïîêëàäåìîm = n−1. Òîäi, âðàõîâóþ÷è, ùî w(n)

n =
bn

cn
, v(n)n =

b′n

cn
,

v
(n)
n+1 = 0, îòðèìà¹ìî çà óìîâè i1 + i2 + . . .+ ik = n− 1, ùî η∗i(k) = ηi(k) +

ξi(k),1

ηi(k),1
,

ÿêùî æ i1 + i2 + . . .+ ik = n, ik = 2, òî η∗i(k) = ηi(k).

Îòæå,

An

Bn
=

n−1

D
k=1

2∑
ik=1

ξ∗i(k)

η∗i(k)
=

n

D
k=1

2∑
ik=1

ξ∗i(k)

η∗i(k)
= f̂n,
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îñêiëüêè

ξ∗i(k)
η∗i(k)

≡


ξi(k)
ηi(k)

, ÿêùî i1 + i2 + . . .+ ik ≤ n;

0

1
, ÿêùî i1 + i2 + . . .+ ik > n.

Çàóâàæåííÿ 2.1 Âðàõîâóþ÷è ôîðìóëè (2.33), (2.34) îá÷èñëåííÿ ξi(k), ηi(k),

áà÷èìî ùî, çàãàëîì, ãiëëÿñòèé ëàíöþãîâèé äðiá ç äâîìà ãiëêàìè ðîçãàëó-

æåííÿ íå ìîæíà çâåñòè äî âèãëÿäó (2.32). Îòæå, äëÿ îá÷èñëåííÿ êàíîíi-

÷íèõ ÷èñåëüíèêiâ, çíàìåííèêiâ ïiäõiäíèõ äðîáiâ ç ÷èñëîì ãiëîê ðîçãàëóæåí-

íÿ N > 1 ÃËÄ íå ñïðàâäæóþòüñÿ ëiíiéíi ðåêóðåíòíi ñïiââiäíîøåííÿ.

Íåõàé ìà¹ìî äîâiëüíèé ÃËÄ ç äâîìà ãiëêàìè ðîçãàëóæåííÿ

∞

D
k=1

2∑
ik=1

αi(k)

βi(k)
. (2.37)

Ðîçãëÿíåìî, íàïðèêëàä, äðóãi B-ôiãóðíi ïiäõiäíi äðîáè ÃËÄ (2.32) i (2.37),

f̂2 òà ĝ2 âiäïîâiäíî. Òîäi

ĝ2 =
α1

β1 +
α1,1

β1,1

+
α2

β2
,

à

f̂2 =
b1

c1 +
b2
c2

+
a2

b2 + c1c2
.

ßêùî ìè ïîêëàäåìî b1 = α1, c1 = β1, a2 = α2, b2 = α1,1, c2 = β1,2, òîäi ìè

îòðèìà¹ìî, ùî ñïiââiäíîøåííÿ β1β1,2 + α1,1 = β2 áóäå âèêîíóâàòèñÿ. Àëå β2

äîâiëüíå. Òàêèì ÷èíîì, öåé âèïàäîê iëþñòðó¹ ñïðàâåäëèâiñòü âèùåíàâåäåíîãî

çàóâàæåííÿ.

Íåõàé êîåôiöi¹íòè ðiâíÿííÿ (2.23) ç ïî÷àòêîâèìè óìîâàìè (2.24) an, n ≥

2, bn, n ≥ 1, cn, n ≥ 1, � äîäàòíi äiéñíi ÷èñëà. Òîäi ïîáóäîâàíèé ÃËÄ (2.32)

ìàòèìå äîäàòíi åëåìåíòè. Äîñëiäèìî ôiãóðíó çáiæíiñòü öüîãî äðîáó.
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Òåîðåìà 2.6 ÃËÄ (2.32), åëåìåíòè ÿêîãî âèçíà÷àþòüñÿ çãiäíî ç ôîðìóëà-

ìè (2.33), (2.34) ç âèêîðèñòàííÿì ïîçíà÷åíü (2.29), B-ôiãóðíî çáiãà¹òüñÿ,

ÿêùî âèêîíóþòüñÿ óìîâè:

à) an, n ≥ 2, bn, n ≥ 1, cn, n ≥ 1, � äiéñíi äîäàòíi ÷èñëà;

á) ðîçáiãà¹òüñÿ ðÿä
∞∑
k=2

µk, (2.38)

äå

µk = min
k≤j≤2k

{
Mj

Rj+1
,
Mj+1

R
′
j+2

}
, k ≥ 2,

Mj = cjc
′

jcj+1c
′

j+2, j ≥ 2, Rj = bjc
′

j−1c
′

j+1 + aj+1cj−1cj, j ≥ 3,

R
′

j = b
′

jc
′

j−1c
′

j+1 + a
′

j+1cj−1cj, j ≥ 4.

Ä î â å ä å í í ÿ. Âèêîðèñòîâóþ÷è òåîðåìó 3.11 [32, ñ. 85] ïîêàæåìî,

ùî ïðè âèêîíàííi óìîâ òåîðåìè ÃËÄ (2.32) çáiãà¹òüñÿ. Äëÿ öüîãî ïîòðiáíî

ïîêàçàòè, ùî ðîçáiãà¹òüñÿ ðÿä

∞∑
k=2

min
i(k+1)∈I, k≥2

{
di(k+1)

}
,

äå di(k+1) = ηi(k)ηi(k+1)/ξi(k+1), i(k + 1) ∈ I, k ≥ 2. Çàôiêñó¹ìî i(k − 1) ∈

I, k ≥ 2, âèêîðèñòîâóþ÷è ñïiâââiäíîøåííÿ (2.33),(2.34), ìè îòðèìà¹ìî

di(k−1),1,1 =
cjcj+1

bj+1
, di(k−1),2,1 =

cj+1cj+2

b
′
j+2

,

di(k−1),1,2 =
c
′

jc
′

j+2

aj+2
, di(k−1),2,2 =

c
′

j+1c
′

j+3

a
′
j+3

,

äå j =
k−1∑
l=1

il + 1. Çâiäñè,

min
i(k+1)∈I, k≥2

{
di(k+1)

}
=

min
k≤j≤2k, k≥2

{
cjcj+1

bj+1
,
cj+1cj+2

b
′
j+2

,
c
′

jc
′

j+2

aj+2
,
c
′

j+1c
′

j+3

a
′
j+3

}
≥
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≥ min
k≤j≤2k, k≥2

{
Mj

Rj+1
,
M
′

j+1

R
′
j+2

}
= µk.

Iç (2.38) âèïëèâà¹, ùî åëåìåíòè ÃËÄ (2.32) çàäîâîëüíÿþòü óìîâàì òå-

îðåìè 3.11 [32, ñ. 85]. Îòæå, ÃËÄ (2.32) çáiãà¹òüñÿ. Íàðåøòi, çà òåîðåìîþ

2.2 [32, ñ. 48], ÃËÄ (2.32) B-ôiãóðíî çáiãà¹òüñÿ.

Ó âèïàäêó, êîëè åëåìåíòè ðåêóðåíòíîãî ñïiââiäíîøåííÿ (2.23) çàäîâîëü-

íÿþòü äîäàòêîâi âèìîãè, âiäíîøåííÿ éîãî ëiíiéíî-íåçàëåæíèõ ðîçâ'ÿçêiâ ìî-

æå áóòè ïðåäñòàâëåíå ó âèãëÿäi ÃËÄ ñïåöiàëüíîãî âèãëÿäó.

Íàïðèêëàä, ÿêùî bkck−2 + ak = 0, k ≥ 3, òî ÃËÄ (2.32) íàáóäå âèãëÿäó

ξ2

η2 +
ξ2,2

η2,2 +
ξ2,2,2

η2,2,2 +
ξ2,2,2,2

η2,2,2,2+...

+

+
ξ1

η1 +
ξ1,2

η1,2 +
ξ1,2,2

η1,2,2 +
ξ1,2,2,2

η1,2,2,2+...

+
ξ1,1

η1,1 +
ξ1,1,2

η1,1,2 +
ξ1,1,2,2

η1,1,2,2+...

+
ξ1,1,1

η1,1,1+...

.

(2.39)

ÃËÄ (2.39) ìà¹ ñòðóêòóðó äâîâèìiðíîãî ÃËÄ ñïåöiàëüíîãî âèãëÿäó, ó ÿêîãî

iíäåêñè 1 i 2 ó êîæíîìó ìóëüòèiíäåêñi i(k) ïîìiíÿíi ìiñöÿìè. ßêùî æ, íà-

êëàñòè âèìîãó a2n = b2n = 0, n ≥ 1, àáî æ a2n+1 = b2n+1 = 0, n ≥ 1, òî ÃËÄ

(2.32) âèðîäæó¹òüñÿ ó íåïåðåðâíèé äðiá.

Âèñíîâêè äî ðîçäiëó 2. Öåé ðîçäië ïðèñâÿ÷åíèé äîñëiäæåííþ çáiæíî-

ñòi ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ ñïåöiàëüíîãî âèãëÿäó ç äîäàòíèìè åëåìåí-

òàìè.

Ó ðåçóëüòàòi ïðîâåäåíîãî äîñëiäæåííÿ âñòàíîâëåíî êðèòåðié çáiæíîñòi

äëÿ N -âèìiðíîãî ãiëëÿñòîãî ëàíöþãîâîãî äðîáó ñïåöiàëüíîãî âèãëÿäó ç ÷à-

ñòèííèìè ÷èñåëüíèêàìè ðiâíèìè îäèíèöi i äîäàòíèìè ÷àñòèííèìè çíàìåííè-

êàìè.
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Îñêiëüêè, ó ôîðìóëþâàííi öüîãî êðèòåðiþ âèêîðèñòîâóþòüñÿ ÷èñëîâi ðÿ-

äè, åëåìåíòàìè ÿêèõ ¹ çíà÷åííÿ íåïåðåðâíèõ äðîáiâ, àáî æ ãiëëÿñòèõ ëàíöþ-

ãîâèõ äðîáiâ ñïåöiàëüíîãî âèãëÿäó ìåíøî¨ ðîçìiðíîñòi, òî âñòàíîâëåíî íèçêó

åôåêòèâíèõ äîñòàòíiõ óìîâ çáiæíîñòi ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ ñïåöiàëü-

íîãî âèãëÿäó ç äîäàòíèìè åëåìåíòàìè. Çîêðåìà, áàãàòîâèìiðíå óçàãàëüíåííÿ

òåîðåìè Ïðiíãñõàéìà òà áàãàòîâèìiðíèé àíàëîã òåîðåìè Çåéäåëÿ-Øòåðíà.

Ó ïiäðîçäiëi 2.3 îá ðóíòîâàíî ðîçâèíåííÿ âiäíîøåííÿ äâîõ ëiíiéíî-

íåçàëåæíèõ ðîçâ'ÿçêiâ ëiíiéíîãî îäíîðiäíîãî ðåêóðåíòíîãî ðiâíÿííÿ ðiâíÿ-

ííÿ III ïîðÿäêó ó ãiëëÿñòèé ëàíöþãîâèé äðiá ç äâîìà ãiëêàìè ðîçãàëóæåííÿ.

Äîñëiäæåíî çáiæíiñòü öüîãî äðîáó ó âèïàäêó, êîëè éîãî åëåìåíòàìè ¹ äîäàòíi

÷èñëà. Âñòàíîâëåíî óìîâè, êîëè öåé ãiëëÿñòèé ëàíöþãîâèé äðiá ç äâîìà ãiëêà-

ìè ðîçãàëóæåííÿ ¹ äâîâèìiðíèì ãiëëÿñòèì ëàíöþãîâèì äðîáîì ñïåöiàëüíîãî

âèãëÿäó.

Ðåçóëüòàòè, íàâåäåíi ó öüîìó ðîçäiëi, îïóáëiêîâàíi â òàêèõ ïðàöÿõ: [17,

107�110,112].
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ÐÎÇÄIË 3

ÏÀÐÀÁÎËI×ÍI ÌÍÎÆÈÍÈ ÓÌÎÂÍÎ� ÇÁIÆÍÎÑÒI

ÃIËËßÑÒÈÕ ËÀÍÖÞÃÎÂÈÕ ÄÐÎÁIÂ ÑÏÅÖIÀËÜÍÎÃÎ

ÂÈÃËßÄÓ

3.1. Áàãàòîâèìiðíi àíàëîãè ïàðàáîëi÷íèõ òåîðåì

Ðîçãëÿíåìî ÃËÄ ñïåöiàëüíîãî âèãëÿäó ç êîìïëåêñíèìè åëåìåíòàìè

∞

D
k=1

ik−1∑
ik=1

ai(k)
bi(k)

. (3.1)

Ëåìà 3.1 Ïîñëiäîâíiñòü íåïîðîæíiõ ìíîæèí
{
Vi(k)

}
i(k)∈I,

{
Ωi(k)

}
i(k)∈I, äå

Vi(k) =
{
z ∈ C : <

(
ze−iψk

)
≥ −pi(k)

}
, pi(k) > 0,

Ωi(k) =
{

(a, b) ∈ C2 : |a| − <
(
ae−i(ψk+ψk+1)

)
≤ 2pi(k)

(
<
(
beiψk+1

)
− p∗i(k)

)}
,

(3.2)

p∗i(k) =

ik∑
ik+1=1

pi(k+1), −
π

2
< ψk <

π

2
, k = 1, 2, ... , ¹ ïîñëiäîâíîñòÿìè ìíîæèí

çíà÷åíü òà ìíîæèí åëåìåíòiâ ÃËÄ (3.1), âiäïîâiäíî.

Ä î â å ä å í í ÿ. Ïðîâîäèòüñÿ çà ñõåìîþ çàïðîïîíîâàíîþ â ðîáîòàõ [32,

146]. Ïîòðiáíî ïîêàçàòè, ùî äëÿ äîâiëüãî àëåìåíòà (a, b) ∈ Ωi(k) âèêîíó¹òüñÿ

âêëþ÷åííÿ
a

b+

ik∑
ik+1=1

Vi(k+1)

⊆ Vi(k), i(k) ∈ I. (3.3)

Äëÿ âèêîíàííÿ óìîâè (3.2) íåîáõiäíî, ùîá ÷àñòèííi çíàìåííèêè çàäîâîëüíÿ-

ëè ñïiââiäíîøåííÿ

<
(
bi(k)e

iψk+1
)
≥ p∗i(k), i(k) ∈ I.

Íåõàé ïðè äåÿêîìó i(k), i(k) ∈ I,

<
(
bi(k)e

iψk+1
)

= p∗i(k). (3.4)
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ßêùî v ∈
ik∑

ik+1=1

Vi(k+1), òî
a

b+ v
íàëåæèòü ïiâïëîùèíi

H =
{
w ∈ C : <

(
wei(ψk+1−arg ai(k))

)
≥ 0
}
.

Ó âèïàäêó âèêîíàííÿ óìîâè (3.4) ìíîæèíà (3.2) ¹ íåïîðîæíüîþ, êîëè

arg ai(k) = ψk + ψk+1. Âèêîíàííÿ îñòàííüî¨ ðiâíîñòi ç óðàõóâàííÿì òîãî, ùî
a

b+ v
∈ H, ãàðàíòó¹ âèêîíàííÿ âêëþ÷åííÿ (3.3).

Íåõàé ïðè äåÿêîìó i(k), i(k) ∈ I,

<
(
bi(k)e

iψk+1
)
> p∗i(k).

ßêùî v ∈
ik∑

ik+1=1

Vi(k+1), òî
a

b+ v
íàëåæèòü êðóãó

Ki(k) =

w ∈ C :

∣∣∣∣∣∣w − ae−iψk+1

2
(
< (beiψk+1)− p∗i(k)

)
∣∣∣∣∣∣ ≤ |a|

2
(
< (beiψk+1)− p∗i(k)

)
 .

Äëÿ òîãî, ùîá âèêîíóâàëèñÿ ñïiââiäíîøåííÿ (3.3), ïîòðiáíî, ùîá Ki(k) ⊆

Vi(k). Öå ìàòåìå ìiñöå, ÿêùî âiäñòàíü âiä öåíòðà êðóãà Ki(k) äî ìåæi ∂Vi(k)

ïiâïëîùèíè Vi(k),

∆i(k) = ρi(k) cos (arg a− ψk+1 − ψk) + pi(k),

áóäå ìåíøîþ, íiæ ðàäióñ ρi(k) êðóãà, òîáòî ìà¹ âèêîíóâàòèñÿ íåðiâíiñòü

∆i(k) ≥ ρi(k), ÿêà åêâiâàëåíòíà òîìó, ùî (a, b) ∈ Ωi(k) .

ßêùî ó äðîái (3.1) åëåìåíòè ai(k) ∈ C, bi(k) ∈ R+, i(k) ∈ I, à ψk = 0, k =

1, 2, . . . , òî îòðèìà¹ìî íàñòóïíèé íàñëiäîê.

Íàñëiäîê 3.1 Ïîñëiäîâíiñòü íåïîðîæíiõ ìíîæèí
{
Vi(k)

}
i(k)∈I,{

Ωi(k)

}
i(k)∈I, äå

Vi(k) =
{
z ∈ C : < (z) ≥ −pi(k)

}
, pi(k) > 0, (3.5)

Ωi(k) =
{

(a, b) ∈ C× R+ : |a| − < (a) ≤ 2pi(k)

(
b− p∗i(k)

)}
, (3.6)
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p∗i(k) =

ik∑
ik+1=1

pi(k+1), ¹ ïîñëiäîâíîñòÿìè ìíîæèí çíà÷åíü òà ìíîæèí åëå-

ìåíòiâ ÃËÄ (3.1), âiäïîâiäíî.

Âñòàíîâèìî ïàðàáîëi÷íi îáëàñòi çáiæíîñòi äëÿ ÃËÄ ñïåöiàëüíîãî âèãëÿäó(
b0 +

∞

D
k=1

ik−1∑
ik=1

ai(k)
bi(k)

)−1
, (3.7)

äå b0, bi(k), ai(k) ∈ C, i(k) ∈ I.

Òåîðåìà 3.1 Íåõàé bi(k), i(k) ∈ I,� ôiêñîâàíi ÷àñòèííi çíàìåííèêè ÃËÄ

(3.7), ÿêi íàëåæàòü ìíîæèíàì

Bi(k) =
{
z ∈ C : |z| ≥ p∗i(k)

}
, p∗i(k) =

ik∑
ik+1=1

pi(k+1), pi(k) > 0, i(k) ∈ I.

Íåõàé ïðè öüîìó ÷àñòèííi ÷èñåëüíèêè ai(k), i(k) ∈ I, öüîãî äðîáó íàëåæàòü

ïàðàáîëi÷íèì ìíîæèíàì

Pi(k) (ε) =
{
z ∈ C : |z| − <

(
ze−i(arg bi(k)+arg bi(k−1))

)
≤ 2pi(k) (1− ε)

(∣∣bi(k)∣∣− p∗i(k))} ,
(3.8)

äå ε � äîâiëüíå ìàëå äiéñíå ÷èñëî (0 < ε < 1), i, êðiì òîãî, ai(k) 6= 0,

i(k) ∈ I.

Òîäi

1) iñíóþòü ñêií÷åííi ãðàíèöi ïàðíèõ i íåïàðíèõ ïiäõiäíèõ äðîáiâ ÃËÄ

(3.7);

2) ÃËÄ (3.7) çáiãà¹òüñÿ, ÿêùî äëÿ êîæíîãî m, 1 ≤ m ≤ N, ðîçáiãàþòüñÿ

ðÿäè
∞∑
p=1

√∣∣∣∣bm[p]bm[p+1]

am[p+1]

∣∣∣∣, (3.9)

à òàêîæ äëÿ êîæíîãî m, 1 ≤ m ≤ N − 1, i êîæíîãî i(n), i(n) ∈ I(m+1)

ðîçáiãàþòüñÿ ðÿäè
∞∑
p=1

√∣∣∣∣bi(n),m[p]bi(n),m[p+1]

ai(n),m[p+1]

∣∣∣∣; (3.10)
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3) âñi ïiäõiäíi äðîáè ÃËÄ (3.7) íàëåæàòü ïiâïëîùèíi

H = {w ∈ C : Re (w) ≥ 0} ,

ÿêùî < (b0) =
N∑
i1=1

pi(1), àáî êðóãó

K =

w ∈ C :

∣∣∣∣∣∣w − 1

2

(
< (b0)−

N∑
i1=1

pi(1)

)−1∣∣∣∣∣∣ ≤ 1

2

(
< (b0)−

N∑
i1=1

pi(1)

)−1 ,

ÿêùî < (b0) >
N∑
i1=1

pi(1).

Ä î â å ä å í í ÿ. Ç äîïîìîãîþ åêâiâàëåíòíèõ ïåðåòâîðåíü, äå ρi(k) =

e−i arg bi(k) ÃËÄ (3.7) çâåäåìî äî åêâiâàëåíòíîãî ÃËÄ(
b0 +

∞

D
k=1

ik−1∑
ik=1

ãi(k)

b̃i(k)

)−1
, (3.11)

äå ãi(k) = ai(k)e
−i(arg bi(k)+arg bi(k−1)), b̃i(k) =

∣∣bi(k)∣∣, i(k) ∈ I.

Âðàõîâóþ÷è ñïiââiäíîøåííÿ (3.8), îòðèìà¹ìî, ùî ÷àñòèííi ÷èñåëüíèêè

ÃËÄ (3.11) íàëåæàòü ïàðàáîëi÷íèì ìíîæèíàì

Pi(k)(ε) =
{
z ∈ C : |z| − < (z) ≤ 2pi(k) (1− ε)

(
b̃i(k) − p∗i(k)

)}
, i(k) ∈ I.

