AHOTAIIIA

Aav-3ipoocasi Papax ocasad o Anrebpu anamiTuaanx QyHKIH
Ha 0aHAXOBUX IIPOCTOPaX, sIKl € iHBapiaHTHUMHU BiJTHOCHO il oIlepaTopHHUX
HamiBrpym. — KpamicgikariiiHa HayKOBa Mpalld Ha MpaBaX PYKOIHUCY.

Juceprariisi Ha 3100yTTs HAyKOBOI'O CTyIEHd jJoKTOpa (isocodii 3a
creriasibhicTio 111 — Maremaruka. — JIBH3 “IIpukaprnarcbkuii HalioHab-
unit yaiBepcutet imeni Bacunga Credannka”, Isano-Ppankisebk, 2020.

AnagiTuani BimoOpazkKeHHsT HA HECKIiHYEHHOBUMIPDHUX OaHAaXOBUX IIPO-
CTOpax € HEBIJI'€MHOI0 YaCTUHOI CYYaCHOrO (QYHKIIOHAJBHOTO AaHAJIi3Yy.
OcranHiM 9acoM 3pic IHTEpeC 10 JTOCIKEHHs /i1 OIMepaTOPHUX T'PYIl Ta Ha-
HIBIPYII Y IIPOCTOPaX aHaJITHYHMX PYHKINH HECKIHUEHHOBUMIPHOIO ODaHaXo-
Boro mpocTopy X. IIpu mmboMy BUHWKaE TUTAHHA PO IHBAPIaHTHI TiAIPOCTO-
pu aHajiTuuHUX QYyHKIHH HA X, TX ajredpaidni Ta TOMOJOTIYHI CTPYKTYPH.
Y 6araThox BHIIAJKAX TaKi IIJIIPOCTOPHU € ajredpaMy BiJIHOCHO IIOTOYKOBHUX
omepariii omaBaHHs Ta MHOXKEHHs, a 1X CIeKTp (MHOMKWHA MaKCHUMaJIbHUX
i7easriB) MiCTUTEL BayKJIUBY 1HMOPMAINIO PO 0 JAHOT HAMBIPYIH OMEPATO-
piB Ha mpocTopi X.

Anrebpr amamiTwaHux (DYHKINN Ha O0aHAXOBUX MPOCTOpAX Ta IX CITe-
KTPH JIOCJiJIKyBaimck B poborax JI. Hax6ina, T. T'amenina, T. Kopnua, bB.
Koymna, Hx. Myxiku. Ilizuimre, P. Apon, B. Koyn ta T. l'amenin posrasayin
anrebpy Hp(X) ananituanux pyHKIiH 0OMEKEHOIO TUIY HA KOMILIEKCHOMY
H6anaxoBomy mnpoctopi X 1 3alponoHyBaJIN JOC/IIXKYBATH CIIEKTP TAaKOl aJjre-
Op¥ 3a JOMTOMOTOI0 TaK 3BAHOTO MPOA0B:KeHHA ApoHa-BepHepa aHATITUIHIX
dyuKIiit 00MeKEHOr0 TUIly y JApyruii crpsizkennit mpoctip X ** 110 nmpocTopy
X. Heit miaxim 6ys10 3acTocoBaHO y H6araThox mpaisax. Jokpema, P. Apow, II.
lamirmo, /1. Tapcia i M. Maectpe ommcann CTpyKTypu aHAJITHIHOTO MHO-

rosuy Hajg X ** wa crekrpi anrebpu Hp(X). ¥V poborax A.B. 3aropognioka
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Oy/10 y3araJlbHEHO IIeil MeTOJI 1 BUKOPHUCTAHO Mpo/oBKeHHsT Apona-Beprepa
TIJTST TIOJTIHOMIB Ha, TOTIOJIOTIYHUX TEH30PHUX JOOYTKAX.