Íåõàé ãi(k) =
∣∣ãi(k)∣∣ eiαi(k), äå αi(k) = arg ãi(k). Îçíà÷èìî ôóíêöi¨

ãi(k)(z) =
∣∣ãi(k)∣∣ eiαi(k)z, i(k) ∈ I,

â îáëàñòi

Gδ = {z ∈ C : |=(z)| < δ, |< (z)| < 1 + δ} ,

äå δ � äîâiëüíå äiéñíå ÷èñëî òàêå, ùî (1 + δ)2 eπδ < (1− ε)−1.

Âèêîðèñòîâóþ÷è ìåòîäèêó, çàïðîïîíîâàíó ó [32], ìîæíà ïîêàçàòè, ùî

ãi(k)(z) ∈ Pi(k) (0) , i(k) ∈ I.
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Ðîçãëÿíåìî ôóíêöiîíàëüíèé ÃËÄ(
b0 +

∞

D
k=1

ik−1∑
ik=1

ãi(k)(z)

b̃i(k)

)−1
. (3.12)

Âèêîðèñòîâóþ÷è íàñëiäîê 3.1, à òàêîæ âëàñòèâîñòi äðîáîâî-ëiíiéíèõ âiäîáðà-

æåíü, îòðèìà¹ìî, ùî çíà÷åííÿ ïiäõiäíèõ äðîáiâ ÃËÄ îáåðíåíîãî äî (3.12),

ëåæàòü ó ïiâïëîùèíi

V =

{
z ∈ C : < (z) > <(b0)−

N∑
i1=1

pi(1)

}
.

Òîìó çíà÷åííÿ ïiäõiäíèõ äðîáiâ ÃËÄ (3.12) íàëåæàòü îáëàñòi

K =

w ∈ C :

∣∣∣∣∣∣w − 1

2

(
< (b0)−

N∑
i1=1

pi(1)

)−1∣∣∣∣∣∣ < 1

2

(
< (b0)−

N∑
i1=1

pi(1)

)−1 .

Íåõàé fn(z) � n-òà àïðîêñèìàíòà ÃËÄ (3.12), n = 1, 2, ... . Î÷åâèäíî, ùî

fn(z) � ãîëîìîðôíà ôóíêöiÿ â îáëàñòi Gδ. Äëÿ ôóíêöiîíàëüíî¨ ïîñëiäîâíîñòi

{fn(z)} ñïðàâäæóþòüñÿ óìîâè òåîðåìè 1.17, äå, íàïðèêëàä, a = −1, b = −2.

Âiçüìåìî ∆ = {z ∈ C : < (z) = 0, |= (z)| < δ}.

Òîäi ïðè z ∈ ∆ ÃËÄ (3.12) íàáóäå âèãëÿäó(
b0 +

∞

D
k=1

ik−1∑
ik=1

a
′

i(k)

b̃i(k)

)−1
. (3.13)

äå

a
′

i(k) =
∣∣ãi(k)∣∣ e−=(z)αi(k), i(k) ∈ I.

Iç ðîçáiæíîñòi ðÿäiâ (3.9) äëÿ êîæíîãîm, 1 ≤ m ≤ N, i (3.10) äëÿ êîæíîãî

m, 1 ≤ m ≤ N − 1, i êîæíîãî i(n), i(n) ∈ I(m+1), âèïëèâà¹ ðîçáiæíiñòü ðÿäiâ

∞∑
p=1

√∣∣∣∣bm[p]bm[p+1]

am[p+1]

∣∣∣∣eαm[p]=(z)/2, 1 ≤ m ≤ N,

∞∑
p=1

√∣∣∣∣bi(n),m[p]bi(n),m[p+1]

ai(n),m[p+1]

∣∣∣∣eαi(n),m[p]=(z)/2, 1 ≤ m ≤ N − 1, i(n) ∈ I(m+1).
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À öå, çãiäíî ç òåîðåìîþ 2.4, îçíà÷à¹, ùî ÃËÄ îáåðíåíèé äî (3.13) ¹ çáiæíèì,

à, îòæå, çáiæíèì áóäå òàêîæ ÃËÄ (3.13) ïðè z ∈ ∆.

Òàêèì ÷èíîì, çãiäíî ç òåîðåìîþ 1.17, ÃËÄ (3.12) çáiãà¹òüñÿ íà êîæíîìó

êîìïàêòi îáëàñòi Gδ, çîêðåìà, íà êîìïàêòi {1}, ùî ¹ ðiâíîñèëüíî çáiæíîñòi

ÃËÄ (3.11), à, îòæå, ÃËÄ (3.7).

Âðàõîâóþ÷è âëàñòèâiñòü ìîíîòîííîñòi ïiäõiäíèõ äðîáiâ ÃËÄ ç äîäàòíè-

ìè åëåìåíòàìè, îäåðæó¹ìî, ùî çàâæäè iñíóþòü ñêií÷åííi ãðàíèöi ïàðíèõ i

íåïàðíèõ ïiäõiäíèõ äðîáiâ ÃËÄ (3.13). À âèêîðèñòàâøè òåîðåìó 1.17 ïåðåêî-

íó¹ìîñÿ ó òîìó, ùî ïàðíi i íåïàðíi ïiäõiäíi äðîáè ÃËÄ (3.7), ìàþòü ñêií÷åííi

ãðàíèöi.

Çàóâàæåííÿ 3.1 Óìîâà ai(k) 6= 0, i(k) ∈ I, ìîæå áóòè îïóùåíà, áî ÿêùî

iñíó¹ ìóëüòèiíäåêñ i(k) òàêèé, ùî ai(k) = 0, òî âiäïîâiäíà ãiëêà áàãàòîâè-

ìiðíîãî äðîáó îáðèâà¹òüñÿ i ðÿäè, â ìóëüòèiíäåêñè åëåìåíòiâ ÿêèõ âõîäèòü

i(k), äî óâàãè íå áåðóòüñÿ.

Òåîðåìà 3.1 ¹ ïåâíèì àíàëîãîì òåîðåìè 3.22 [32] ïåðåôîðìóëüîâàíî¨ äëÿ

ãiëëÿñòèõ ëàíöþãîñèõ äðîáiâ ñïåöiàëüíîãî âèãëÿäó.

Òåîðåìà 3.2 Íåõàé bi(k), i(k) ∈ I, � ôiêñîâàíi ÷àñòèííi çíàìåííèêè ÃËÄ

(3.7), ÿêi íàëåæàòü ìíîæèíàì

Bi(k) =
{
z ∈ C : |z| ≥ p∗i(k)

}
, p∗i(k) =

ik∑
ik+1=1

pi(k+1), pi(k) > 0, i(k) ∈ I.

Íåõàé ïðè öüîìó ÷àñòèííi ÷èñåëüíèêè ai(k), i(k) ∈ I, öüîãî äðîáó íàëåæàòü

ïàðàáîëi÷íèì ìíîæèíàì

Pi(k) (ε, γ) =
{
z ∈ C : |z| − <

(
ze−i(arg bi(k)+arg bi(k−1)+2γ)

)
≤

≤ 2pi(k) cos2 γ (1− ε)
(∣∣bi(k)∣∣− p∗i(k))} , (3.14)

äå ε � äîâiëüíå ìàëå äiéñíå ÷èñëî (0 < ε < 1), |γ| < π

2
, i, êðiì òîãî, ai(k) 6= 0,

i(k) ∈ I.

Òîäi
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1) iñíóþòü ñêií÷åííi ãðàíèöi ïàðíèõ i íåïàðíèõ ïiäõiäíèõ äðîáiâ ÃËÄ

(3.7);

2) ÃËÄ (3.7) çáiãà¹òüñÿ, ÿêùî äëÿ êîæíîãî m, 1 ≤ m ≤ N, ðîçáiãàþòüñÿ

ðÿäè (3.9), à òàêîæ äëÿ êîæíîãî m, 1 ≤ m ≤ N − 1, i êîæíîãî i(n), i(n) ∈

I(m+1) ðîçáiãàþòüñÿ ðÿäè (3.10);

3) âñi ïiäõiäíi äðîáè ÃËÄ (3.7) íàëåæàòü ïiâïëîùèíi

H (γ) =
{
w ∈ C : Re

(
weiγ

)
≥ 0
}
, (3.15)

ÿêùî A (γ) = 0, àáî êðóãó

K (γ) =

{
w ∈ C :

∣∣∣∣w − e−iγ

2A (γ)

∣∣∣∣ ≤ 1

2A (γ)

}
, (3.16)

ÿêùî A (γ) > 0, äå

A (γ) = <
(
b0e
−iγ)− N∑

i1=1

pi(1) cos γ. (3.17)

Ä î â å ä å í í ÿ. Ç äîïîìîãîþ åêâiâàëåíòíèõ ïåðåòâîðåíü ÃËÄ (3.7) çâåäå-

ìî äî åêâiâàëåíòíîãî ÃËÄ (3.11). Âðàõîâóþ÷è ñïiââiäíîøåííÿ (3.14), îòðèìó-

¹ìî, ùî ÷àñòèííi ÷èñåëüíèêè ÃËÄ (3.11) íàëåæàòü ïàðàáîëi÷íèì ìíîæèíàì

Pi(k) (ε, γ) =
{
z ∈ C : |z| − <

(
ze−i2γ

)
≤

≤ 2pi(k) cos2 γ (1− ε)
(
b̃i(k) − p∗i(k)

)}
,

Ïîêàæåìî, ùî ïðè âiäîáðàæåííi z =
(
weiγ

)2
îáëàñòü Pi(k) (ε, γ) ïåðåéäå ó

ñìóãó

Gi(k) (ε, γ) =

{
w ∈ C : |= (w)| ≤

√
(1− ε)pi(k)

(
b̃i(k) − p∗i(k)

)
cos γ

}
. (3.18)

Äiéñíî, íåõàé z ∈ Pi(k) (ε, γ), òîäi

|z| − <
(
ze−2iγ

)
=
∣∣∣(weiγ)2∣∣∣−<((weiγ)2 e−2iγ) =

=
∣∣w2
∣∣−< (w2

)
= 2 (= (w))2 ≤ 2pi(k) cos2 γ (1− ε)

(
b̃i(k) − p∗i(k)

)
.
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ÃËÄ (3.11) çàïèøåìî ó âèãëÿäi(
b0 +

∞

D
k=1

ik−1∑
ik=1

(
ci(k)e

iγ
)2

b̃i(k)

)−1
, (3.19)

òîáòî ïîêëàäåìî ãi(k) =
(
ci(k)e

iγ
)2
. ßêùî ãi(k) ∈ Pi(k) (ε, γ) , òî ci(k) ∈

Gi(k) (ε, γ).

Êîæåí åëåìåíò ci(k) ÃËÄ (3.19), ùî íàëåæèòü îáëàñòi (3.18) ìîæíà îäíî-

çíà÷íî ïðåäñòàâèòè ó âèãëÿäi ci(k) = si(k) + idi(k)e
iγ, äå di(k), si(k) ∈ R.

Iç óìîâè ci(k) ∈ Gi(k) (ε, γ) âèïëèâà¹, ùî

∣∣di(k)∣∣ ≤√(1− ε)pi(k)
(
b̃i(k) − p∗i(k)

)
.

Çàôiêñó¹ìî γ, |γ| < π

2
. Íåõàé δ � äiéñíå äîäàòíå ÷èñëî (0 < δ < 1) òàêå,

ùî |γ ± δ| < π

2
. Â îáëàñòi

S (δ, γ) = {z ∈ C : 1− δ < |z| < 1 + δ, −γ − δ < arg z < δ} , ÿêùî γ ≥ 0,

àáî

S (δ, γ) = {z ∈ C : 1− δ < |z| < 1 + δ, −δ < arg z < −γ + δ} , ÿêùî γ < 0,

âèçíà÷èìî ôóíêöi¨

ci(k) (z) = si(k) + idi(k)e
iγz, i(k) ∈ I.

Î÷åâèäíî, ùî ci(k) ∈ Gi(k) (ε, γ∗), äå γ∗ = γ + arg z i |γ∗| < π

2
.

Âðàõîâóþ÷è ëåìó 3.1 i ïîçíà÷åííÿ (3.17), ïåðåêîíó¹ìîñÿ, ùî îáëàñòü çíà-

÷åíü äðîáó, îáåðíåíîãî äî (3.19), íàëåæèòü ïiâïëîùèíi

V =
{
z ∈ C : <

(
ze−iγ

∗)
> A (γ∗)

}
.

Çâiäñè ñëiäó¹, ùî îáëàñòþ çíà÷åíü ÃËÄ (3.19), ¹ ïiâïëîùèíà H (γ∗), âè-

çíà÷åíà çãiäíî (3.15), ÿêùî A (γ∗) > 0, àáî êðóã K (γ∗), âèçíà÷åíèé çãiäíî

(3.16), ÿêùî A (γ∗) > 0.
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Ïîçíà÷èìî fn (z)−n-òó àïðîêñèìàíòó ÃËÄ (3.18), n = 1, 2, ... . Äëÿ ïîñëi-

äîâíîñòi {fn (z)} ãîëîìîðôíèõ â îáëàñòi S (δ, γ) ôóíêöié, âèêîíóþòüñÿ óìîâè

òåîðåìè Ñòiëüòü¹ñà � Âiòàëi (òåîðåìà 1.17), äå, íàïðèêëàä, a = −1, b = −2 i

∆ = {z ∈ S (δ, γ) : arg z = −γ} .

ßêùî z ∈ ∆, òî ci(k)(z) ∈ Gi(k) (ε, 0), òîäi îòðèìà¹ìî, ùî((
ci(k) (z) eiγ

)2
, b̃i(k)

)
∈ Pi(k) (ε, 0) .

Â òàêîìó âèïàäêó ÃËÄ (
b0 +

∞

D
k=1

(
ci(k) (z) eiγ

)2
b̃i(k)

)−1
(3.20)

¹ çáiæíèì çà òåîðåìîþ 3.1. Çâiäñè, äðiá (3.20) çáiãà¹òüñÿ íà áóäü-ÿêîìó êîìïà-

êòi îáëàñòi S (δ, γ), çîêðåìà, íà êîìïàêòi, ùî ìiñòèòü ëèøå îäíó òî÷êó z = 1.

Öå ðiâíîñèëüíî çáiæíîñòi ÃËÄ (3.7).

Ïóíêò 1) äîâîäèòüñÿ àíàëîãi÷íî âiäïîâiäíîãî ïóíêòó òåîðåìè 3.1.

Ïîêëàâøè bi(k) = 1, i(k) ∈ I, pi(2s) =
1− d
i2s−1

, pi(2s−1) =
d

i2s−2
, i(2s −

1), i(2s) ∈ I, s = 1, 2, . . . , i0 = N, 0 < d < 1, ìîæíà îòðèìàòè áàãàòî-

âèìiðíèé àíàëîã òåîðåìè Òðîíà ïðî ñïàðåíi ïàðàáîëi÷íi ìíîæèíè çáiæíîñòi

íåïåðåðâíèõ äðîáiâ (òåîðåìà 1.9).

Íàñëiäîê 3.2 Íåõàé åëåìåíòè ÃËÄ(
1 +

∞

D
k=1

ik−1∑
ik=1

ai(k)
1

)−1

íàëåæàòü ïàðàáîëi÷íèì îáëàñòÿì, òîáòî ai(k) ∈ Pi(k), i(k) ∈ I, äå

Pi(k) (ε) =

{
z ∈ C : |z| − <

(
ze−2iγ

)
≤ 2D2

k (1− ε)
ik−1

cos2 γ

}
,

äå D2s = (1 − d)2, D2s−1 = d2, 0 < d < 1, s = 1, 2, . . . ; ε � äîâiëüíå ìàëå

äiéñíå ÷èñëî (0 < ε < 1).

Òîäi
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1) iñíóþòü ñêií÷åííi ãðàíèöi ïàðíèõ i íåïàðíèõ ïiäõiäíèõ äðîáiâ ÃËÄ

(3.7);

2) ÃËÄ (3.7) çáiãà¹òüñÿ, ÿêùî äëÿ êîæíîãî m, 1 ≤ m ≤ N, ðîçáiãàþòüñÿ

ðÿäè
∞∑
p=1

√∣∣am[p+1]

∣∣−1,
à òàêîæ äëÿ êîæíîãî m, 1 ≤ m ≤ N − 1, i êîæíîãî i(n), i(n) ∈ I(m+1)

ðîçáiãàþòüñÿ ðÿäè
∞∑
p=1

√∣∣ai(n),m[p+1]

∣∣−1;
;

3) îáëàñòþ çíà÷åíü öüîãî äðîáó ¹ êðóã

K =

{
w ∈ C :

∣∣∣∣w − e−iγ

2 (1− d) cos γ

∣∣∣∣ ≤ 1

2 (1− d) cos γ

}
.

3.2. Äâîâèìiðíå óçàãàëüíåííÿ òåîðåìè Òðîíà � Äæîóíñà ïðî ïà-

ðàáîëi÷íi ìíîæèíè çáiæíîñòi íåïåðåðâíèõ äðîáiâ

Ðîçãëÿíåìî äâîâèìiðíèé ãiëëÿñòèé ëàíöþãîâèé äðiá ñïåöiàëüíîãî âèãëÿäó

(i0 = 2)
∞

D
k=1

ik−1∑
ik=1

ai(k)
bi(k)

, (3.21)

äå ai(k), bi(k) ∈ C, i(k) ∈ I. Âñòàíîâèìî àíàëîã òåîðåìè Òðîíà i Äæîóíñà äëÿ

òàêèõ äðîáiâ. Ñïî÷àòêó ñôîðìóëþ¹ìî äîïîìiæíi òâåðäæåííÿ, ÿêi âèêîðèñòî-

âóþòüñÿ ïðè äîâåäåííi òåîðåìè.

Ëåìà 3.2 Íåõàé

P =
{
z ∈ C : |z| − <

(
ze−i(β1+β2)

)
≤ 2s1 (cos β2 − s2)

}
� ïàðàáîëi÷íà ìíîæèíà, äå β1, β2 � äiéñíi ÷èñëà, s1, s2 � äîäàòíi ÷èñëà,

òàêi, ùî

cos βk ≥ sk, k = 1, 2, (3.22)
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i íåõàé

V ′ =
{
z ∈ C : <

(
ze−iβ1

)
> −s1

}
,

V ′′ =
{
z ∈ C : <

(
ze−iβ2

)
≥ − cos β2 + s2

}
� ïiâïëîùèíè. Òîäi ñïðàâäæóþòüñÿ âêëþ÷åííÿ:

P ⊂ V ′, P ⊂ V ′′.

Ä î â å ä å í í ÿ. Äîâåäåìî âêëþ÷åííÿ P ⊂ V ′. Íåõàé

H ′ =
{
z ∈ C : <

(
ze−iβ1

)
≥ 0
}
.

Î÷åâèäíî, ùî

P = (P ∩H ′) ∪ (P \H ′) .

Äëÿ òîãî, ùîá äîâåñòè, ùî P ⊂ V ′, äîñòàòíüî ïîêàçàòè, ùî âèêîíóþòüñÿ

âêëþ÷åííÿ:

P ∩H ′ ⊂ V ′ i P \H ′ ⊂ V ′.

Ïåðøå âêëþ÷åííÿ î÷åâèäíå, îñêiëüêè H ′ ⊂ V ′. Äëÿ äîâåäåííÿ äðóãîãî âêëþ-

÷åííÿ çàïèøåìî ó ïîëÿðíié ñèñòåìi êîîðäèíàò ðiâíÿííÿ ÷àñòèíè ïàðàáîëè,

ùî íàëåæèòü ìåæi ìíîæèíè P \H ′

ρ =
2s1 (cos β2 − s2)

1− cos(ϕ− β1 − β2)
,
π

2
+ β1 < ϕ <

3π

2
+ β1.

Ðiâíÿííÿ ïðÿìî¨, ùî ¹ ìåæåþ ìíîæèíè V ′, â ïîëÿðíié ñèñòåìi êîîðäèíàò ìà¹

âèãëÿä

ρ =
−s1

cos(ϕ− β1)
,
π

2
+ β1 < ϕ <

3π

2
+ β1.

Ïðè êîæíîìó ôiêñîâàíîìó ϕ,
π

2
+β1 < ϕ <

3π

2
+β1, ðiçíèöÿ ðàäióñ-âåêòîðiâ

òî÷îê âèùåçãàäàíèõ ïðÿìî¨ i ïàðàáîëè ¹ äîäàòíîþ. Ñïðàâäi,

− s1
cos(ϕ− β1)

− 2s1 (cos β2 − s2)
1− cos(ϕ− β1 − β2)

=

= −s1 ·
1− cos(ϕ− β1 − β2) + 2 cos β2 cos(ϕ− β1)

cos(ϕ− β1) (1 + cos(ϕ− β1 − β2))
+

2s1s2
1− cos(ϕ− β1 − β2)

≥
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≥ −s1
cos(ϕ− β1)

· 1 + cos (ϕ− β1 + β2)

1− cos(ϕ− β1 − β2)
+ s1s2 ≥ s1s2 > 0,

îñêiëüêè
π

2
< ϕ− β1 <

3π

2
i ϕ− β1 6= β2, áî, ç óðàõóâàííÿì óìîâ ëåìè (3.22),

−π
2

+ 2πk < β2 <
π

2
+ 2πk, k ∈ Z.

Îòæå, âèêîíó¹òüñÿ âêëþ÷åííÿ P \H ′ ⊂ V ′ i òîìó P ⊂ V ′.

Àíàëîãi÷íî äîâåäåìî, ùî P ⊂ V ′′. Îçíà÷èâøè ìíîæèíó

H ′′ =
{
z ∈ C : <

(
ze−iβ2

)
≥ 0
}

i âðàõóâàâøè, ùî

P = (P ∩H ′′) ∪ (P \H ′′) ,

ïîêàæåìî âèêîíàííÿ âêëþ÷åíü

P ∩H ′′ ⊂ V ′′ i P \H ′′ ⊂ V ′′.

Iç ñïiââiäíîøåííÿ H ′′ ⊂ V ′′ ñëiäó¹, ùî P ∩H ′′ ⊂ V ′′.

Ïîâòîðþþ÷è íàâåäåíi âèùå ìiðêóâàííÿ, çàïèøåìî ðiâíÿííÿ ÷àñòèíè ïà-

ðàáîëè, ùî ¹ ìåæåþ ìíîæèíè P \H ′′

ρ =
2s1 (cos β2 − s2)

1− cos(ϕ− β1 − β2)
,
π

2
+ β2 < ϕ <

3π

2
+ β2,

i ðiâíÿííÿ ìåæi ìíîæèíè V ′′

ρ =
− cos β2 + s2
cos(ϕ− β2)

,
π

2
+ β2 < ϕ <

3π

2
+ β2.

Äëÿ äîâåäåííÿ âêëþ÷åííÿ P \ H ′′ ⊂ V ′′ ïîêàæåìî ïðè êîæíîìó ôiêñî-

âàíîìó ϕ,
π

2
+ β2 < ϕ <

3π

2
+ β2, ðiçíèöÿ ðàäióñ-âåêòîðiâ òî÷îê ïðÿìî¨ i

ïàðàáîëè ¹ íåâiä'¹ìíîþ:

− cos β2 − s2
cos(ϕ− β2)

− 2s1 (cos β2 − s2)
1− cos(ϕ− β1 − β2)

=

= − (cos β2 − s2)
1− cos(ϕ− β1 − β2) + 2s1 cos(ϕ− β2)

cos(ϕ− β2) (1− cos(ϕ− β1 − β2))
≥

≥ − cos β2 − s2
cos(ϕ− β2)

· 1 + cos (ϕ− β2 + β1)

1− cos(ϕ− β1 − β2)
≥ 0,
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îñêiëüêè
π

2
< ϕ− β2 <

3π

2
i ϕ− β2 6= β1, áî ç óðàõóâàííÿì óìîâ ëåìè (3.22),

−π
2

+ 2πk < β1 <
π

2
+ 2πk, k ∈ Z. Òàêèì ÷èíîì, P ⊂ V ′′.

Ëåìà 3.3 Íåõàé åëåìåíòè íåïåðåðâíîãî äðîáó

∞

D
k=1

an
bn

(3.23)

çàäîâîëüíÿþòü óìîâè:

|an| − <
(
ane

−i(φn+φn−1)
)
≤ 2qn−1

(
<
(
bne
−iφn

)
− qn

)
, n = 1, 2, . . . , (3.24)

äå φn � äiéñíi ÷èñëà, qn � äåÿêi äîäàòíi ñòàëi òàêi, ùî ïîñëiäîâíiñòü{
an

qnqn−1

}∞
n=1

(3.25)

îáìåæåíà. Òîäi äëÿ äîâiëüíîãî ε, ε > 0, iñíó¹ n0, n0 ∈ N, òàêå, ùî äëÿ

äîâiëüíîãî n, n ≥ n0, i äîâiëüíîãî b
∗
n+1 òàêîãî, ùî

|an+1| − <
(
an+1e

−i(φn+φn+1)
)
≤ 2qn

(
<
(
b∗n+1e

−iφn+1
)
− qn+1

)
, (3.26)

âèêîíó¹òüñÿ íåðiâíiñòü

|fn − f ∗n+1| < ε,

äå

fn =
a1
b1 +

a2
b2 + · · ·+

an
bn
,

f ∗n+1 =
a1
b1 +

a2
b2 + · · ·+

an
bn +

an+1

b∗n+1

.

Ä î â å ä å í í ÿ. Iç óìîâ ëåìè âèïëèâà¹, ùî <
(
bne
−iφn

)
≥ qn, n = 1, 2, . . . .

Ïîçíà÷èìî ÷åðåç An, Bn òà A∗n+1, B
∗
n+1 êàíîíi÷íi ÷èñåëüíèêè òà çíàìåííèêè

ïiäõiäíèõ äðîáiâ fn i f ∗n+1 âiäïîâiäíî. Òîäi äëÿ äîâiëüíèõ n, n ≥ 2, ìà¹ìî

fn − f ∗n+1 =
An

Bn
−
A∗n+1

B∗n+1

=
An

Bn
−
b∗n+1An + an+1An−1

b∗n+1Bn + an+1Bn−1
=

=
an+1Bn−1An − an+1An−1Bn(
b∗n+1Bn + an+1Bn−1

)
Bn

=
Bn−1An − An−1Bn

Bn−1Bn
· 1

b∗n+1Bn + an+1Bn−1

an+1Bn−1

=
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= (fn − fn−1) ·
1

1 +
b∗n+1

an+1
· Bn

Bn−1

.

Ïåðåòâîðèìî çíàìåííèê äðóãîãî ìíîæíèêà

1 +
b∗n+1

an+1

(
bnBn−1 + anBn−2

Bn−1

)
= 1 +

b∗n+1

an+1

bn +
an
Bn−1

Bn−2

 =

= 1 +
b∗n+1

an+1


bn +

an

bn−1 +
an−1

bn−2 + ...
+

a2
b1


,

îñêiëüêè
B2

B1
= b2 +

a2
b1
.

Çäiéñíèâøè åêâiâàëåíòíi ïåðåòâîðåííÿ [146] íåïåðåðâíîãî äðîáó ó äóæêàõ,

äå ρk = 1/bk, k = n− 1, n− 2, . . . , 1, ìà¹ìî

bn +
anρn−1

bn−1ρn−1 +
an−1ρn−1ρn−2

bn−2ρn−2 + ...
+

a2ρ2ρ1
b1ρ1

= bn +
an/bn−1

1 +
an−1/(bn−1bn−2)

1 + ...
+

a2/(b2b1)

1

.

Çäiéñíèâøè åëåìåíòàðíi ïåðåòâîðåííÿ, îòðèìó¹ìî

fn − f ∗n+1 = (fn − fn−1) ·
an+1/ (b∗n+1bn)

an+1/
(
b∗n+1bn

)
+ 1 +

an/ (bnbn−1)

1 + ...+
a2/ (b2b1)

1

. (3.27)

Íåõàé äëÿ êîæíîãî k, 2 ≤ k ≤ n,

αk =
ak

bkbk−1

i

Fn =
αn

1 +
αn−1

1 + . . .
+
α2

1

, n ≥ 2.
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Òîäi âèðàç (3.27) çàïèøåìî ó íàñòóïíîìó âèãëÿäi

fn − f ∗n+1 = (fn − fn−1) ·
an+1/ (b∗n+1bn)

an+1/
(
b∗n+1bn

)
+ 1 + Fn

. (3.28)

Ïîêàæåìî, ùî äëÿ äîâiëüíîãî ε, ε > 0, iñíó¹ íàòóðàëüíå n0 òàêå, ùî äëÿ

äîâiëüíèõ n, n ≥ n0, âåëè÷èíà |fn − f ∗n+1| íå ïåðåâèùó¹ ε.

Äîâåäåìî îáìåæåíiñòü äðóãîãî ìíîæíèêà â ïðàâié ÷àñòèíi ðiâíîñòi (3.28).

Âèçíà÷èìî ìíîæèíó, ÿêié íàëåæèòü çíà÷åííÿ Fn. Íåõàé ψk = φk−arg bk, k =

1, n. Î÷åâèäíî, ùî cosψk ≥
qk
|bk|

, k = 1, n, îñêiëüêè <
(
bke
−iφk
)
≥ qk, k = 1, n.

Òîäi êîæíå αk, 2 ≤ k ≤ n, íàëåæèòü ïàðàáîëi

Pk =
{
z ∈ C : |z| − <

(
ze−i(ψk+ψk−1)

)
≤ 2q̃k−1 (cosψk − q̃k)

}
, (3.29)

äå q̃k =
qk
|bk|

, k = 1, n. Ñïðàâäi, áåðó÷è äî óâàãè (3.24), ìà¹ìî

|αk| − <
(
αke

−i(ψk+ψk−1)
)

=

∣∣∣∣ ak
bkbk−1

∣∣∣∣−<( ake
−i(ψk+ψk−1)

|bkbk−1| ei(arg bk+arg bk−1)

)
=

=
1

|bkbk−1|

(
|ak| − <

(
ake
−i(φk+φk−1)

))
≤ 2

qk−1
|bk−1|

(
<(bke

−iφk)

|bk|
− qk
|bk|

)
=

= 2q̃k−1 (cosψk − q̃k) , k = 2, 3, . . . , n.

Íåõàé

Vk =
{
z ∈ C : <

(
ze−iψk

)
≥ − cosψk + q̃k

}
, k = 2, 3, . . . , n.

Äîâåäåìî, ùî, ÿêùî åëåìåíòè íåïåðåðâíîãî äðîáó Fn íàëåæàòü ïàðàáîëi÷íèì

îáëàñòÿì, αk ∈ Pk, k = 2, 3, . . . , n, òî Fn íàëåæèòü Vn. Äëÿ öüîãî äîñòàòíüî

ïîêàçàòè, ùî α2 ∈ V2 i ñïðàâäæóþòüñÿ âêëþ÷åííÿ

αk
1 + Vk−1

⊂ Vk, k = 3, 4, . . . , n. (3.30)

Iç óìîâ òåîðåìè âèïëèâà¹, ùî α2 ∈ P2. Âèêîðèñòîâóþ÷è ëåìó 3.1, äå βr =

ψr, sr = q̃r, r = 1, 2, çàêëþ÷à¹ìî, ùî P2 ⊂ V2, îñêiëüêè P2 = P, V2 = V ′′.

Îòæå, α2 ∈ V2.
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Î÷åâèäíî, ùî

1 + Vk−1 =
{
z ∈ C : <

(
ze−iψk−1

)
≥ q̃k−1

}
, k = 3, 4, . . . , n.

Ïðè âiäîáðàæåííi w =
αk
z
, îñòàííÿ ïiâïëîùèíà ïåðåéäå ó çàìêíåíèé êðóã,

îñêiëüêè q̃k−1 6= 0, k = 2, 3, . . . , n. Òî÷êà ck = 2q̃k−1e
iψk−1, ñèìåòðè÷íà ïî÷àòêó

êîîðäèíàò âiäíîñíî ïðÿìî¨ <
(
ze−iψk−1

)
= q̃k−1, ïåðåéäå ó öåíòð öüîãî êðóãà,

òîòáî ó òî÷êó

Ck =
αke

−iψk−1

2q̃k−1
.

Îáðàçîì òî÷êè gk = q̃k−1e
iψk−1 ïðÿìî¨ <

(
ze−iψk−1

)
= q̃k−1 ïðè âiäîáðàæåííi

w =
αk
z

áóäå òî÷êà Gk =
αke

−iψk−1

q̃k−1
, ùî íàëåæàòèìå êîëó, ñàìå òîìó ðàäióñ

öüîãî êîëà áóäå

Rk = |Gk − Ck| =
|αk|

2q̃k−1
.

Îòæå,

αk
1 + Vk−1

= Bk, äå Bk = {z ∈ C : |z − Ck| ≤ Rk} , n = 3, 4, . . . , n.

Ïîêàæåìî, ùî öåé êðóã ìiñòèòüñÿ ó ïiâïëîùèíi Vk, òîáòî âèêîíó¹òüñÿ âêëþ-

÷åííÿ (3.30). Äëÿ òîãî, ùîá Bk ⊂ Vk, k = 2, 3, . . . , n, íåîáõiäíî i äîñòàòíüî,

ùîá

(a) Ck ∈ Vk
i

(á) âiäñòàíü âiä ìåæi îáëàñòi Vk äî öåíòðà êîëà ïåðåâèùóâàëà ðàäióñ êîëà,

Rk.

Ïåðåâiðèìî âèêîíàííÿ óìîâè (à). Âîíà åêâiâàëåíòàíà íåðiâíîñòi

<
(
Cke

−iψk
)
≥ − (cosψk − q̃k) ,

àáî

−<
(
αke

−i(ψk−1+ψk)
)
≤ 2q̃k−1 (cosψk − q̃k) .

Îñòàííÿ íåðiâíiñòü âèêîíó¹òüñÿ, áî αk ∈ Pk, k = 2, 3, . . . , n, äå Pk âèçíà÷åíî

ó (3.29). Òàêèì ÷èíîì, óìîâà (à) ñïðàâäæó¹òüñÿ.
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Äëÿ ïåðåâiðêè óìîâè (á) çíàéäåìî âiäñòàíü âiä öåíòðà êîëà Bk äî ìå-

æi îáëàñòi Vk. Äëÿ öüîãî îïóñòèìî ïåðïåíäèêóëÿð ç òî÷êè Ck íà ïðÿìó

<
(
ze−iψk

)
= − cosψk + q̃k. Îñíîâîþ ïåðïåíäèêóðÿðà áóäå òî÷êà

Dk = eiψk
(
− (cosψk − q̃k) + i=

(
Cke

−iψk
))
.

Âiäñòàíü âiä öåíòðó êîëà äî ìåæi ïiâïëîùèíè ðiâíà

|Dk − Ck| =
∣∣∣∣eiψk

(
− (cosψk − q̃k) + i=

(
Cke

−iψk
))
− αke

−iψk−1

2q̃k−1

∣∣∣∣ =

= cosψk − q̃k +
<
(
αke

−i(ψk−1+ψk)
)

2q̃k−1
.

Öÿ âåëè÷èíà ïîâèííà áóòè ìåíøîþ çà ðàäióñ êîëà, Rk, òîáòî ïîâèííà âèêî-

íóâàòèñÿ íåðiâíiñòü

cosψk − q̃k +
<
(
αke

−i(ψk−1+ψk)
)

2q̃k−1
≥ |αk|

2q̃k−1
,

ÿêà åêâiâàëåíòíà óìîâi

|αk|
2q̃k−1

−
<
(
αke

−i(ψk−1+ψk)
)

2q̃k−1
≤ cosψk − q̃k,

ùî âèíîíó¹òüñÿ, áî αk ∈ Pk, äå Pk âèçíà÷åíî ó (3.29).

Òàêèì ÷èíîì, äîâåäåíî ïðàâèëüíiñòü âêëþ÷åííÿ (3.30), òîáòî, ùî Fn ∈ Vn.

Çâiäñè âèïëèâà¹, ùî

1 + Fn ∈ Wn, Wn =
{
z ∈ C : <

(
ze−iψn

)
≥ q̃n

}
. (3.31)

Âðàõîâóþ÷è óìîâó (3.24), ìîæíà ïîêàçàòè, àíàëîãi÷íî äî òîãî ÿê áóëî

äîâåäåíî, ùî αk ∈ Pk, k = 2, n, ùî
an+1

b∗n+1bn
∈ P ∗n+1, äå

P ∗n+1 =
{
z ∈ C : |z| − <

(
ze−i(ψn+ψ

∗
n+1)
)
≤ 2q̃n (cosψ∗n+1 − q̃∗n+1)

}
, (3.32)

ïðè÷îìó q̃∗n+1 =
qn+1∣∣b∗n+1

∣∣ , ψ∗n+1 = φn+1 − arg b∗n+1. Iç óìîâè (3.26) âèïëèâà¹, ùî

cosψ∗n+1 ≥ q̃∗n+1.
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Âåëè÷èíà
an+1

b∗n+1bn
îáìåæåíà, îñêiëüêè

∣∣∣∣ an+1

b∗n+1bn

∣∣∣∣ ≤ |an+1|
<(b∗n+1)<(bn)

≤ |an+1|
qn+1qn

,

à ïîñëiäîâíiñòü (3.25) çà óìîâîþ ëåìè îáìåæåíà. Òàêèì ÷èíîì, iñíó¹ ñòàëà

M, M > 0, òàêå, ùî
an+1

b∗n+1bn
∈ K, äå K = {z ∈ C : |z| ≤M} .

Ïîêàæåìî, ùî çíàìåííèê äðóãîãî ìíîæíèêà (3.28)

an+1

b∗n+1bn
+ 1 + Fn

âiäîêðåìëåíèé âiä íóëÿ. Äëÿ äîâiëüíèõ z1 òà z2 òàêèõ, ùî z1 ∈ P ∗n+1 ∩ K,

à z2 ∈ Wn, äå P ∗n+1 i Wn âèçíà÷åíi çãiäíî ç (3.31) i (3.32), îöiíèìî |z1 + z2|.

Î÷åâèäíî, ùî z1 + z2 = z1 − z̃2, äå z1 ∈ P ∗n+1 ∩K, à z̃2 ∈ W̃n, ïðè÷îìó W̃n ={
z ∈ C : <

(
ze−iψn

)
≤ −q̃n

}
. Çàñòîñó¹ìî ëåìó 3.1, ïîêëàâøè β1 = ψn, β2 =

ψ∗n+1, s1 = q̃n, s2 = q̃∗n+1, îòðèìà¹ìî, ùî P
∗
n+1 ⊂ C \ W̃ , îñêiëüêè ó íàøîìó

âèïàäêó P = P ∗n+1, V
′ = C \ W̃ . Òàêèì ÷èíîì, (P ∗n+1 ∩K) ∩ W̃ = ∅. Îòæå,

âèðàç |z1 − z̃2| íå ìåíøèé íiæ âiäñòàíü ìiæ çàìêíåíîþ îáìåæåíîþ ìíîæèíîþ

P ∗n+1 ∩K i ïðÿìîþ, ùî ¹ ìåæåþ ïiâïëîùèíè W̃n. Öÿ âiääàëü ¹ íåïåðåðâíîþ

ôóíêöi¹þ i äîñÿãÿ¹, çà äðóãîþ òåîðåìîþ Âåé¹ðøòðàññà, ñâîãî ìiíiìàëüíîãî

çíà÷åííÿ d, ïðè÷îìó d > 0.

Îòæå, âèêîðèñòîâóþ÷è îáìåæåíiñòü îáëàñòi çâiäêè áåðåòüñÿ åëåìåíò
an+1

b∗n+1bn
, òà ïîïåðåäíi ìiðêóâàííÿ, ìà¹ìî, ùî äëÿ äîâiëüíîãî n, n ≥ 2,

∣∣∣∣∣ an+1/ (b∗n+1bn)

an+1/
(
b∗n+1bn

)
+ 1 + Fn

∣∣∣∣∣ ≤ M

d
.

Îñêiëüêè äëÿ íåïåðåðâíîãî äðîáó (3.23) âèêîíóþòüñÿ óìîâè òåîðåìè Òðî-

íà i Äæîóíñà, òî âií çáiãà¹òüñÿ, òîáòî äëÿ äîâiëüíîãî ε, ε > 0, iñíó¹ n0, n0 ∈ N

òàêå, ùî äëÿ äîâiëüíîãî n, n ≥ n0 âèêîíó¹òüñÿ íåðiâíiñòü

|fn−1 − fn| <
d

M
ε.



97

Îòæå, äëÿ äîâiëüíîãî n, n ≥ max{2, n0} ìà¹ìî

|fn − f ∗n+1| = |fn−1 − fn| ·

∣∣∣∣∣ an+1/ (b∗n+1bn)

an+1/
(
b∗n+1bn

)
+ 1 + Fn

∣∣∣∣∣ < ε.

Òåîðåìà 3.3 Íåõàé åëåìåíòè äâîâèìiðíîãî ÃËÄ ñïåöiàëüíîãî âèãëÿäó

(3.21) çàäîâîëüíÿþòü óìîâè:

∣∣a1[n]∣∣−<(a1[n]e−i(ψn+ψn−1)
)
≤ 2pn−1

(
<
(
b1[n]e

−iψn
)
− pn

)
, n = 1, 2, . . . ;

(3.33)∣∣a2[k],1[n]∣∣−< (a2[k],1[n]e−i(ψk+ψk−1)
)
≤ 2sk,n−1

(
<
(
b2[k],1[n]e

−iψk
)
− sk,n

)
,

n = 1, 2, . . . , k = 1, 2, . . . ;
(3.34)

<
(
b2[n]e

−i(arg a2[n],1−ψn)
)
≥ qn, n = 1, 2, . . . ; (3.35)

i ïðè äåÿêèõ lk, lk ∈ Z,

arg a2[k],1 + arg a2[k+1],1 − arg a2[k+1] = ψk + ψk+1 + 2πlk, k = 1, 2, . . . , (3.36)

äå ψk � äiéñíi ÷èñëà, pn, sk,n, qn, n = 0, 1, . . . ; k = 1, 2, . . . , � äåÿêi äîäàòíi

ñòàëi òàêi, ùî êîæíà ç ïîñëiäîâíîñòåé{
a1[n]
pnpn−1

}∞
n=1

,

{
a2[k],1[n]
sk,nsk,n−1

}∞
n=1

, k = 1, 2, . . . ,

{
a2[n]

qn, qn−1

}∞
n=1

¹ îáìåæåíîþ. Òîäi ÃËÄ (3.21) çáiãà¹òüñÿ.

Ä î â å ä å í í ÿ. Âðàõîâóþ÷è íåðiâíîñòi (3.33), (3.34), îáìåæåíiñòü ïî-

ñëiäîâíîñòåé
{

a1[n]
pnpn−1

}∞
n=1

,

{
a2[k],1[n]
sk,nsk,n−1

}∞
n=1

, k = 1, 2, . . . , ìà¹ìî, ùî äëÿ

åëåìåíòiâ íåïåðåðâíèõ äðîáiâ

∞

D
n=1

a1[n]
b1[n]

,
∞

D
n=1

a2[k],1[n]
b2[k],1[n]

, k = 1, 2, . . . ,

âèêîíóþòüñÿ óìîâè òåîðåìè Òðîíà i Äæîóíñà. Òàêèì ÷èíîì, öi íåïåðåðâíi

äðîáè çáiãàþòüñÿ. Ïîçíà÷èìî ¨õ çíà÷åííÿ âiäïîâiäíî b′0, b
′
2[k], k = 1, 2, . . . .
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Çãiäíî iç òi¹þ æ òåîðåìîþ, çíà÷åííÿ öèõ äðîáiâ òà ¨õ ïiäõiäíèõ äðîáiâ íàëå-

æàòü âiäïîâiäíèì ïiâïëîùèíàì

H ′0 =
{
v ∈ C : <

(
vei(ψ1−arg a1)

)
≥ 0
}
,

H ′k =
{
v ∈ C : <

(
vei(ψk−arg a2[k],1)

)
≥ 0
}
, k = 1, 2, . . . .

Òîäi çíà÷åííÿ íåïåðåðâíèõ äðîáiâ

b
(1)
2[k] = b2[k] +

∞

D
n=1

a2[k],1[n]
b2[k],1[n]

, k = 1, 2, . . . , (3.37)

i ¨õ ïiäõiäíèõ äðîáiâ ç óðàõóâàííÿì óìîâè (3.35) íàëåæàòü ïiâïëîùèíàì

Hk =
{
v ∈ C : <

(
ve−i(arg a2[k],1−ψk)

)
≥ qk

}
, k = 1, 2, . . . ,

âiäïîâiäíî.

Ðîçãëÿíåìî íåïåðåðâíèé äðiá

b′0 +
∞

D
k=1

a2[k]

b
(1)
2[k]

. (3.38)

Âðàõîâóþ÷è óìîâè (3.35) i (3.36), à òàêîæ, ùî

<
(
b
(1)
2[k]e

−i(arg a2[k],1−ψk)
)

= <
(
b2[k]e

−i(arg a2[k],1−ψk)
)

+ <
(
b′2[k]e

−i(arg a2[k],1−ψk)
)
≥

≥ <
(
b2[k]e

−i(arg a2[k],1−ψk)
)
≥ qk, k = 1, 2, . . . ,

ìà¹ìî, ùî∣∣a2[k]∣∣−<(a2[k]e−i(arg a2[k],1−ψk+arg a2[k−1],1−ψk−1)
)

=
∣∣a2[k]∣∣−<(a2[k]e−i(arg a2[k])) = 0 ≤

≤ 2qk−1

(
<
(
b
(1)
2[k]e

−i(arg a2[k],1−ψk)
)
− qk

)
, k = 1, 2, . . . .

Òàêèì ÷èíîì, áåðó÷è äî óâàãè îáìåæåíiñòü ïîñëiäîâíîñòi
{

a2[n]
qnqn−1

}∞
n=1

, ìà-

¹ìî, ùî åëåìåíòè íåïåðåðâíîãî äðîáó (3.38) çàäîâîëüíÿþòü óìîâàì òåîðåìè

Òðîíà i Äæîóíñà, òîáòî íåïåðåðâíèé äðiá (3.38) çáiãà¹òüñÿ, òîáòî ÃËÄ (3.21)

¹ C1-ôiãóðíî çáiæíèì.



99

Äîâåäåìî òåïåð, ùî iç çáiæíîñòi íåïåðåðâíîãî äðîáó (3.38) âèïëèâà¹ çái-

æíiñòü ÃËÄ ñïåöiàëüíîãî âèãëÿäó (3.21).

Íåõàé

f̂r = b′0 +
r

D
k=1

a2[k]

b
(1)
2[k]

, r ≥ 1,

� r-é ïiäõiäíèé äðiá íåïåðåðâíîãî äðîáó (3.38), à

fr =
r

D
k=1

ik−1∑
ik=1

ai(k)
bi(k)

, r ≥ 1,

� r-é ïiäõiäíèé äðiá ÃËÄ (3.21). Âðàõîâóþ÷è îñîáëèâîñòi ñòðóêòóðè ÃËÄ

(3.21), ìà¹ìî, ùî fr ìîæíà çàïèñàòè ó âèãëÿäi

fr = b
(1,r)
0 +

r

D
k=1

a2[k]

b
(1,r−k)
2[k]

, r ≥ 1,

äå

b
(1,r)
0 =

r

D
l=1

a1[l]
b1[l]

, b
(1,0)
2[r] = b2[r], b

(1,r−k)
2[k] = b2[k] +

r−k

D
l=1

a2[k],1[l]
b2[k],1[l]

, k = 1, r − 1.

Ïîêàæåìî, ùî äëÿ äîâiëüíîãî ε, ε > 0, iñíó¹ íàòóðàëüíå ÷èñëî µ òàêå, ùî

äëÿ äîâiëüíèõ íàòóðàëüíèõ r, r ≥ µ, âèêîíó¹òüñÿ íåðiâíiñòü∣∣∣f̂r − fr∣∣∣ < ε, (3.39)

òîáòî ïîêàæåìî, ùî iç C1-ôiãóðíî¨ çáiæíîñòi âèïëèâà¹ çâè÷àéíà çáiæíiñòü.

Î÷åâèäíî, ùî äëÿ äîâiëüíèõ n, n ≥ 1, i r, r ≥ n+ 1,∣∣∣f̂r − fr∣∣∣ ≤ ∣∣∣f̂r − hr,n∣∣∣+ |fr − hr,n| , (3.40)

äå

hr,n = b
(1)
0 +

a2[1]

b
(1)
2[1]

+ · · ·+
a2[n]

b
(1)
2[n]

+

a2[n+1]

b
(1,r−n−1)
2[n+1]

+ · · ·+
a2[r]

b
(1,0)
2[r]

.

Ðîçãëÿíåìî ïåðøèé äîäàíîê ïðàâî¨ ÷àñòèíè íåðiâíîñòi (3.40). Äëÿ äîâiëüíèõ

n, n ≥ 1, i r, r ≥ n+ 1, ìà¹ìî∣∣∣f̂r − hr,n∣∣∣ ≤ ∣∣∣f̂r − f̂n∣∣∣+
∣∣∣f̂n − hr,n∣∣∣ . (3.41)
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Îñêiëüêè íåïåðåðâíèé äðiá (3.38) çáiãà¹òüñÿ, òî âðàõîâóþ÷è, ùî f̂m, m ≥ 1, �

éîãî ïiäõiäíi äðîáè, ìà¹ìî, ùî äëÿ äîâiëüíîãî ε, ε > 0, iñíó¹ íàòóðàëüíå ÷è-

ñëî n0 òàêå, ùî äëÿ äîâiëüíèõ íàòóðàëüíèõ n, n ≥ n0, i r, r ≥ n, âèêîíó¹òüñÿ

íåðiâíiñòü ∣∣∣f̂r − f̂n∣∣∣ < ε

3
. (3.42)

Äëÿ îöiíêè äðóãîãî äîäàíêó ïðàâî¨ ÷àñòèíè íåðiâíîñòi (3.41) çàñòîñó¹ìî ëåìó

3.3. Íåõàé

b∗2[n+1] = b
(1,0)
2[n+1] = b2[n+1], ÿêùî r = n+ 1,

b∗2[n+1] = b
(1,r−n−1)
2[n+1] +

r

D
l=n+2

a2[l]

b
(1,r−l)
2[l]

, ÿêùî r ≥ n+ 2.

Çíàéäåìî îáëàñòü çíà÷åíü îñòàííüîãî äðîáó. ßê áóëî ïîêàçàíî âèùå, åëåìåí-

òè b(1,r−l)2[l] , l = n+ 1, r, ÿê ïiäõiäíi äðîáè íåïåðåðâíèõ äðîáiâ (3.37) íàëåæàòü

ìíîæèíàì Hl, l = n+ 1, r, âiäïîâiäíî. Âðàõîâóþ÷è óìîâè (3.35) i (3.36), íå-

ðiâíîñòi

<
(
b
(1,r−l)
2[l] e−i(arg a2[l],1−ψl)

)
≥ <

(
b2[l]e

−i(arg a2[l],1−ψl)
)
≥ ql, l = n+ 1, r,

ëåãêî ïîêàçàòè, ùî∣∣a2[l]∣∣−<(a2[l]e−i(arg a2[l],1−ψl+arg a2[l−1],1−ψl−1)
)

= 0 ≤

≤ 2ql−1

(
<
(
b
(1,r−l)
2[l] e−i(arg a2[l],1−ψl)

)
− ql

)
, l = n+ 1, r.

Îñêiëüêè ïîñëiäîâíiñòü
{

a2[n]
qnqn−1

}∞
n=1

îáìåæåíà, òî äëÿ äðîáó b∗2[n+1], r ≥

n + 2, âèêîíóþòüñÿ óìîâè òåîðåìè Òðîíà i Äæîóíñà. Òîìó, âðàõîâóþ÷è, ùî

b
(1,r−n−2)
2[n+2] ∈ Hn+2, ìà¹ìî, ùî çíà÷åííÿ íåïåðåðâíîãî äðîáó

r

D
l=n+2

a2[l]

b
(1,r−l)
2[l]

, íàëå-

æèòü ïiâïëîùèíi

H =
{
v ∈ C : <

(
vei(arg a2[n+2],1−ψn+2−arg a2[n+2])

)
≥ 0
}
.

Âðàõîâóþ÷è (3.36), îòðèìó¹ìî, ùî H = Hn+1. Îñêiëüêè b
(1,r−n−1)
2[n+1] ∈ Hn+1, òî

b∗2[n+1] ∈ Hn+1, r ≥ n+ 1.
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Òàêîæ, âèêîðèñòîâóþ÷è ìiðêóâàííÿ, àíàëîãi÷íi äî ïðèâåäåíèõ âèùå, ëåã-

êî ïîêàçàòè, ùî

<
(
b∗2[n+1]e

−i(arg a2[n+1],1−ψn+1)
)
≥ <

(
b2[n+1]e

−i(arg a2[n+1],1−ψn+1)
)
≥ qn+1,

à öå, ç óðàõóâàííÿì óìîâè (3.36), îçíà÷à¹, ùî âèêîíó¹òüñÿ íåðiâíiñòü

∣∣a2[n+1]

∣∣−<(a2[n+1]e
−i(arg a2[n+1],1−ψn+1+arg a2[n],1−ψn)

)
= 0 ≤

≤ 2qn

(
<
(
b∗2[n+1]e

−i(arg a2[n+1],1−ψn+1)
)
− qn+1

)
.

Òîáòî äëÿ íåïåðåðâíîãî äðîáó (3.38) òà b∗2[n+1] âèêîíóþòüñÿ óìîâè ëåìè 3.3,

äå

f̂ ∗n+1 = b
(1)
0 +

a2[1]

b
(1)
2[1]

+ · · ·+
a2[n]

b
(1)
2[n]

+

a2[n+1]

b∗2[n+1]

,

φn = arg a2[n],1 − ψn, à çàìiñòü b∗n+1 âçÿòî b
∗
2[n+1], n = 2, 3, . . . .

Îòæå, âðàõîâóþ÷è, ùî f̂ ∗n+1 = hr,n, r ≥ n + 1, äëÿ âæå çàäàíîãî ε iñíó¹

íàòóðàëüíå ÷èñëî n1, òàêå, ùî äëÿ óñiõ n, n ≥ n1, ñïðàâäæó¹òüñÿ íåðiâíiñòü∣∣∣f̂n − hr,n∣∣∣ =
∣∣∣f̂n − f̂ ∗n+1

∣∣∣ < ε

3
. (3.43)

Íåõàé ν = max{n0, n1}. Òîäi ïðè n = ν îòðèìà¹ìî îäíî÷àñíå âèêîíàííÿ

íåðiâíîñòié (3.42) òà (3.43). Ïîêëàäåìî ó íåðiâíîñòi (3.41) n = ν i r ≥ ν + 1.

Îòðèìà¹ìî, ùî äëÿ ðàíiøå çàäàíîãî ε âèêîíó¹òüñÿ íåðiâíiñòü∣∣∣f̂r − hr,ν∣∣∣ < 2ε

3
, r ≥ ν + 1.

Îñêiëüêè íåðiâíiñòü (3.40) âèêîíó¹òüñÿ äëÿ äîâiëüíèõ íàòóðàëüíèõ n i

r ≥ n + 1, òî âîíà áóäå âèêîíóâàòèñÿ i äëÿ ôiêñîâàíîãî n = ν i äîâiëüíèõ

r ≥ ν + 1, òîáòî ∣∣∣f̂r − fr∣∣∣ ≤ ∣∣∣f̂r − hr,ν∣∣∣+ |fr − hr,ν| . (3.44)

Âñòàíîâèìî îöiíêó çâåðõó äëÿ äðóãîãî äîäàíêó ïðàâî¨ ÷àñòèíè íåðiâíîñòi

(3.44). Íåõàé Q(r)
2[s], Q̂

(r)
2[s], s = 1, 2, ..., r, � çàëèøêè íåïåðåðâíèõ äðîáiâ fr òà
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hr,ν âiäïîâiäíî, òîáòî

Q
(r)
2[s] = b

(1,r−s)
2[s] +

a2[s]

Q
(r)
2[s+1]

, s = 1, 2, . . . , r − 1, Q
(r)
2[r] = b

(1,0)
2[r] ,

Q̂
(r)
2[s] =


b
(1)
2[s] +

a2[s]

Q̂
(r)
2[s+1]

, s = 1, 2, . . . , ν,

Q
(r)
2[s], s = ν + 1, ν + 2, . . . , r.

Âèêîðèñòîâóþ÷è ìiðêóâàííÿ, àíàëîãi÷íi äî òîãî, ÿê áóëî ïîêàçàíî, ùî

b∗2[n+1] ∈ Hn+1, ëåãêî äîâåñòè, ùî

Q
(r)
2[s] ∈ Hs i Q̂

(r)
2[s] ∈ Hs, s = 1, 2, . . . , r. (3.45)

Âðàõîâóþ÷è, ùî

fr − hr,ν = b
(1,r)
0 − b(1)0 +

a2[1]

Q
(r)
2[1]

−
a2[1]

Q̂
(r)
2[1]

,

ïiñëÿ åëåìåíòàðíèõ ïåðåòâîðåíü ç âèêîðèñòàííÿì ðåêóðåíòíèõ ñïiââiäíîøåíü

äëÿ çàëèøêiâ íåïåðåðâíèõ äðîáiâ fr i hr,ν òà ìåòîäèêó äîâåäåííÿ ôîðìóëè

äëÿ ðiçíèöi ïiäõiäíèõ äðîáiâ [32] ìîæíà ïîêàçàòè, ùî

|fr − hr,ν| ≤
∣∣∣b(1,r)0 − b(1)0

∣∣∣+
ν∑
k=1

∣∣∣b(1,r−k)2[k] − b(1)2[k]

∣∣∣
k∏
s=1

∣∣∣Q̂(r)
2[s]Q

(r)
2[s]

∣∣∣
∣∣a2[1]a2[2] . . . a2[k]∣∣ . (3.46)

Iç ñïiââiäíîøåíü (3.45) ïiñëÿ åëåìåíòàðíèõ ïåðåòâîðåíü îòðèìó¹ìî, ùî

äëÿ äîâiëüíîãî s, 1 ≤ s ≤ ν, âèêîíóþòüñÿ íåðiâíîñòi∣∣∣Q̂(r)
2[s]

∣∣∣ ≥ <(Q̂(r)
2[s]e

−i(arg a2[s],1−ψs)
)
≥ qs,

∣∣∣Q(r)
2[s]

∣∣∣ ≥ <(Q(r)
2[s]e

−i(arg a2[s],1−ψs)
)
≥ qs.

Ïîêëàäåìî δ = min
1≤s≤ν

{qs}. Òàêèì ÷èíîì,∣∣∣Q̂(r)
2[s]

∣∣∣ ≥ δ,
∣∣∣Q(r)

2[s]

∣∣∣ ≥ δ, s = 1, 2, . . . , ν. (3.47)

Ðîçãëÿíåìî äîáóòêè

k∏
s=1

∣∣∣∣∣∣ a2[s]

Q̂
(r)
2[s]Q

(r)
2[s]

∣∣∣∣∣∣ , k = 1, 2, ..., ν,
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ó íåðiâíîñòi (3.46).

ßêùî k = 1, òî, âðàõîâóþ÷è (3.47) ìà¹ìî∣∣∣∣∣ a2

Q̂
(r)
2 Q

(r)
2

∣∣∣∣∣ ≤ |a2|δ2 .
ßêùî k = 2l + 1, l ≥ 1, òîäi

2l+1∏
s=1

∣∣∣∣∣∣ a2[s]

Q̂
(r)
2[s]Q

(r)
2[s]

∣∣∣∣∣∣ =

∣∣∣∣∣∣ a2

Q̂
(r)
2 Q

(r)
2[2l+1]

∣∣∣∣∣∣
l∏

s=1

∣∣∣∣∣∣ a2[2s+1]

Q̂
(r)
2[2s]Q̂

(r)
2[2s+1]

∣∣∣∣∣∣
l∏

s=1

∣∣∣∣∣∣ a2[2s]

Q
(r)
2[2s−1]Q

(r)
2[2s]

∣∣∣∣∣∣ ≤
≤ |a2|
q2q2l+1

l∏
s=1

∣∣a2[2s+1]

∣∣
q2sq2s+1

l∏
s=1

∣∣a2[2s]∣∣
q2s−1q2s

.

Ç îáìåæåíîñòi ïîñëiäîâíîñòi
{

a2[n]
qnqn−1

}∞
n=1

ìà¹ìî, ùî iñíó¹ ñòàëà M, M > 0,

òàêà, ùî

∣∣a2[n]∣∣
qnqn−1

≤M, n ≥ 1. Òàêèì ÷èíîì,

2l+1∏
s=1

∣∣∣∣∣∣ a2[s]

Q̂
(r)
2[s]Q

(r)
2[s]

∣∣∣∣∣∣ ≤ |a2|δ2 M 2l.

ßêùî k = 2l, l ≥ 1, òî âðàõîâóþ÷è (3.47) i âèêîðèñòîâóþ÷è àíàëîãi÷íi ìið-

êóâàííÿ, îòðèìó¹ìî

2l∏
s=1

∣∣∣∣∣∣ a2[s]

Q̂
(r)
2[s]Q

(r)
2[s]

∣∣∣∣∣∣ =

∣∣∣∣∣∣ a2

Q̂
(r)
2 Q̂

(r)
2[2l]

∣∣∣∣∣∣
l−1∏
s=1

∣∣∣∣∣∣ a2[2s+1]

Q̂
(r)
2[2s]Q̂

(r)
2[2s+1]

∣∣∣∣∣∣
l∏

s=1

∣∣∣∣∣∣ a2[2s]

Q
(r)
2[2s−1]Q

(r)
2[2s]

∣∣∣∣∣∣ ≤ | a2|δ2 M 2l−1.

Îòæå,

k∏
s=1

∣∣∣∣∣∣ a2[s]

Q̂
(r)
2[s]Q

(r)
2[s]

∣∣∣∣∣∣ ≤ |a2|δ2 Mk−1 ≤ |a2|
δ2
Kν−1, 1 ≤ k ≤ ν,

äå K = max{M, 1}.

Îöiíèìî âèðàçè ó ÷èñåëüíèêàõ (3.46). ßê áóëî ðàíiøå ïîêàçàíî, íåïå-

ðåðâíi äðîáè (3.37) ¹ çáiæíèìè. Òîìó äëÿ ðàíiøå çàäàíîãî ε iñíóþòü íîìåðè

r1, r2, . . . , rν òàêi, ùî äëÿ äîâiëüíîãî r ≥ max
1≤k≤ν

{rk} âèêîíóþòüñÿ íåðiâíîñòi∣∣∣b(1,r−k)2[k] − b(1)2[k]

∣∣∣ < εδ2

3Kν−1 |a2| (ν + 1)
, 1 ≤ k ≤ ν, (3.48)



104

ÿê ìîäóëü ðiçíèöi ìiæ çíà÷åííÿì íåñêií÷åííîãî íåïåðåðâíîãî äðîáó i éîãî

(r − k)-ì ïiäõiäíèì äðîáîì. Àíàëîãi÷íî, iñíó¹ r0, òàêå, ùî äëÿ äîâiëüíèõ

r, r ≥ r0 ∣∣∣b(1,r)0 − b(1)0

∣∣∣ < ε

3(ν + 1)
. (3.49)

Íåõàé

µ = max
0≤k≤ν

{rk}

Òàêèì ÷èíîì, âèêîðèñòàâøè îöiíêè (3.48) òà (3.49) äëÿ äîâiëüíèõ r, r ≥

µ = max
0≤k≤ν

{rk}. i çàäàíîãî ðàíiøå ν ñïðàâäæó¹òüñÿ íåðiâíiñòü

|fr − hr,ν| <
ε

3
.

Îòæå, äëÿ çàäàíîãî ε iñíó¹ íàòóðàëüíå ÷èñëî µ òàêå, ùî äëÿ óñiõ r, r ≥ µ,

âèêîíó¹òüñÿ íåðiâíiñòü (3.39), iç ÿêî¨ âèïëèâà¹, ùî ÃËÄ (3.21) çáiãà¹òüñÿ,

îñêiëüêè íåïåðåðâíèé äðiá (3.38) çáiãà¹òüñÿ.

3.3. Äîñëiäæåííÿ çáiæíîñòi áàãàòîâèìiðíèõ S-äðîáiâ ç íåðiâíî-

çíà÷íèìè çìiííèìè

Çàñòîñóâàííÿ íàñëiäêó 3.2 ïðîäåìîíñòðó¹ìî ïðè äîñëiäæåííi îáëàñòåé

çáiæíîñòi áàãàòîâèìiðíîãî S-äðîáó(
1 +

∞

D
k=1

ik−1∑
ik=1

ai(k)zik
1

)−1
, (3.50)

äå ai(k) > 0, i(k) ∈ I, zik ∈ C, ik = 1, N .

Ïiäõiäíi äðîáè fn (z) öèõ ÃËÄ ¹ áàãàòîâèìiðíèìè äðîáîâî-ðàöiîíàëüíèìè

ôóíêöiÿìè. Â íàñòóïíié òåîðåìi äîñëiäæó¹òüñÿ ïèòàííÿ çáiæíîñòi öi¹¨ ïîñëi-

äîâíîñòi ôóíêöié.

Òåîðåìà 3.4 Íåõàé ðÿäè, ñêëàäåíi ç êîåôiöi¹íòiâ áàãàòîâèìiðíîãî S-äðîáó
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ç íåðiâíîçíà÷íèìè çìiííèìè (3.50)
∞∑
p=1

a
−1/2
m[p] , m = 1, 2, . . . , N,

∞∑
p=1

a
−1/2
i(n),m[p], m = 1, 2, . . . , N − 1,

(3.51)

äëÿ äîâiëüíèõ i(n), i(n) ∈ I(m+1), ¹ ðîçáiæíèìè. Òîäi

1) ÿêùî sup
(
ai(k), i(k) ∈ I

)
= ∞, òî ÃËÄ (3.50) çáiãà¹òüñÿ â êîæíié

òî÷öi z ∈ G, äå

G = G (γ)×G (γ)× · · · ×G (γ)︸ ︷︷ ︸
N

⊂ CN ,

G (γ) = {w ∈ C : argw = 2γ} , |γ| < π

2
;

2) ÿêùî sup
(
ai(k)ik−1, i(k) ∈ I

)
= A, òî ÃËÄ (3.50) çáiãà¹òüñÿ â îáëàñòi

P , äå

P = P1 (γ)× P2 (γ)× · · · × PN (γ) ⊂ CN ,

Pk (γ) =

{
zk ∈ C : |zk| − <

(
zke
−2iγ) ≤ 2Dk

A
cos2 γ

}
, k = 1, N,

äå Dk âèçíà÷åíi â íàñëiäêó 3.2.

Ä î â å ä å í í ÿ. 1) Îñêiëüêè ðÿäè (3.51) ðîçáiãàþòüñÿ, òî äëÿ äîâiëüíîãî

z ∈ G ðîçáiæíèìè áóäóòü i ðÿäè
∞∑
p=1

∣∣am[p]zm
∣∣−1/2, m = 1, 2, . . . , N,

∞∑
p=1

∣∣ai(n),m[p]zm
∣∣−1/2, m = 1, 2, . . . , N − 1,

(3.52)

äëÿ äîâiëüíèõ i(n) ∈ I(m+1). ßêùî z ∈ G, òî
∣∣ai(k)zik∣∣−< (ai(k)zike−2iγ) = 0 ≤

2Dk(1− ε)
ik−1

cos2 γ. Òàêèì ÷èíîì, íà îñíîâi íàñëiäêó 3.2 ÃËÄ (3.50) çáiãà¹òüñÿ

â êîæíié òî÷öi z ∈ G.

2) Íåõàé {fn (z)} � ïîñëiäîâíiñòü ïiäõiäíèõ äðîáiâ ÃËÄ (3.50). Áåðó÷è äî

óâàãè òå, ùî sup
(
ai(k)ik−1, i(k) ∈ I

)
= A, îòðèìó¹ìî∣∣ai(k)zik∣∣−< (ai(k)zike−2iγ) ≤ 2Dk

ik−1
cos2 γ.
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Iç ëåìè 3.1 âèïëèâà¹, ùî îáëàñòü çíà÷åíü ïiäõiäíèõ äðîáiâ

1 +
n

D
k=1

ik−1∑
ik=1

ai(k)zik
1

¹ îáëàñòü

H (γ) =
{
z ∈ C : <

(
ze−iγ

)
≥ (1− d) cos γ

}
.

Òîäi ïiäõiäíi äðîáè ÃËÄ (3.50) ¹ ãîëîìîðôíèìè ôóíêöiÿìè â îáëàñòi P i ¨õ

çíà÷åííÿ íàëåæàòü êðóãó

K (γ) =

{
w ∈ C :

∣∣∣∣w − e−iγ

2 (1− d) cos γ

∣∣∣∣ ≤ 1

2 (1− d) cos γ

}
.

Îòæå, ïîñëiäîâíiñòü {fn (z)} ¹ îáìåæåíîþ â P .

Íåõàé

∆ = {w ∈ C : argw = 2γ, r < |w| < R} .

Î÷åâèäíî, ùî ∆N ⊂ P . Òîäi äëÿ äîâiëüíîãî z ∈ ∆N , ìà¹ìî

∣∣ai(k)zik∣∣−< (ai(k)zike−2iγ) = 0 ≤ 2Dk(1− ε)
ik−1

cos2 γ.

Îñêiëüêè ðÿäè (3.52) ¹ ðîçáiæíèìè, òî çãiäíî ç íàñëiäêîì 3.2 ÃËÄ (3.50)

çáiãà¹òüñÿ, ÿêùî z ∈ ∆N . Íà ïiäñòàâi òåîðåìè 1.18 áàãàòîâèìiðíèé S-äðiá ç

íåðiâíîçíà÷íèìè çìiííiìè (3.50) çáiãà¹òüñÿ â îáëàñòi P . Ïðè ÷îìó çáiæíiñòü

áóäå ðiâíîìiðíîþ íà êîìïàêòàõ öi¹¨ îáëàñòi.

Âèñíîâêè äî ðîçäiëó 3. Öåé ðîçäië ïðèñâÿ÷åíèé äîñëiäæåííþ çáiæíî-

ñòi ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ ñïåöiàëüíîãî âèãëÿäó ç êîìïëåêñíèìè åëå-

ìåíòàìè.

Äîñëiäæåíî ïàðàáîëi÷íi ìíîæèíè óìîâíî¨ çáiæíîñòi ãiëëÿñòèõ ëàíöþãî-

âèõ äðîáiâ ñïåöiàëüíîãî âèãëÿäó. Ïðè ôîðìóëþâàííi äîäàòêîâèõ óìîâ íà åëå-

ìåíòè ãiëëÿñòîãî ëàíöþãîâîãî äðîáó ñóòò¹âî âðàõîâàíî äîâåäåíi ó äðóãîìó

ðîçäiëi äîñòàòíi îçíàêè çáiæíîñòi ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ ñïåöiàëüíîãî

âèãëÿäó ç äîäàòíèìè åëåìåíòàìè.
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Âñòàíîâëåíî áàãàòîâèìiðíèé àíàëîã ïàðàáîëi÷íî¨ òåîðåìè. Ïðè öüîìó ÷à-

ñòèííi çíàìåííèêè ãiëëÿñòîãî ëàíöþãîâîãî äðîáó áåðóòüñÿ iç çîâíiøíîñòåé

äåÿêèõ êðóãiâ, à ÷àñòèííi ÷èñåëüíèêè iç ïàðàáîëi÷íèõ ìíîæèí âèãëÿä ÿêèõ

çàëåæèòü âiä âèáðàíèõ i çàôiêñîâàíèõ çíà÷åíü ÷àñòèííèõ çíàìåííèêiâ. Iç

îòðèìàíîãî ðåçóëüòàòó âèïëèâà¹ áàãàòîâèìiðíèé àíàëîã òåîðåìè Òðîíà ïðî

ñïàðåíi ìíîæèíè óìîâíî¨ çáiæíîñòi íåïåðåðâíèõ äðîáiâ.

Äëÿ äâîâèìiðíèõ ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ âñòàíîâëåíî áàãàòîâèìið-

íèé àíàëîã òåîðåìè Äæîóíñà i Òðîíà ïðî ïàðàáîëi÷íi ìíîæèíè çáiæíîñòi

íåïåðåðâíèõ äðîáiâ. Ïðè îá ðóíòóâàííi öi¹¨ òåîðåìè ñóòò¹âî âèêîðèñòîâó¹-

òüñÿ ïîïåðåäíüî äîâåäåíà ëåìà ïðî ñòiéêiñòü äî çáóðåíü íåïåðåðâíîãî äðîáó.

Âèêîðèñòîâóþ÷è âñòàíîâëåíi òåîðåìè, äîñëiäæåíî çáiæíiñòü áàãàòîâèìið-

íîãî S-äðîáó ç íåðiâíîçíà÷íèìè çìiííèìè çà óìîâ, ùî ðÿäè, ñêëàäåíi iç êîå-

ôiöi¹íòiâ öüîãî äðîáó, ðîçáiãàþòüñÿ, à çíà÷åííÿ çìiííèõ íàëåæàòü ïàðàáîëàì,

àáî äåÿêèì ¨õ ïiäìíîæèíàì.

Ðåçóëüòàòè, íàâåäåíi ó öüîìó ðîçäiëi, îïóáëiêîâàíi â òàêèõ ïðàöÿõ: [16,24,

25,107,111�113].
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ÐÎÇÄIË 4

ÊÓÒÎÂI ÌÍÎÆÈÍÈ ÓÌÎÂÍÎ� ÇÁIÆÍÎÑÒI ÃIËËßÑÒÈÕ

ËÀÍÖÞÃÎÂÈÕ ÄÐÎÁIÂ ÑÏÅÖIÀËÜÍÎÃÎ ÂÈÃËßÄÓ

4.1. Áàãàòîâèìiðíèé àíàëîã îçíàêè çáiæíîñòi Âàí Ôëåêà

Âèêîðèñòîâóþ÷è áàãàòîâèìiðíå óçàãàëüíåííÿ êðèòåðiþ Çåéäåëÿ (òåîðåìà

2.1) ìîæíà âñòàíîâèòè áàãàòîâèìiðíèé àíàëîã òåîðåìè Âàí Ôëåêà.

Òåîðåìà 4.1 Íåõàé ÷àñòèííi çíàìåííèêè ÃËÄ ñïåöiàëüíîãî âèãëÿäó

∞

D
k=1

ik−1∑
ik=1

1

bi(k)
(4.1)

íàëåæàòü îáëàñòi

G (ε) =
{
z ∈ C : z 6= 0, |arg z| < π

2
− ε
}
, (4.2)

äå ε− äîâiëüíå äîäàòíå ÷èñëî, 0 < ε <
π

2
.

Òîäi

1) êîæíå n-òå íàáëèæåííÿ fn ÃËÄ (4.1) íàëåæèòü îáëàñòi (4.2);

2) iñíóþòü ñêií÷åííi ãðàíèöi ïàðíèõ i íåïàðíèõ ïiäõiäíèõ äðîáiâ;

3) ÃËÄ (4.1) çáiãà¹òüñÿ, ÿêùî äëÿ êîæíîãîm, 1 ≤ m ≤ N, ðîçáiãàþòüñÿ

ðÿäè
∞∑
p=1

∣∣bm[p]

∣∣,
à òàêîæ äëÿ êîæíîãî m, 1 ≤ m ≤ N − 1, i êîæíîãî ìóëüòèiíäåêñó

i(n), i(n) ∈ I(m+1), ðîçáiãàþòüñÿ ðÿäè
∞∑
p=1

∣∣bi(n),m[p]

∣∣.
Ä î â å ä å í í ÿ. Âðàõîâóþ÷è îïóêëiñòü îáëàñòi G (ε) i ¨¨ ñèìåòðè÷íiñòü

âiäíîñíî äiéñíî¨ îñi, îäåðæèìî, ùî ÿêùî bi(k) ∈ G (ε) , i(k) ∈ I, òî ïðè çãîð-

òàííi n-ãî ïiäõiäíîãî äðîáó fn, îòðèìà¹ìî

1

bi(n)
∈ G (ε) ,

in−1∑
in=1

1

bi(n)
∈ G (ε) , bi(n−1) +

in−1∑
ik=1

1

bi(n)
∈ G (ε) i ò. ä.
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Îòæå, fn ∈ G (ε) , n = 1, 2, . . . .

Äëÿ äîâåäåííÿ äðóãîãî ïóíêòó ðîçãëÿíåìî ôóíêöiîíàëüíèé ÃËÄ

∞

D
k=1

ik−1∑
ik=1

1

bi(k)(z)
, (4.3)

äå ôóíêöi¨ bi(k)(z) =
∣∣bi(k)∣∣ ei arg bi(k)z, i(k) ∈ I, âèçíà÷åíi â îáëàñòi

D (ε) =

{
z ∈ C : |< (z)| < 1 +

ε

π − 2ε
, |= (z)| < 1

}
.

Îñêiëüêè

bi(k)(z) =
∣∣bi(k)∣∣ e− arg bi(k)=(z)ei arg bi(k)<(z),

òî

arg bi(k)(z) = arg bi(k) · < (z) .

Îòæå,∣∣arg bi(k)(z)
∣∣ =

∣∣arg bi(k)
∣∣ |< (z)| <

(π
2
− ε
)(

1 +
ε

π − 2ε

)
=
π

2
− ε

2
,

òîáòî bi(k)(z) ∈ G
(ε

2

)
, ÿêùî z ∈ D (ε) .

Äëÿ ïîñëiäîâíîñòi ãîëîìîðôíèõ ôóíêöié {fn (z)} âèêîíóþòüñÿ óìîâè àíà-

ëîãó òåîðåìè Ñòiëüòü¹ñà � Âiòàëi (òåîðåìà 1.18), äå

∆ = {z ∈ C : |<(z)| = 0, |=(z)| < 1} .

Íåõàé z ∈ ∆, òîäi ÃËÄ (4.3) ìîæåìî çàïèñàòè ó âèãëÿäi

∞

D
k=1

ik−1∑
ik=1

1

b̃i(k)
, (4.4)

äå b̃i(k) =
∣∣bi(k)∣∣ e− arg bi(k)=(z), i(k) ∈ I.

Iç âëàñòèâîñòi �âèëêè� äëÿ ÃËÄ ñïåöiàëüíîãî âèãëÿäó ç äîäàòíèìè åëå-

ìåíòàìè (4.4) ñëiäó¹, ùî éîãî ïàðíi i íåïàðíi ïiäõiäíi äðîáè ìàþòü ãðàíèöi.

Òîìó çà òåîðåìîþ Ñòiëüòü¹ñà � Âiòàëi, iñíóþòü ñêií÷åííi ãðàíèöi ïàðíèõ i

íåïàðíèõ ïiäõiäíèõ äðîáiâ ÃËÄ (4.1).
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Iç óìîâ 3) âèïëèâà¹, ùî äëÿ êîæíîãî m, 1 ≤ m ≤ N, ðîçáiãàþòüñÿ ðÿäè
∞∑
p=1

b̃m[p], à òàêîæ äëÿ êîæíîãî m, 1 ≤ m ≤ N − 1, i êîæíîãî ìóëüòèiíäå-

êñó i(n), i(n) ∈ I(m+1), ðîçáiãàþòüñÿ ðÿäè
∞∑
p=1

b̃i(n),m[p]. Îòæå, çà òåîðåìîþ

2.2 ÃËÄ (4.4) çáiãà¹òüñÿ, òîáòî ïîñëiäîâíiñòü ôóíêöié fn(z) çáiãà¹òüñÿ â êî-

æíié òî÷öi z ∈ ∆. Âèêîðèñòàâøè òåîðåìó 1.18, çàêëþ÷à¹ìî, ùî ÃËÄ (4.4)

ðiâíîìiðíî çáiãà¹òüñÿ íà êîìïàêòàõ îáëàñòi D(ε) çîêðåìà â òî÷öi z = 1, ùî

ðiâíîñèëüíî òîìó, ùî ÃËÄ (4.1) çáiãà¹òüñÿ.

4.2. Îöiíêè øâèäêîñòi çáiæíîñòi ãiëëÿñòîãî ëàíöþãîâîãî äðîáó

ñïåöiàëüíîãî âèãëÿäó íà ïiäìíîæèíàõ êóòîâèõ îáëàñòåé

Âñòàíîâèìî îöiíêè øâèäêîñòi çáiæíîñòi ÃËÄ ñïåöiàëüíîãî âèãëÿäó

b0 +
∞

D
k=1

ik−1∑
ik=1

1

bi(k)
(4.5)

äå b0, bi(k) ∈ C, i(k) ∈ I.
Òåîðåìà 4.2 Íåõàé åëåìåíòè ÃËÄ ñïåöiàëüíîãî âèãëÿäó (4.5) çàäîâîëüíÿ-

þòü óìîâè: äëÿ äîâiëüíîãî ìóëüòèiíäåêñà i(k), i(k) ∈ I,

bi(k) 6= 0,
∣∣arg bi(k)

∣∣ ≤ θ, θ <
π

2
; (4.6)

íåñêií÷åííèé äîáóòîê
∞∏
k=1

(
1

cos θ
(1− νk)

)
ðîçáiãà¹òüñÿ äî íóëÿ, äå

νk = min
i(k)∈Ik


<
(
bi(k)

)
∣∣bi(k)∣∣+

ik∑
ik+1=1

1

<
(
bi(k+1)

)


, k = 1, 2, . . . , (4.7)

Ik = {i(k) = (i1, i2, . . . , ik) : 1 ≤ ik ≤ ik−1 ≤ · · · ≤ i1 ≤ N} , k = 1, 2, . . . .

(4.8)
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Òîäi ÃËÄ (4.5) çáiãà¹òüñÿ i ñïðàâäæó¹òüñÿ îöiíêà øâèäêîñòi çáiæíîñòi

|f − fp| ≤
2N

min
1≤i1≤N

<(bi1)

(
1

cos θ

)2s 2s∏
k=1

(1− νk) , s =
[p

2

]
, (4.9)

äå f � çíà÷åííÿ ÃËÄ (4.5).

Ä î â å ä å í í ÿ. Iç òåîðåìè 4.1, ç óðàõóâàííÿì óìîâè (4.6), ñëiäó¹, ùî

äëÿ àðãóìåíòiâ çàëèøêiâ n-õ ïiäõiäíèõ äðîáiâ (4.5)

Q
(n)
i(n) = bi(n), n ≥ 1,

Q
(n)
i(k) = bi(k) +

ik∑
ik+1=1

1

Q
(n)
i(k+1)

, n ≥ 2, k = 1, 2, . . . , n− 1,

ñïðàâäæó¹òüñÿ îöiíêà∣∣∣argQ
(n)
i(k)

∣∣∣ ≤ θ, n ≥ 1, k = 1, 2, . . . , n; i(k) ∈ Ik.

Òàêèì ÷èíîì,

∣∣∣Q(n)
i(k)

∣∣∣ ≥ <(Q(n)
i(k)

)
≥ <

(
bi(k)

)
+

ik∑
ik+1=1

cos θ∣∣∣Q(n)
i(k+1)

∣∣∣ , (4.10)

n ≥ 2, k = 1, 2, . . . , n− 1; i(k) ∈ Ik.

Äëÿ ìîäóëÿ ðiçíèöi ïiäõiäíèõ äðîáiâ ÃËÄ (4.5), ç óðàõóâàííÿì ôîðìóëè

(1.19) ó âèïàäêó n > 2m ìà¹ìî òàêó îöiíêó

|fn − f2m| ≤
ik∑
i1=1

1∣∣∣Q(n)
i(1)

∣∣∣×
×

i1∑
i2=1

. . .

i2m−1∑
i2m=1

1
m−1∏
k=1

∣∣∣Q(n)
i(2k)Q

(n)
i(2k+1)

∣∣∣ m∏
k=1

∣∣∣Q(2m)
i(2k−1)Q

(2m)
i(2k)

∣∣∣
i2m∑

i2m+1=1

1∣∣∣Q(n)
i(2m)Q

(n)
i(2m+1)

∣∣∣ .
(4.11)
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Âèêîðèñòîâóþ÷è íåðiâíîñòi (4.10), à òàêîæ ìîíîòîííå çðîñòàííÿ ôóíêöi¨

f(x) =
x

b+ x
, b ≥ 0, ïðè äîäàòíèõ çíà÷åííÿõ çìiííî¨ x, îòðèìà¹ìî

i2m∑
i2m+1=1

1∣∣∣Q(n)
i(2m)Q

(n)
i(2m+1)

∣∣∣ =
1

cos θ
·

i2m∑
i2m+1=1

cos θ∣∣∣Q(n)
i(2m+1)

∣∣∣∣∣∣Q(n)
i(2m)

∣∣∣ ≤

≤ 1

cos θ
·

∣∣∣Q(n)
i(2m)

∣∣∣−< (bi(2m)

)∣∣∣Q(n)
i(2m)

∣∣∣ ≤ 1

cos θ

1−
<
(
bi(2m)

)
∣∣bi(2m)

∣∣+

i2m∑
i2m+1=1

1

<
(
bi(2m+1)

)

 ≤

≤ 1

cos θ
(1− ν2m) ,

äå ν2m âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì (4.7).

Ïðîâiâøè àíàëîãi÷íi ìiðêóâàííÿ äëÿ îöiíêè ñóì

ij−1∑
ij=1

1∣∣∣Q(s)
i(j−1)Q

(s)
i(j)

∣∣∣ , j = 2m, 2m− 1, ..., 2,

äå s = 2m, ÿêùî j � ïàðíå, i s = n, ÿêùî j � íåïàðíå, ç óðàõóâàííÿì òîãî,

ùî
N∑
i1=1

1∣∣∣Q(n)
i(1)

∣∣∣ ≤ N

min
1≤i1≤N

< (bi1)
,

îòðèìó¹ìî

|fn − f2m| ≤
N

min
1≤i1≤N

< (bi1)

(
1

cos θ

)2m 2m∏
k=1

(1− νk) , n > 2m.

Çâiäñè, ñïðÿìóâàâøè n äî áåçìåæíîñòi, i âðàõîâóþ÷è, ùî

|f − fp| ≤ |f − f2m|+ |fp − f2m| ,

îäåðæèìî îöiíêó (4.9). Ç óìîâ òåîðåìè âèïëèâà¹, ùî |f − fp| → 0, ïðè p →

∞.

Âñòàíîâèìî iíøó îöiíêó øâèäêîñòi çáiæíîñòi, çâóçèâøè îáëàñòü âèáîðó åëå-

ìåíòiâ, àëå íàêëàäàþ÷è âiäìiííi âiä ïîïåðåäíiõ óìîâè íà åëåìåíòè ÃËÄ (4.5).



113

Òåîðåìà 4.3 Íåõàé åëåìåíòè ÃËÄ ñïåöiàëüíîãî âèãëÿäó (4.5) çàäîâîëüíÿ-

þòü óìîâè: äëÿ äîâiëüíîãî ìóëüòèiíäåêñà i(k), i(k) ∈ I,

bi(k)) 6= 0,
∣∣arg bi(k)

∣∣ < θ, θ <
π

3
;

ïðè äåÿêîìó k0 ∈ N, k0 ≥ 2,

µk >
N (1− cos θ) cos θ

2 cos θ − 1
, k = k0, k0 + 1, . . .

∞∑
k=1

(
1− 1

cos θ
+

µk
µk +N cos θ

)
,

äå

µk = min
i(k)∈Ik

(<(bi(k))<(bi(k−1))), k = 2, 3, . . . , (4.12)

Ik, âèçíà÷à¹òüñÿ çãiäíî iç (4.8). Òîäi ÃËÄ (4.5) çáiãà¹òüñÿ i ñïðàâäæó¹òüñÿ

îöiíêà øâèäêîñòi çáiæíîñòi

|f − fm| ≤
2N

min
1≤i1≤N

< (bi1)

(
1

cos θ

)2s 2s∏
k=1

1− 1
1

cos θ
+

N

µk+1

 , s =
[m

2

]
,

äå f � çíà÷åííÿ ÃËÄ (4.5).

Ä î â å ä å í í ÿ. Àíàëîãi÷íî ÿê i â ïîïåðåäíié òåîðåìi, äîâîäÿòüñÿ îöiíêè∣∣∣argQ
(n)
i(k)

∣∣∣ ≤ θ, n ≥ 1, k = 1, 2, . . . , n; i(k) ∈ Ik.

i, ÿê íàñëiäîê, îöiíêè (4.10). Âèêîðèñòîâóþ÷è ôîðìóëè (4.11) äëÿ ìîäóëÿ

ðiçíèöi ïiäõiäíèõ äðîáiâ ÃËÄ (4.5),

i2m∑
i2m+1=1

1∣∣∣Q(n)
i(2m)Q

(n)
i(2m+1)

∣∣∣ ≤ 1

cos θ

1−
<
(
bi(2m)

)
∣∣bi(2m)

∣∣+

i2m∑
i2m+1=1

1

<
(
bi(2m+1)

)

 ≤

=
1

cos θ

1− 1∣∣bi(2m)

∣∣
<
(
bi(2m)

) +

i2m∑
i2m+1=1

1

<
(
bi(2m+1)

)
<
(
bi(2m)

)

 ≤
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≤ 1

cos θ

1− 1
1

cos θ
+

N

µ2m


ìà¹ìî

|f − f2m| ≤
2N

min
1≤i1≤N

< (bi1)

(
1

cos θ

)2m 2m∏
k=1

1− 1
1

cos θ
+

N

µk+1

 ,

äå µk âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì (4.12).

Îöiíêè øâèäêîñòi çáiæíîñòi ÃËÄ ñïåöiàëüíîãî âèãëÿäó ó êóòîâèõ îáëà-

ñòÿõ ïîãiðøóþòüñÿ, êîëè ÷àñòèííi çíàìåííèêè áëèçüêi äî íóëÿ. Ïðîòå, ÿêùî

íàêëàñòè îáìåæåííÿ íà øâèäêiñòü ¨õ ïðÿìóâàííÿ äî íóëÿ (ïðè ïðÿìóâàííi

íîìåðà ïîâåðõó çâiäêè áåðåòüñÿ åëåìåíò äî íåñêií÷åííîñòi), òî ìîæíà îòðè-

ìàòè íàñòóïíi òåîðåìè.

Òåîðåìà 4.4 Íåõàé åëåìåíòè ÃËÄ ñïåöiàëüíîãî âèãëÿäó (4.5) çàäîâîëüíÿ-

þòü óìîâè ∣∣arg bi(k)
∣∣ ≤ θ, θ <

π

4
, i(k) ∈ I, (4.13)

<(bi(n)) ≥ δ, <(b1[s]) ≥
δ

sβ
, <(bi(n),1[s]) ≥

δ

sβ
,

s ≥ 1, 0 < δ < 1, 0 ≤ β ≤ 1

2
, i(n) ∈ I(2),

(4.14)

äå I(2) = {i(n) = (i1, i2, . . . , in) : 2 ≤ in ≤ in−1 ≤ ... ≤ i0; n ≥ 1; i0 = N} .

Òîäi ÃËÄ (4.5) çáiãà¹òüñÿ i ñïðàâäæó¹òüñÿ îöiíêà øâèäêîñòi çáiæíîñòi

|fm − fNn| <
MN

ln

(
1 +

α

1− β

(
(n+ 1)1−β − 1

)) , m ≥ Nn, n ∈ N, (4.15)

äå α i MN � äîäàòíi ñòàëi, ùî íå çàëåæàòü âiä n i m,

α = min
{
δ3 cos θ, δ cos3 θ

}
,

MN =
2 + δ

δ cos θ
KN , K1 = 1, Kj = 2(2AKj−1 + 1), j = 2, 3, . . . , N,

A =

(
1 +

1

δ2

)(
1 +

1

δ4 cos 2θ + 2δ2 cos 2θ

)
, (4.16)
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Ä î â å ä å í í ÿ. Äîâåäåìî îöiíêó (4.15) âèêîðèñòîâóþ÷è ìåòîä ìàòåìà-

òè÷íî¨ iíäóêöi¨ çà ðîçìiðíiñòþ N ÃËÄ ñïåöiàëüíîãî âèãëÿäó (4.5).

Ïðè N = 1 äðiá (4.5) âèðîäæó¹òüñÿ ó íåïåðåðâíèé äðiá

b0 +
1

b1 +

1

b11 +

1

b111 + . . .
. (4.17)

Íåõàé fk, k ≥ 0, � éîãî k-èé ïiäõiäíèé äðiá. Iç óìîâè (4.13) âèïëèâà¹ âèêî-

íàííÿ óìîâ òåîðåìè 1.6 äëÿ äðîáó (4.17). ßê íàñëiäîê öi¹¨ òåîðåìè îòðèìó¹ìî

îöiíêó:

|fm − fn| ≤
1

dn+1
<

1

µn
, m > n,

äå

µn =
<(b1)

2 + <(b1)
cos θ ln

(
1 + (<(b1))

2 min

{
1,

1

|b1|2

}
cos θ

n∑
k=1

∣∣b1[k]∣∣
)
, n ≥ 1.

Î÷åâèäíî, ùî
<(b1)

2 + <(b1)
≥ δ

2 + δ
.

Âðàõîâóþ÷è óìîâè (4.13), (4.14), ìà¹ìî

(<(b1))
2 min

{
1,

1

|b1|2

}
= min

{
(<(b1))

2 , cos2 (arg b1)
}
≥ min

{
δ2, cos2 θ

}
i

n∑
k=1

∣∣b1[k]∣∣ ≥ n∑
k=1

δ

kβ
≥ δ

∫ n+1

1

dx

xβ
= δ · (n+ 1)1−β − 1

1− β
,

îñêiëüêè ôóíêöiÿ f(x) =
1

xβ
ìîíîòîííî ñïàäà¹ ïðè x > 0.

Îòæå,

|fm − fn| <
2 + δ

δ cos θ

1

ln

(
1 +

α

1− β

(
(n+ 1)1−β − 1

)) , m ≥ n+ 1,

Òîáòî âèêîíó¹òüñÿ íåðiâíiñòü (4.15) ïðè N = 1, òóò M1 =
2 + δ

δ cos θ
K1, K1 = 1.

Ïðèïóñòèìî, ùî âèêîíó¹òüñÿ îöiíêà (4.15) äëÿ ÃËÄ ðîçìiðíîñòi N, N =

r − 1. Äîâåäåìî, ùî âîíà ñïðàâäæó¹òüñÿ äëÿ N = r. Ðîçãëÿíåìî r-âèìiðíèé
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ÃËÄ ñïåöiàëüíîãî âèãëÿäó (4.5), äå i0 = r. Çàïèøåìî éîãî n-é ïiäõiäíèé äðiá

ó âèãëÿäi

fn = b
(r−1,n)
0 +

n

D
k=1

1

b
(r−1,n−k)
r[k]

, n ≥ 1,

äå

b
(r−1,n)
0 = b0 +

n

D
l=1

il−1∑
il=1

1

bi(l)
, b

(r−1,0)
r[n] = br[n], b

(r−1,n−k)
r[k] = br[k] +

n−k

D
l=1

il−1∑
il=1

1

br[k],i(l)

� ïiäõiäíi äðîáè âiäïîâiäíèõ (r− 1)-âèìiðíèõ ÃËÄ, ùî âõîäÿòü â ñòðóêòóðó

n-ãî ïiäõiäíîãî äðîáó ÃËÄ (4.5), k = 1, 2, . . . , n− 1, i0 = r − 1.

Çàïèøåìî íåðiâíiñòü òðèêóòíèêà

|fm − frn| ≤
∣∣∣fm − f̂n∣∣∣+

∣∣∣frn − f̂n∣∣∣ , m ≥ rn,

äå

f̂n = b
(r−1)
0 +

n

D
k=1

1

b
(r−1)
r[k]

� n-é ïiäõiäíèé äðiá íåïåðåðâíîãî äðîáó, óòâîðåíîãî â ðåçóëüòàòi çãîðòàííÿ

âñiõ (r − 1)-âèìiðíèõ ÃËÄ ó äðîái (4.5), òîáòî

b
(r−1)
0 = b0 +

∞

D
l=1

il−1∑
il=1

1

bi(l)
, b

(r−1)
r[k] = br[k] +

∞

D
l=1

il−1∑
il=1

1

br[k],i(l)
, (4.18)

i0 = r − 1, k = 1, 2, . . . , n.

Öi äðîáè ¹ çáiæíèìè çãiäíî ç àíàëîãîì îçíàêè çáiæíîñòi íåïåðåðâíèõ äðîáiâ

Âàí Ôëåêà äëÿ ÃËÄ ñïåöiàëüíîãî âèãëÿäó (òåîðåìà 4.1).

Îöiíèìî âåëè÷èíè
∣∣∣fp − f̂n∣∣∣ , p ≥ rn.

Ðîçãëÿíåìî ñêií÷åííèé íåïåðåðâíèé äðiá âèãëÿäó

hp,n = b
(r−1)
0 +

1

b
(r−1)
r[1]

+ · · ·+
1

b
(r−1)
r[n]

+

1

b
(r−1,p−n−1)
r[n+1]

+ · · ·+
1

b
(r−1,0)
r[p]

,

ç åëåìåíòàìè, ùî âèçíà÷àþòüñÿ çà ôîðìóëàìè, (4.18). Î÷åâèäíî, ùî∣∣∣fp − f̂n∣∣∣ ≤ |fp − hp,n|+ ∣∣∣hp,n − f̂n∣∣∣ . (4.19)
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Îöiíèìî çâåðõó êîæåí iç äîäàíêiâ ïðàâî¨ ÷àñòèíè íåðiâíîñòi (4.19). Àíà-

ëîãi÷íî äî òîãî, ÿê áóëà âñòàíîâëåíà îöiíêà (3.46) äëÿ íåïåðåðâíèõ äðîáiâ,

åëåìåíòàìè ÿêèõ áóëè çíà÷åííÿ ñêií÷åííèõ àáî íåñêií÷åííèõ íåïåðåðâíèõ

äðîáiâ, âñòàíîâëþ¹òüñÿ ïîäiáíà îöiíêà äëÿ íåïåðåðâíèõ äðîáiâ åëåìåíòàìè

ÿêèõ çíà÷åííÿ (r − 1)-âèìiðíèõ ñêií÷åííèõ àáî íåñêií÷åííèõ ÃËÄ ñïåöiàëü-

íîãî âèãëÿäó

|fp − hp,n| ≤
∣∣∣b(r−1)0 − b(r−1,p)0

∣∣∣+
n∑
k=1

∣∣∣b(r−1)r[k] − b
(r−1,p−k)
r[k]

∣∣∣
k∏
s=1

∣∣∣Q̃(p)
r[s]Q

(p)
r[s]

∣∣∣ , (4.20)

äå Q̃(p)
r[s], Q

(p)
r[s] � s-òi çàëèøêè íåïåðåðâíèõ äðîáiâ hp,n i fp, âiäïîâiäíî, s = 1, k.

Ðîçãëÿíåìî äîáóòêè â çíàìåííèêàõ îñòàííüîãî ñïiââiäíîøåííÿ. ßêùî k =

2l, l ≥ 1, òî

2l∏
s=1

∣∣∣Q̃(p)
r[s]Q

(p)
r[s]

∣∣∣ =
l∏

s=1

(∣∣∣Q̃(p)
r[2s−1]Q̃

(p)
r[2s]

∣∣∣ · ∣∣∣Q(p)
r[2s−1]Q

(p)
r[2s]

∣∣∣) .
Âðàõîâóþ÷è, ùî

<(b
(r−1)
r[k] ) = <(br[k]) + <(

∞

D
l=1

il−1∑
il=1

1

br[k],i(l)
) > <(br[k]) ≥ δ, k = 1, n,

îöiíèìî êîæåí ç ìíîæíèêiâ äîáóòêó îêðåìî

∣∣∣Q̃(p)
r[2s−1]Q̃

(p)
r[2s]

∣∣∣ =

∣∣∣∣∣∣Q̃(p)
r[2s]

b(r−1)r[2s−1] +
1

Q̃
(p)
r[2s]

∣∣∣∣∣∣ ≥ <
(
b
(r−1)
r[2s−1]Q̃

(p)
r[2s] + 1

)
=

= <

b(r−1)r[2s−1]

b(r−1)r[2s] +
1

Q̃
(p)
r[2s+1]

+ 1 ≥ <
(
br[2s−1]br[2s]

)
+ 1 ≥ δ2 cos 2θ + 1.

Äëÿ ìíîæíèêiâ
∣∣∣Q(p)

r[2s−1]Q
(p)
r[2s]

∣∣∣ , s = 1, l, âñòàíîâëþ¹òüñÿ àíàëîãi÷íà îöiíêà.

Òàêèì ÷èíîì,
2l∏
s=1

∣∣∣Q̃(p)
r[s]Q

(p)
r[s]

∣∣∣ ≥ (δ2 cos 2θ + 1
)2l
.
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ßêùî k = 2l + 1, l ≥ 1, òî

2l+1∏
s=1

∣∣∣Q̃(p)
r[s]Q

(p)
r[s]

∣∣∣ =
∣∣∣Q̃(p)

r[1]Q
(p)
r[1]

∣∣∣ l∏
s=1

(∣∣∣Q̃(p)
r[2s]Q̃

(p)
r[2s+1]

∣∣∣ · ∣∣∣Q(p)
r[2s]Q

(p)
r[2s+1]

∣∣∣) ≥
≥
(
<
(
br[1]
))2 l∏

s=1

(
<
(
br[2s]br[2s+1]

)
+ 1
)2 ≥ δ2

(
δ2 cos 2θ + 1

)2l
.

Îòæå,

k∏
s=1

∣∣∣Q̃(p)
r[s]Q

(p)
r[s]

∣∣∣ ≥ δ1−(−1)
k (
δ2 cos 2θ + 1

)2[k2 ] , 1 ≤ k ≤ n,

äå
[
k

2

]
� öiëà ÷àñòèíà

k

2
, áî, êðiì òîãî, ïðè k = 1

∣∣∣Q̃(p)
r Q

(p)
r

∣∣∣ ≥ δ2.

Îöiíèìî âåëè÷èíè ÷èñåëüíèêiâ
∣∣∣b(r−1)r[k] − b

(r−1,p−k)
r[k]

∣∣∣, 1 ≤ k ≤ n, íåðiâíîñòi

(4.20). Îñêiëüêè çà ïðèïóùåííÿì iíäóêöi¨ òâåðäæåííÿ òåîðåìè ñïðàâåäëèâå,

äëÿ (r − 1)-âèìiðíèõ ÃËÄ ñïåöiàëüíîãî âèãëÿäó, ùî çàäîâîëüíÿþòü óìîâè

òåîðåìè, òî âèêîíóþòüñÿ íåðiâíîñòi∣∣∣b(r−1,p−k)r[k] − b(r−1,(r−1)n)r[k]

∣∣∣ < 2 + δ

δ cos θ

Kr−1

ln

(
1 +

α

1− β

(
(n+ 1)1−β − 1

)) ,
ÿê îöiíêà ðiçíèöi ìiæ (p − k)-ì i ((r − 1)n)-ì ïiäõiäíèìè äðîáàìè (r − 1)-

âèìiðíîãî ÃËÄ ñïåöiàëüíîãî âèãëÿäó, k = 1, 2, . . . , n; p− k ≥ (r − 1)n. Çäié-

ñíèâøè â îñòàííié íåðiâíîñòi ãðàíè÷íèé ïåðåõiä ïðè p → ∞, âðàõîâóþ÷è

ôàêò çáiæíîñòi óñiõ (r− 1)-âèìiðíèõ ÃËÄ ñïåöiàëüíîãî âèãëÿäó, ùî âõîäÿòü

ó ñòðóêòóðó ÃËÄ (4.5), ìà¹ìî∣∣∣b(r−1)r[k] − b
((r−1),(r−1)n)
r[k]

∣∣∣ ≤ 2 + δ

δ cos θ

Kr−1

ln

(
1 +

α

1− β

(
(n+ 1)1−β − 1

)) , k = 1, 2, . . . , n.

Òàêèì ÷èíîì, áåðó÷è äî óâàãè íåðiâíiñòü∣∣∣b(r−1)r[k] − b
(r−1,p−k)
r[k]

∣∣∣ ≤ ∣∣∣b(r−1)r[k] − b
((r−1),(r−1)n)
r[k]

∣∣∣+
∣∣∣b(r−1,p−k)r[k] − b((r−1),(r−1)n)r[k]

∣∣∣ ,
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îòðèìó¹ìî∣∣∣b(r−1)r[k] − b
(1,p−k)
r[k]

∣∣∣ < 2 + δ

δ cos θ

2Kr−1

ln

(
1 +

α

1− β

(
(n+ 1)1−β − 1

)) ,
äå k = 1, 2, . . . , n, p ≥ rn. Àíàëîãi÷íà îöiíêà ñïðàâäæó¹òüñÿ i äëÿ ïåðøîãî

äîäàíêó ïðàâî¨ ÷àñòèíè íåðiâíîñòi (4.20).

Òàêèì ÷èíîì,

|fp − hp,n| <
2 + δ

δ cos θ

2Kr−1

ln

(
1 +

α

1− β

(
(n+ 1)1−β − 1

)) ·
(

1 +
1

δ2
+

1

(δ2 cos θ + 1)2
+

1

δ2 (δ2 cos θ + 1)2
+ · · ·+ 1

δ1−(−1)n (δ2 cos 2θ + 1)2[
n
2 ]

)
<

<
2 + δ

δ cos θ

2Kr−1

ln

(
1 +

α

1− β

(
(n+ 1)1−β − 1

)) ·(1 +
1

δ2

)
·
∞∑
k=0

(
δ2 cos 2θ + 1

)−2k
=

=
(2 + δ)

δ cos θ

2Kr−1A

ln

(
1 +

α

1− β

(
(n+ 1)1−β − 1

)) , p ≥ rn,

äå A âèçíà÷à¹òüñÿ çà ôîðìóëîþ (4.16).

Âèêîðèñòîâóþ÷è òåîðåìó 1.6, îöiíèìî äðóãèé äîäàíîê ó ïðàâié ÷àñòèíi

íåðiâíîñòi (4.19)
∣∣∣hp,n − f̂n∣∣∣, ùî ¹ ðiçíèöåþ ïiäõiäíèõ äðîáiâ äåÿêîãî íåïå-

ðåðâíîãî äðîáó iç åëåìåíòàìè, ùî íàëåæàòü îáëàñòi (1.8). Çà àíàëîãi¹þ ç

(1.9), ìà¹ìî ∣∣∣hp,n − f̂n∣∣∣ ≤ 1

νn
, n ≥ 1,

äå

νn =
<
(
b
(r−1)
r

)
2 + <

(
b
(r−1)
r

) cos θ×

× ln

1 +
(
<
(
b(r−1)r

))2
min

1,
1∣∣∣b(r−1)r

∣∣∣2
 cos θ

n∑
s=1

∣∣∣b(r−1)r[s]

∣∣∣
.
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Îñêiëüêè <
(
b
(r−1)
r[k]

)
≥ δ, k = 1, 2, . . . , òî, ïðîâîäÿ÷è àíàëîãi÷íi ìiðêóâàííÿ

ÿê ïðè äîâåäåííi âèïàäêó N = 1, ìà¹ìî

νn ≥
δ cos θ

2 + δ
ln (1 + αn) , n ≥ 1.

Òîäi ∣∣∣hp,n − f̂n∣∣∣ < (2 + δ)

δ cos θ

1

ln (1 + αn)
.

Ç óðàõóâàííÿì îöiíîê äîäàíêiâ ïðàâî¨ ÷àñòèíè íåðiâíîñòi (4.19), îòðèìó-

¹ìî ∣∣∣fp − f̂n∣∣∣ < 2 + δ

δ cos θ
· 2Kr−1A+ 1

ln

(
1 +

α

1− β

(
(n+ 1)1−β − 1

)) , p ≥ rn,

îñêiëüêè ïðè çàäàíèõ îáìåæåííÿõ íà β
(

0 ≤ β ≤ 1

2

)
n ≥ 1

1− β

(
(n+ 1)1−β − 1

)
.

Äëÿ m ≥ rn, âçÿâøè ó ïîïåðåäíié íåðiâíîñòi p = m, p = rn, ìà¹ìî

|fm − frn| ≤
∣∣∣fm − f̂n∣∣∣+

∣∣∣frn − f̂n∣∣∣ <
<

2 + δ

δ cos θ

2 (2Kr−1A+ 1)

ln

(
1 +

α

1− β

(
(n+ 1)1−β − 1

)) =

=
Mr

ln

(
1 +

α

1− β

(
(n+ 1)1−β − 1

)) ,
äå

Mr =
(2 + δ)

δ cos θ
·Kr, Kr = 2 (2Kr−1A+ 1) .

Îòæå, äëÿ ïiäõiäíèõ äðîáiâ fk N -âèìiðíèõ ÃËÄ (4.5), äå N � äîâiëüíå

ôiêñîâàíå íàòóðàëüíå ÷èñëî, ñïðàâäæó¹òüñÿ îöiíêà

|fm − fNn| <
2 + δ

δ cos θ

KN

ln

(
1 +

α

1− β

(
(n+ 1)1−β − 1

)) , m ≥ Nn.
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Çàóâàæåííÿ 4.1 Òâåðäæåííÿ òåîðåìè 4.4 çàëèøà¹òüñÿ ïðàâèëüíèì,

ÿêùî óìîâè (4.13) çàìiíèòè óìîâàìè:

∣∣arg bi(k)
∣∣ ≤ θ, θ <

π

2
, i(k) ∈ I,

i  =
(
bi(2l)

)
≥ 0,

=
(
bi(2l−1)

)
≤ 0,

àáî  =
(
bi(2l)

)
≤ 0,

=
(
bi(2l−1)

)
≥ 0,

l = 1, 2, . . . , i(2l) ∈ I.

Ïîêëàäàþ÷è ó ôîðìóëþâàííi òåîðåìè 4.4 β = 0, îòðèìó¹ìî íàñòóïíèé

ðåçóëüòàò.

Íàñëiäîê 4.1 Íåõàé åëåìåíòè ÃËÄ ñïåöiàëüíîãî âèãëÿäó (4.5) çàäîâîëü-

íÿþòü óìîâè:

<(bi(k)) ≥ δ, 0 < δ < 1,
∣∣arg bi(k)

∣∣ < θ, θ ≤ π

4
, i(k) ∈ I.

Òîäi ÃËÄ (4.5) çáiãà¹òüñÿ i ñïðàâäæó¹òüñÿ îöiíêà øâèäêîñòi çáiæíîñòi

|fm − fNn| <
MN

ln (1 + αn)
, m ≥ Nn,

äå MN i α � äåÿêi äîäàòíi ñòàëi, ùî íå çàëåæàòü âiä n i m.

4.3. Îöiíêà øâèäêîñòi çáiæíîñòi ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ ñïå-

öiàëüíîãî âèãëÿäó ó ñïàðåíèõ êóòîâèõ ìíîæèíàõ

Òåîðåìà 4.5 Íåõàé åëåìåíòè ÃËÄ

b0 +
∞

D
k=1

ik−1∑
ik=1

ai(k)
bi(k)

(4.21)
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çàäîâîëüíÿþòü óìîâè

=
(
bi(2p−1)

)
≥ 0, =

(
bi(2p)

)
≤ 0, i(2p) ∈ I, (4.22)

<
(
bi(k)

)
≥ δ, i(k) ∈ I, (4.23)

0 < ai(k) ≤M, i(k) ∈ I, (4.24)

äå δ,M � äåÿêi äîäàòíi ñòàëi. Òîäi ÃËÄ (4.21) çáiãà¹òüñÿ i äëÿ øâèäêîñòi

çáiæíîñòi ñïðàâäæó¹òüñÿ îöiíêà

|fm − fNn| < DN

(√
δ2 + 4M − δ√
δ2 + 4M + δ

)n

, m ≥ Nn, (4.25)

äå DN � äîäàòíà ñòàëà, ùî íå çàëåæèòü âiä m i n, ÿêà âèçíà÷à¹òüñÿ çãiäíî

ç ðåêóðåíòíèì ñïiââiäíîøåííÿì

D1 =
2M

δ
, Dr = 4

(
Dr−1S +

M

δ

)
, r = 2, 3, . . . , N,

S = 1 +
M
√
M 2 + δ4

δ2
(√

M 2 + δ4 −M
) . (4.26)

Ä î â å ä å í í ÿ. Çi ñïiââiäíîøåíü (4.22)�(4.24) âèïëèâà¹, ùî åëåìåíòè

ÃËÄ (4.21) çàäîâîëüíÿþòü óìîâè òåîðåìè 1.16. Îòæå, ÃËÄ (4.21) çáiãà¹òüñÿ.

Äîâåäåííÿ îöiíêè (4.25) ïðîâåäåìî, âèêîðèñòîâóþ÷è ìåòîä ìàòè÷íî¨ ií-

äóêöi¨ çà âèìiðíiñòþ ÃËÄ ñïåöiàëüíîãî âèãëÿäó.

Íåõàé N = 1. Òîäi ÃËÄ (4.21) âèðîäæó¹òüñÿ ó íåïåðåðâíèé äðiá

b0 +
a1
b1 +

a1[2]
b1[2] + · · ·+

a1[k]
b1[k] + . . .

,

äëÿ åëåìåíòiâ ÿêîãî âèêîíóþòüñÿ óìîâè (4.23) i (4.24). Öåé íåïåðåðâíèé äðiá

çàäîâîëüíÿ¹ óìîâè òåîðåìè 1.7, çãiäíî ÿêî¨

|fm − fn| < 2α1

n+1∏
k=1

√
1 + 4αk − 1√
1 + 4αk + 1

, m ≥ n,

äå α1 =
a1
<(b1)

, αk =
a1[k]

<(b1[k])<(b1[k−1])
, k = 2, 3, . . . , n+ 1. Îñêiëüêè

α1 ≤
M

δ
, αk ≤

M

δ2
, k = 2, 3, . . . , n+ 1,
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i ôóíêöiÿ

f(x) =

√
1 + 4x− 1√
1 + 4x+ 1

ìîíîòîííî çðîñòà¹ ïðè x > 0, òî

n+1∏
k=1

√
1 + 4αk − 1√
1 + 4αk + 1

≤

(√
δ2 + 4M − δ√
δ2 + 4M + δ

)n

.

Òàêèì ÷èíîì, âðàõîâóþ÷è ïîçíà÷åííÿ (4.26), ìà¹ìî

|fm − fn| < D1ρ
n, m ≥ n,

äå

ρ =

√
δ2 + 4M − δ√
δ2 + 4M + δ

. (4.27)

Ïðèïóñòèìî, ùî îöiíêà (4.25) âèêîíó¹òüñÿ äëÿ äîâiëüíèõ (r−1)-âèìiðíèõ

ÃËÄ (4.21), r > 3, åëåìåíòè ÿêèõ çàäîâîëüíÿþòü óìîâè (4.22)-(4.24), òîáòî∣∣fm − f(r−1)n∣∣ < Dr−1ρ
n, m ≥ (r − 1)n, n = 1, 2, ... .

Äîâåäåìî, ùî âèêîíó¹òüñÿ îöiíêà (4.25) ïðè N = r, òîáòî äëÿ ÃËÄ

b0 +
r∑

i1=1

ai(1)
bi(1) +

∞

D
k=2

ik−1∑
ik=1

ai(k)
bi(k)

. (4.28)

Éîãî q-é ïiäõiäíèé äðiá ìîæíà çàïèñàòè ó âèãëÿäi

fq = b
(r−1,q)
0 +

q

D
k=1

br[k]

a
(r−1,q−k)
r[k]

, q ≥ 1, (4.29)

äå

b
(r−1,q)
0 = b0 +

q

D
l=1

il−1∑
il=1

ai(l)
bi(l)

, b
(r−1,0)
r[q] = br[q], b

(r−1,q−k)
r[k] = br[k] +

q−k

D
l=1

il−1∑
il=1

ar[k],i(l)
br[k],i(l)

,

(4.30)

k = 1, 2, . . . , q − 1, i0 = r − 1,

� ïiäõiäíi äðîáè âñåìîæëèâèõ (r−1)-âèìiðíèõ ÃËÄ, ùî âõîäÿòü ó ñòðóêòóðó

ÃËÄ (4.28).
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Äëÿ ïiäõiäíèõ äðîáiâ ÃËÄ (4.28) çàïèøåìî íåðiâíiñòü òðèêóòíèêà

|fm − frn| ≤
∣∣∣fm − f̂n∣∣∣+

∣∣∣frn − f̂n∣∣∣ , m ≥ rn, (4.31)

äå

f̂n = b
(r−1)
0 +

n

D
k=1

ar[k]

b
(r−1)
r[k]

, n ≥ 1,

� n-é ïiäõiäíèé äðiá íåïåðåðâíîãî äðîáó, óòâîðåíîãî â ðåçóëüòàòi çãîðòàííÿ

âñiõ (r − 1)-âèìiðíèõ ÃËÄ, ç ÿêèõ ñêëàäà¹òüñÿ ÃËÄ (4.28), òîáòî

b
(r−1)
0 = b0 +

∞

D
l=1

il−1∑
il=1

ai(l)
bi(l)

, b
(r−1)
r[k] = br[k] +

∞

D
l=1

il−1∑
il=1

ar[k],i(l)
br[k],i(l)

, (4.32)

k = 1, 2, . . . , n; i0 = r − 1.

ÃËÄ (4.32) ¹ çáiæíèìè, îñêiëüêè äëÿ íèõ âèêîíóþòüñÿ óìîâè òåîðåìè 1.16.

Òàêèì ÷èíîì, çàïðîïîíîâàíi ïîçíà÷åííÿ ìàþòü çìiñò.

Äëÿ îöiíêè âåëè÷èíè
∣∣∣fp − f̂n∣∣∣ , p ≥ rn, ó ïðàâié ÷àñòèíi íåðiâíîñòi (4.32)

ðîçãëÿíåìî ñêií÷åííèé íåïåðåðâíèé äðiá

gp,n = b
(r−1)
0 +

ar[1]

b
(r−1)
r[1]

+ · · ·+
ar[n]

b
(r−1)
r[n]

+

ar[n+1]

b
(r−1,p−n−1)
r[n+1]

+ · · ·+
br[p]

b
(r−1,0)
r[p]

,

åëåìåíòè ÿêîãî âèçíà÷àþòüñÿ ç óðàõóâàííÿì ïîçíà÷åíü (4.30), (4.32).

Î÷åâèäíî, ùî ∣∣∣fp − f̂n∣∣∣ ≤ |fp − gp,n|+ ∣∣∣gp,n − f̂n∣∣∣ . (4.33)

Âñòàíîâèìî îöiíêó çâåðõó äëÿ êîæíîãî ç äîäàíêiâ ïðàâî¨ ÷àñòèíè öi¹¨ íåðiâ-

íîñòi. Íåõàé Q(p)
r[s],Q̂

(p)
r[s] ,s = 1, 2, . . . , p , � çàëèøêè íåïåðåðâíèõ äðîáiâ fp òà

gp,n, âiäïîâiäíî,

Q
(p)
r[p] = b

(r−1,0)
r[p] , Q

(p)
r[s] = b

(r−1,p−s)
r[s] +

ar[s]

Q
(p)
r[s+1]

, s = 1, 2, . . . , p− 1;

Q̂
(p)
r[s] =


b
(r−1)
r[s] +

ar[s+1]

Q̂
(p)
r[s+1]

, s = 1, 2, . . . , n,

Q
(p)
r[s], s = n+ 1, n+ 2, . . . , p.
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Âèêîðèñòîâóþ÷è ìiðêóâàííÿ, ùî áóëè íàâåäåíi ïðè äîâåäåííi íåðiâíîñòi

(3.46), ìà¹ìî

|fp − gp,n| ≤
∣∣∣b(r−1,p)0 − b(r−1)0

∣∣∣+
n∑
k=1

∣∣∣b(r−1,p−k)r[k] − b(r−1)r[k]

∣∣∣
k∏
s=1

∣∣∣Q̂(p)
r[s]Q

(p)
r[s]

∣∣∣ ar[1]ar[2] . . . ar[k]. (4.34)

Îöiíèìî âåëè÷èíè ∣∣∣b(r−1,p−k)r[k] − b(r−1)r[k]

∣∣∣ , 1 ≤ k ≤ n,

ÿê ìîäóëi ðiçíèöi ìiæ çíà÷åííÿìè (r − 1)-âèìiðíîãî ÃËÄ ñïåöiàëüíîãî âè-

ãëÿäó i éîãî (p − k)-ì ïiäõiäíèì äðîáîì, p − k ≥ (r − 1)n. Âðàõîâóþ÷è

ïðèïóùåííÿ iíäóêöi¨, ïîçíà÷åííÿ (4.27), à òàêîæ òå, ùî åëåìåíòè ÃËÄ (4.32)

çàäîâîëüíÿþòü óìîâè òåîðåìè, îòðèìà¹ìî∣∣∣b(r−1,p−k)r[k] − b(r−1,(r−1)n)r[k]

∣∣∣ ≤ Dr−1ρ
n, p ≥ rn, k = 1, 2, . . . , n.

Çäiéñíèâøè ãðàíè÷íèé ïåðåõiä, ïðè p→∞, îòðèìó¹ìî∣∣∣b(r−1)r[k] − b
(r−1,(r−1)n)
r[k]

∣∣∣ ≤ Dr−1ρ
n, n ≥ 1.

Îòæå, äëÿ p ≥ rn, k = 1, 2, . . . , n,, ìà¹ìî∣∣∣b(r−1,p−k)r[k] − b(r−1)r[k]

∣∣∣ ≤ ∣∣∣b(r−1,p−k)r[k] − b(r−1,(r−1)n)r[k]

∣∣∣+∣∣∣b(r−1)r[k] − b
(r−1,(r−1)n)
r[k]

∣∣∣ ≤ 2Dr−1ρ
n.

Àíàëîãi÷íî äëÿ ïåðøîãî äîäàíêà ïðàâî¨ ÷àñòèíè íåðiâíîñòi (4.34) ìà¹ìî∣∣∣b(r−1,p)0 − b(r−1)0

∣∣∣ ≤ 2Dr−1ρ
n, p ≥ rn.

Ðîçãëÿíåìî äîáóòêè
k∏
s=1

ar[s]∣∣∣Q̂(p)
r[s]Q

(p)
r[s]

∣∣∣
ó íåðiâíîñòi (4.34). ßêùî k = 1, òî, âðàõîâóþ÷è, ùî <

(
Q

(p)
r

)
≥ δ, <

(
Q̂

(p)
r

)
≥

δ, ìà¹ìî
ar∣∣∣Q̂(p)

r Q
(p)
r

∣∣∣ ≤ M

δ2
.
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ßêùî k = 2l + 1, l ≥ 1, òîäi ìà¹ìî

2l+1∏
s=1

ar[s]∣∣∣Q̂(p)
r[s]Q

(p)
r[s]

∣∣∣ =
ar∣∣∣Q̂(p)

r Q
(p)
r[2l+1]

∣∣∣
l∏

s=1

ar[2s+1]∣∣∣Q̂(p)
r[2s]Q̂

(p)
r[2s+1]

∣∣∣
l∏

s=1

ar[2s]∣∣∣Q(p)
r[2s−1]Q

(p)
r[2s]

∣∣∣ .
Iç âèêîíàííÿ äëÿ åëåìåíòiâ ÃËÄ (4.21) óìîâ (4.22)-(4.24) âèïëèâà¹, ùî äëÿ

åëåìåíòiâ (4.30) i (4.32) íåïåðåðâíèõ äðîáiâ (4.29) i (4.31) óìîâè (1.26) i (1.27)

òåîðåìè 1.16 âèêîíóþòüñÿ ïðè L =
M

δ2
. Òîìó äëÿ äðîáiâ gp,n i fn ñïðàâäæó¹-

òüñÿ îöiíêà (1.28), äå
L2

L2 + 1
=

M 2

M 2 + δ4
.

Òîäi
ar[2s+1]∣∣∣Q̂(p)

r[2s]Q̂
(p)
r[2s+1]

∣∣∣ ≤ τ,
ar[2s]∣∣∣Q(p)

r[2s+1]Q
(p)
r[2s]

∣∣∣ ≤ τ, s = 1, 2, . . . , (4.35)

äå τ =
M√

M 2 + δ4
.

Òîìó
2l+1∏
s=1

a2[s]∣∣∣Q̂(p)
2[s]Q̂

(p)
2[s]

∣∣∣ ≤ M

δ2
τ 2l.

ßêùî k = 2l, l ≥ 1, òî âðàõîâóþ÷è (4.35), îòðèìó¹ìî

2l∏
s=1

ar[s]∣∣∣Q̂(p)
r[s]Q

(p)
r[s]

∣∣∣ =
ar∣∣∣Q̂(p)

r Q
(p)
r[2l]

∣∣∣
l−1∏
s=1

ar[2s+1]∣∣∣Q̂(p)
r[2s]Q̂

(p)
r[2s+1]

∣∣∣
l∏

s=1

ar[2s]∣∣∣Q(p)
r[2s+1]Q

(p)
r[2s]

∣∣∣ ≤ M

δ2
τ 2l−1.

Îòæå,
k∏
s=1

ar[s]∣∣∣Q̂(p)
r[s]Q

(p)
r[s]

∣∣∣ < M

δ2
τ k−1. (4.36)

Iç íåðiâíîñòåé (4.34) òà (4.36) ç óðàõóâàííÿì îòðèìàíèõ îöiíîê ìà¹ìî

|fp − gp,n| ≤ 2Dr−1ρ
n

(
1 +

M

δ2
+
M

δ2
τ + . . .

M

δ2
τn−1

)
< 2Dr−1Sρ

n,

äå S âèçíà÷åíî ó ïîçíà÷åííÿõ (4.26).

Îöiíèìî äðóãèé äîäàíîê ó ïðàâié ÷àñòèíi íåðiâíîñòi (4.33), ùî ¹ ìîäóëåì

ðiçíèöi ìiæ n-ì i (n+ 1)-ì ïiäõiäíèìè äðîáàìè äåÿêîãî íåïåðåðâíîãî äðîáó,
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åëåìåíòè ÿêîãî çàäîâîëüíÿþòü óìîâè òåîðåìè 1.7. Òîìó ìà¹ìî

|fp − gp,n| ≤
2M

δ
ρn, p ≥ rn,

äå ρ âèçíà÷à¹òüñÿ çãiäíî iç ïîçíà÷åííÿì (4.27).

Âðàõîâóþ÷è îöiíêè äîäàíêiâ ïðàâî¨ ÷àñòèíè íåðiâíîñòi (4.33), îòðèìó¹ìî∣∣∣fp − f̂n∣∣∣ < 2

(
Dr−1S +

M

δ

)
ρn, p ≥ rn.

Ïîêëàäåìî â îñòàííié íåðiâíîñòi p = m, p = rn. Îñêiëüêè çà óìîâîþ

m ≥ rn, òî

|fm − frn| ≤
∣∣∣fm − f̂n∣∣∣+

∣∣∣frn − f̂n∣∣∣ < Drρ
n, m ≥ rn,

äå Dr âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿìè (4.26).

Çàóâàæåííÿ 4.2 Òâåðäæåííÿ òåîðåìè çàëèøà¹òüñÿ ïðàâèëüíèì, ÿêùî

óìîâó (4.22) çàìiíèòè óìîâîþ

=
(
bi(2p−1)

)
≤ 0, =

(
bi(2p)

)
≥ 0, i(2p) ∈ I.

4.4. Äîñëiäæåííÿ çáiæíîñòi áàãàòîâèìiðíèõ S-äðîáiâ ç íåðiâíî-

çíà÷íèìè çìiííèìè

Ðîçãëÿíåìî ÃËÄ ç íåðiâíîçíà÷íèìè çìiííèìè

b0 +
∞

D
k=1

ik−1∑
ik=1

ci(k)zik
bi(k)

, i0 = N. (4.37)

Òåîðåìà 4.6 ÃËÄ (4.37) ç íåðiâíîçíà÷íèìè çìiííèìè çáiãà¹òüñÿ ó êîæíié

òî÷öi z0 = (z10, z20, . . . , zN0) ∈ CN , ÿêùî âèêîíóþòüñÿ óìîâè

=
(
b∗i(2p−1)

)
≥ 0, =

(
b∗i(2p)

)
≤ 0, i(2p) ∈ I,

àáî

=
(
b∗i(2p−1)

)
≤ 0, =

(
b∗i(2p)

)
≥ 0, i(2p) ∈ I,
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i

<
(
b∗i(k)

)
≥ δ, δ > 0, 0 < ci(k) ≤ c, i (k) ∈ I,

äå

b∗i(k) = bi(k) exp

(
i

k∑
p=1

(−1)k+p−1 arg zip0

)
.

Ñïðàâäæó¹òüñÿ îöiíêà øâèäêîñòi çáiæíîñòi ÃËÄ (4.37) â òî÷öi z0

|fm(z0)− fNn(z0)| < DN

(√
δ2 + 4M − δ√
δ2 + 4M + δ

)n

, m ≥ Nn, (4.38)

äå M = c max
1≤m≤N

|zm0| .

Ä î â å ä å í í ÿ. Çäiéñíèìî åêâiâàëåíòíi ïåðåòâîðåííÿ ÃËÄ (4.37) ïî-

êëàäàþ÷è ó ñïiââiäíîøåííÿõ (1.22)

ρi(k) =
k∏
p=1

(−1)k+p−1 exp
(
i arg zip

)
.

Îòðèìà¹ìî åêâiâàëåíòíèé éîìó ÃËÄ

b0 +
∞

D
k=1

ik−1∑
ik=1

ci(k) |zik|
bi(k)(z)

, (4.39)

äå

bi(k)(z) = bi(k) exp

(
i

k∑
p=1

(−1)k+p−1 arg zip

)
.

Äëÿ åëåìåíòiâ ÃËÄ (4.39) âèêîíóþòüñÿ óìîâè òåîðåìè 4.7. ßê íàñëiäîê, îòðè-

ìà¹ìî îöiíêó (4.38).

Çàóâàæåííÿ 4.3 Ïîñëiäîâíiñòü{
k∑
p=1

(−1)k+p−1 arg zip0

}
i(k)∈I

,

ç óðàõóâàííÿì ñòðóêòóðè ìíîæèíè I, I =

{i(k) = i1i2 . . . ik : 1 ≤ ik ≤ ik−1 ≤ ... ≤ i0; k ≥ 1; i0 = N} . ìiñòèòü 2N

åëåìåíòiâ, äå N � âèìiðíiñòü ÃËÄ. Íàïðèêëàä, ïðè N=2 öå ìíîæèíà

{− arg z10,− arg z20, arg z20,− arg z10, 0} .



129

Ðîçãëÿíåìî áàãàòîâèìiðíèé S-äðiá ç íåðiâíîçíà÷íèìè çìiííèìè âèãëÿäó

d0 +
∞

D
k=1

ik−1∑
ik=1

ci(k)zik
1

, i0 = N. (4.40)

Òåîðåìà 4.7 Íåõàé åëåìåíòè ÃËÄ (4.40) çàäîâîëüíÿþòü óìîâó

0 < ci(k) < c, i(k) ∈ I.

Òîäi ÃËÄ (4.40) ðiâíîìiðíî çáiãà¹òüñÿ íà êîæíîìó êîìïàêòi îáëàñòi

G =
{
z ∈ CN \ {0} : −π

2
< arg zN ≤ arg zN−1 ≤ · · · ≤ arg z1 < 0

}
äî ãîëîìîðôíî¨ ó öié îáëàñòi ôóíêöi¨ i äëÿ øâèäêîñòi çáiæíîñòi ñïðàâäæó-

¹òüñÿ îöiíêà

|fm(z)− fNn(z)| < DN

(√
δ2 + 4M − δ√
δ2 + 4M + δ

)n

, m ≥ Nn, n ≥ 1,

äå

M = c max
z∈K,1≤m≤N

|zm| , δ = cos

(
max
z∈K
|arg zN |

)
,

à ñòàëà DN âèçíà÷à¹òüìÿ çãiäíî iç ñïiââiäíîøåííÿìè (4.26).

Ä î â å ä å í í ÿ. Çäiéñíèâøè åêâiâàëåíòíi ïåðåòâîðåííÿ, çâåäåìî ÃËÄ

(4.40) äî âèãëÿäó

d0 +
∞

D
k=1

ik−1∑
ik=1

ci(k) |zik|
di(k)(z)

(4.41)

äå

di(k)(z) = exp

(
i

k∑
p=1

(−1)k+p−1 arg zip

)
.

Âèêîðèñòîâóþ÷è ñïiââiäíîøåííÿ

di(k)(z) =
1

di(k−1)(z) exp(arg zik)
, k ≥ 2, i(k) ∈ I,

i âðàõîâóþ÷è, ùî z ∈ G, ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ ëåãêî äîâåñòè, ùî

ñïðàâäæóþòüñÿ íåðiâíîñòi

0 < arg di(2s−1)(z) <
π

2
, −π

2
< arg di(2s)(z) ≤ 0, i(2s) ∈ I. (4.42)
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Ñïðàâäi, ïðè s = 1, arg di1 (z) = − arg zi1, òîáòî

0 < arg di1 (z) <
π

2
, i1 = 1, N. (4.43)

Ïðè k = 2, arg di(2) (z) = arg zi1 − arg zi2. Îñêiëüêè i1 ≥ i2 i z ∈ G, òî

arg di(2)(z) ≤ 0. À âðàõîâóþ÷è (4.43), ìà¹ìî arg di(2) (z) = − arg di(1) (z) −

arg zi2 > −
π

2
. Òàêèì ÷èíîì,

−π
2
< arg di(2) (z) ≤ 0, i(2) ∈ I.

Ïðèïóñòèìî, ùî íåðiâíîñòi (4.42) âèêîíóþòüñÿ ïðè s = l, òîáòî

0 < arg di(2l−1)(z) <
π

2
, −π

2
< arg di(2l)(z) ≤ 0.

Äîâåäåìî, ùî âîíè ñïðàâäæóþòüñÿ i ïðè s = l + 1. Íåõàé s = l + 1, òîäi,

âðàõîâóþ÷è, ùî i1 ≥ i2 ≥ · · · ≥ i2s+1 i z ∈ G, ìà¹ìî

arg di(2l+1) (z) = (− arg zi1 + arg zi2)+· · ·+
(
− arg zi2l−1 + arg zi2l

)
−arg zi2l+1

> 0,

îñêiëüêè âèðàçè â äóæêàõ ïðàâî¨ ÷àñòèíè ¹ äîäàòíèìè âåëè÷èíàìè i ñïðàâå-

äëèâà íåðiâíiñòü (4.43). ßêùî çãðóïóâàòè äîäàíêè iíøèì ÷èíîì, îòðèìà¹ìî

arg di(2l+1) (z) = − arg di(2l) (z)− arg zi2l+1
<
π

2
.

Îòæå, äëÿ äîâiëüíèõ z ∈ G, 0 < arg di(2s+1) (z) <
π

2
, i(2s + 1) ∈ I.

Àíàëîãi÷íî äîâîäèòüñÿ íåðiâíiñòü −π
2
< arg di(2s+2) (z) ≤ 0, z ∈ G, i(2s+2) ∈

I.

Òàêèì ÷èíîì, âèêîíóþòüñÿ óìîâè ëåìè 1.1, òîìó äëÿ çàëèøêiâ

Q
(n)
i(k)(z), k = 1, . . . , n, n ≥ 1, n-ãî ïiäõiäíîãî äðîáó ÃËÄ (4.41) ñïðàâäæó-

¹òüñÿ ñïiââiäíîøåííÿ∣∣∣Q(n)
i(k)(z)

∣∣∣ ≥ ∣∣di(k)(z)∣∣ = 1, k = 1, . . . , n, z ∈ G.

Âðàõîâóþ÷è åêâiâàëåíòíiñòü ÃËÄ (4.40) i (4.41), äëÿ n-ãî ïiäõiäíîãî äðîáó

ÃËÄ (4.40) ó êîæíié òî÷öi z ∈ G ìà¹ìî îöiíêó

|fn(z)| ≤ |d0|+
N∑
i1=1

|ci1| |zi1|∣∣∣Q(n)
i1

(z)
∣∣∣ ≤ |d0|+ cN max

1≤m≤N
|zm| .
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Îòæå, fn(z), n ≥ 1, � ãîëîìîðôíi ôóíêöi¨ â îáëàñòi G i ïîñëiäîâíiñòü

{fn(z)} ðiâíîìiðíî îáìåæåíà â îáëàñòi G.

Íåõàé

∆ =
{
z ∈ CN : arg zr = −π

4
, 0 < |zr| < 1, r = 1, . . . , N

}
.

Î÷åâèäíî, ùî ∆ ⊂ G. Äëÿ äîâiëüíîãî z ∈ ∆ i äîâiëüíîãî i(2p), i(2p) ∈ I,

àíàëîãi÷íî ÿê i ïðè äîâåäåííi ñïiââiäíîøåíü (4.42), îòðèìó¹ìî, ùî

arg di(2p−1)(z) =
π

4
, arg di(2p)(z) = 0, p ≥ 1.

Îòæå,

<(di(k)(z)) ≥
√

2

2
,

òîáòî äëÿ åëåìåíòiâ di(k)(z) âèêîíóþòüñÿ óìîâè (4.22) i (4.23). Îñêiëüêè 0 <

ci(k) |zik| ≤ c äëÿ äîâiëüíîãî z ∈ ∆ òî äëÿ äðîáó (4.41) ñïðàâäæó¹òüñÿ óìîâà

(4.24). Îòæå, åëåìåíòè ÃËÄ (4.41) çàäîâîëüíÿþòü óìîâè òåîðåìè 4.5. Òîìó

öåé äðiá i åêâiâàëåíòíèé éîìó ÃËÄ (4.40) çáiãàþòüñÿ íà ìíîæèíi ∆. Òàêèì

÷èíîì, çà òåîðåìîþ 1.18 ôóíêöiîíàëüíèé ÃËÄ (4.40) ðiâíîìiðíî çáiãà¹òüñÿ

íà êîæíîìó êîìïàêòi îáëàñòi G äî ãîëîìîðôíî¨ ôóíêöi¨ â öié îáëàñòi.

Íåõàé K � äîâiëüíèé êîìïàêò îáëàñòi G. Äëÿ êîæíîãî z ∈ K ìà¹ìî

0 < ci(k) |zik| ≤ c max
z∈K,1≤m≤N

|zm| .

Íåõàé α = max
z∈K
|arg zN | . Òîäi âèêîðèñòîâóþ÷è ìåòîä ìàòåìàòè÷íî¨ iíäó-

êöi¨, àíàëîãi÷íî ÿê i ïðè äîâåäåííi ñïiââiäíîøåíü (4.42), ëåãêî ïîêàçàòè, ùî∣∣arg di(k)(z)
∣∣ ≤ α.

Îòæå,

<(di(k)(z)) ≥ cosα, i(k) ∈ I

i òîìó äëÿ ÃËÄ (4.40) âèêîíóþòüñÿ óìîâè òåîðåìè 4.5, ÿêùî z ∈ K. Îòæå,

|fm(z)− fNn(z)| < DN

(√
δ2 + 4M − δ√
δ2 + 4M + δ

)n

, m ≥ Nn, n ≥ 1,
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äå

z ∈ K,M = c max
z∈K,1≤m≤N

|zm| , δ = cos
(

max
z

|arg zN |
)
,

à ñòàëà DN âèçíà÷à¹òüìÿ çãiäíî iç ñïiââiäíîøåííÿìè (4.26).

Çàóâàæåííÿ 4.4 Òâåðäæåííÿ òåîðåìè 4.7 çàëèøà¹òüñÿ ïðàâèëüíèì,

ÿêùî îáëàñòü G çàìiíèòè îáëàñòþ

G =
{
z ∈ CN \ {0} : 0 < arg z1 ≤ arg z2 ≤ · · · ≤ arg zN <

π

2

}
.

Âèñíîâêè äî ðîçäiëó 4. Öåé ðîçäië ïðèñâÿ÷åíèé äîñëiäæåííþ çáiæíî-

ñòi ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ ñïåöiàëüíîãî âèãëÿäó ó êóòîâèõ îáëàñòÿõ.

Ó ðåçóëüòàòi äîñëiäæåíü âñòàíîâëåíî äîñòàòíþ îçíàêó çáiæíîñòi ãiëëÿ-

ñòèõ ëàíöþãîâèõ äðîáiâ ñïåöiàëüíîãî âèãëÿäó ç ÷àñòèííèìè ÷èñåëüíèêàìè

ðiâíèìè îäèíèöi i êîìïëåêñíèìè ÷àñòèííèìè çíàìåííèêàìè, ÿêà ¹ àíàëîãîì

òåîðåìè Âàí Ôëåêà.

Îòðèìàíî îöiíêè øâèäêîñòi çáiæíîñòi ó ðiçíèõ ÷àñòèíàõ êóòîâèõ îáëà-

ñòåé, çîêðåìà, êîëè ÷àñòèííi çíàìåííèêè çàäîâîëüíÿþòü ïåâíi ñïiââiäíîøå-

ííÿ, ùî íåÿâíî âiääàëÿþòü ¨õ âiä ïî÷àòêó êîîðäèíàò, êîëè ÷àñòèííi çíàìåí-

íèêè ðiâíîìiðíî âiääàëåíi âiä ïî÷àòêó êîîðäèíàò, êîëè äåÿêi åëåìåíòè ãiëëÿ-

ñòîãî ëàíöþãîâîãî äðîáó ïðÿìóþòü äî íóëÿ iç çàäàíîþ øâèäêiñòþ.

Âñòàíîâëåíî îöiíêè øâèäêîñòi çáiæíîñòi ãiëëÿñòîãî ëàíöþãîâîãî äðîáó

ñïåöiàëüíîãî âèãëÿäó ó âèïàäêó äiéñíèõ äîäàòíèõ ÷àñòèííèõ ÷èñåëüíèêiâ i

÷àñòèííèõ çíàìåííèêiâ âçÿòèõ iç ñïàðåíèõ êóòîâèõ ìíîæèí.

Âèêîðèñòîâóþ÷è îöiíêè øâèäêîñòi çáiæíîñòi ãiëëÿñòèõ ëàíöþãîâèõ äðî-

áiâ ñïåöiàëüíîãî âèãëÿäó îòðèìàíî îöiíêè øâèäêîñòi çáiæíîñòi áàãàòîâèìið-

íèõ S-äðîáiâ ç íåðiâíîçíà÷íèìè çìiííèìè.

Ðåçóëüòàòè, íàâåäåíi ó öüîìó ðîçäiëi, îïóáëiêîâàíi â òàêèõ ïðàöÿõ: [14,15,

18�23,26�28,106,112].
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ÂÈÑÍÎÂÊÈ

Äèñåðòàöiéíà ðîáîòà ïðèñâÿ÷åíà äîñëiäæåííþ íåîáìåæåíèõ ìíîæèí

óìîâíî¨ çáiæíîñòi ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ ñïåöiàëüíîãî âèãëÿäó, çîêðå-

ìà, äîñëiäæåííþ óìîâ çáiæíîñòi òà âñòàíîâëåííþ îöiíîê ïîõèáîê àïðîêñèìà-

öi¨ ¨õ ïiäõiäíèìè äðîáàìè, çàñòîñóâàííþ îòðèìàíèõ ðåçóëüòàòiâ äî äîñëiäæå-

ííÿ çáiæíîñòi áàãàòîâèìiðíèõ S-äðîáiâ ç íåðiâíîçíà÷íèìè çìiííèìè

Ó ðîáîòi îòðèìàíî òàêi ðåçóëüòàòè:

1. Âñòàíîâëåíî áàãàòîâèìiðíå óçàãàëüíåííÿ êðèòåðiþ Çåéäåëÿ çáiæíî-

ñòi íåïåðåðâíèõ äðîáiâ ç äîäàòíèìè åëåìåíòàìè; äîâåäåíî åôåêòèâíi

îçíàêè çáiæíîñòi ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ ñïåöiàëüíîãî âèãëÿäó ç

äîäàòíèìè åëåìåíòàìè, çîêðåìà, áàãàòîâèìiðíå óçàãàëüíåííÿ òåîðåìè

Ïðiíãñõàéìà òà áàãàòîâèìiðíèé àíàëîã òåîðåìè Çåéäåëÿ � Øòåðíà.

2. Îá ðóíòîâàíî ôîðìóëè ðîçâèíåííÿ âiäíîøåííÿ ëiíiéíî-íåçàëåæíèõ

ðîçâ'ÿçêiâ ÷îòèðè÷ëåííîãî ëiíiéíîãî îäíîðiäíîãî ðåêóðåíòíîãî ðiâíÿ-

ííÿ ó ãiëëÿñòèé ëàíöþãîâèé äðiá ç äâîìà ãiëêàìè ðîçãàëóæåííÿ, äî-

âåäåíî äîñòàòíi óìîâè çáiæíîñòi öüîãî äðîáó, âñòàíîâëåíî óìîâè éîãî

âèðîäæåííÿ ó äâîâèìiðíèé ãiëëÿñòèé ëàíöþãîâèé äðiá ñïåöiàëüíîãî âè-

ãëÿäó.

3. Äîâåäåíî ïàðàáîëi÷íi òåîðåìè äëÿ ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ iç êîì-

ïëåêñíèìè åëåìåíòàìè; âñòàíîâëåíî áàãàòîâèìiðíèé àíàëîã òåîðåìè

Òðîíà ïðî ñïàðåíi ïàðàáîëi÷íi ìíîæèíè çáiæíîñòi;

4. Âñòàíîâëåíî äëÿ äâîâèìiðíèõ ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ ñïåöiàëüíî-

ãî âèãëÿäó óçàãàëüíåííÿ îçíàêè çáiæíîñòi Òðîíà � Äæîóíñà ïðî ïàðà-

áîëi÷íi ìíîæèíè çáiæíîñòi äëÿ íåïåðåðâíèõ äðîáiâ.

5. Îòðèìàíî áàãàòîâèìiðíèé àíàëîã òåîðåìè Âàí Ôëåêà ïðî êóòîâó ìíî-

æèíó çáiæíîñòi íåïåðåðâíèõ äðîáiâ äëÿ ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ

ñïåöiàëüíîãî âèãëÿäó; äîâåäåíî ðiçíi îöiíêè øâèäêîñòi çáiæíîñòi öèõ
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äðîáiâ, ïðè óìîâi, ùî ¨õ ÷àñòèííi çíàìåííèêè íàëåæàòü äåÿêèì ïiäìíî-

æèíàì êóòîâèõ îáëàñòåé.

6. Âñòàíîâëåíî áàãàòîâèìiðíèé àíàëîã îöiíîê øâèäêîñòi çáiæíîñòi íåïå-

ðåðâíèõ äðîáiâ, ñôîðìóëüîâàíèõ Â. Á. �ðà  îì òà Ä. Ä. Âîðíåðîì, äëÿ

ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ ñïåöiàëüíîãî âèãëÿäó ç äiéñíèìè ÷àñòèí-

íèìè ÷èñåëüíèêàìè i êîìïëåêñíèìè ÷àñòèííèìè çíàìåííèêàìè.

7. Çàñòîñîâàíî îòðèìàíi ðåçóëüòàòè ïðè äîñëiäæåííi çáiæíîñòi áàãàòîâè-

ìiðíèõ S-äðîáiâ ç íåðiâíîçíà÷íèìè çìiííèìè òà âñòàíîâëåíî îöiíêè

øâèäêîñòi ¨õ ðiâíîìiðíî¨ i ïîòî÷êîâî¨ çáiæíîñòi.

Äëÿ äîâåäåííÿ îòðèìàíèõ ðåçóëüòàòiâ ðîçðîáëåíî äâà íîâèõ ìåòîäè äî-

ñëiäæåííÿ çáiæíîñòi ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ ñïåöiàëüíîãî âèãëÿäó, ùî

 ðóíòóþòüñÿ íà îñîáëèâîñòi ñòðóêòóðè äîñëiäæóâàíîãî îá'¹êòà. Ñóòò¹âî âðà-

õîâàíî òîé ôàêò, ùî N -âèìiðíèé ãiëëÿñòèé ëàíöþãîâèé äðiá ñïåöiàëüíîãî

âèãëÿäó ìîæíà ðîçãëÿäàòè ÿê (N − 1)-âèìiðíèé ãiëëÿñòèé ëàíöþãîâèé äðiá

ñïåöiàëüíîãî âèãëÿäó åëåìåíòàìè ÿêîãî ¹ íåïåðåðâíi äðîáè, àáî æ ÿê íåïå-

ðåðâíèé äðiá åëåìåíòàìè ÿêîãî ¹ (N − 1)-âèìiðíi ãiëëÿñòi ëàíöþãîâi äðîáè

ñïåöiàëüíîãî âèãëÿäó. Ïðè âèêîðèñòàííi öèõ ìåòîäiâ äëÿ äîâåäåííÿ çáiæíîñòi

âðàõîâó¹òüñÿ ðîçìiðíiñòü äðîáó, à ïðè âñòàíîâëåííi îöiíîê øâèäêîñòi çáiæíî-

ñòi � âiäîìi îöiíêè ïîõèáîê àïðîêñèìàöi¨ ïiäõiäíèìè äðîáàìè íåïåðåðâíèõ

äðîáiâ.

Ðåçóëüòàòè äèñåðòàöiéíî¨ ðîáîòè ¹ âíåñêîì â àíàëiòè÷íó òåîðiþ íåïåðåðâ-

íèõ òà ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ i ìîæóòü áóòè çàñòîñîâàíi äëÿ íàáëèæå-

ííÿ àíàëiòè÷íèõ ôóíêöié áàãàòüîõ êîìïëåêñíèõ çìiííèõ.
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