Cumerpwani moriHoMu Ha 6aHAXOBOMY TTPOCTOPI JOCIIXKYBAJIMCH B PO-
6orax A.C. Hemuposcekoro, C.M. Cemenosa, M. I'ouzaseca, P. 'onzaso, X.
Xapawminmo, P. Anenkapa, P. Apona, II. l'aningo, A. 3aropogaioka, M. Ma-
ectpe, . I'apcis, 1I. Xaeka, I. Yeprern, T. Bacunnmmua, B. Kpasuis ta
inmux. BeranoBieHo, Mo CeKTp aaredpr CUMETPUIHUX aHATITUIHUX PYH-
KITiff OOMEKEeHOr0 TUITY Ha JesIKOMY ODaHAXOBOMY ITPOCTOPI CYTTERBO 3aJI€XKUTh
sIK BiJl BHOOPY IIPOCTOPY TakK 1 Bij BUOOPY rpynu ado HaIIBIPYIIX CHUMETPii.
Hampukiam, sk mokazano y podoti II. Tamingo, T. Bacuaummna i A. 3aropo-
JHIOKA, y BUTAAKY, KO X = Lo [0, 1], i rpynia cumerpii cKIaaeThes 3 rpyin
BUMIpHUX aBTOMOpdi3MiB Binpiska [0, 1], ciekTp agrebpu cCHMeTPUIHUX aHA-
JATUIHUX PYHKIIH 00MeXKeHOTO TUTTY TTOBHICTIO OTUCYETHCI (PYHKITIOHATaAMHT
3HaYeHb B TOUKax mpocropy X. IIpore, sik nmokazano y poborax I. Hepnern,
II. Taningo Ta A. 3aropogsioka, y BuUmaaky, koau X = £,, 1 < p < oo, i
rpyma G € Tpymoro mepecTaHoBOK 0a3MCHUX BEKTOPIB, CIIEKTD ajaredpu cume-
TPUYHUX AHAJITUIHUX PYHKINH OOMEXKEHOIO THILY € IIUPIIUM, HizK MHOXKH-
Ha PYHKITIOHATIIB 3HAYEHb B TOUYKaX. Y IIHOMY BUTAJKY, Ha CIEKTPl iICHYIOTDH
Nnpupo/jiHi ajredbpaiyHi onepariii, ki yTBOPIOKOTH CTPYKTYPY KOMYTaTUBHOI'O
HAIIIBKIJIBIIA 3 OJUHUIIEIO.

Y meprioMy po3JIl 3IMCHEHO OTJIA JITEPATYPH 338 TEMOIO JTHUCEPTa-
[iTHOT pOOOTH Ta TIOAHO OCHOBHI PE3YJIbTATH JUCEPTAIil.

Y apyromy po3/iijii HaBeJeHO OCHOBHI O3HAYEHHS Ta CHOPMYIbOBAHO
BIJTOMI pe3yIbTaTH, IK1 BUKOPUCTOBYIOTHCS B OCHOBHUX PO3JILIaX JIUCEPTAITiii-
1Ol poboTu. 30KpeMa, HaBEIeHO O3HAYEHHS TOJIHOMIAJILHOTO BiLOOParKeHHS
Ta aHaJITUYHOI (PYHKINT Ha ODaHAXOBOMY IPOCTOPi, chOPMYTHOBAHO OCHOBHI
BJIACTUBOCTI X 06’ekTiB (mosrsipusariiiitaa (popmyJia, JoKaIbHa 0OMEKEHICTS,

pajiyc 36ikHOCTI aHAITHIHOT (PYHKINI Ta iH.) Takox, HaBe eHO O3HAYEHHS 1



OTIMCAHO OCHOBHI BJIACTUBOCTI CUMETPUYHUX TIOJIHOMIB Ta aHATITHIHUX PYH-
KITiff Ha TTPOCTOPi abCOMIOTHO 301:KHUX MOCTiToOBHOCTEH. KpiM TOTO, ¥ ApyTO-
MY PO3/IiJli HaBeJIeHO 03HadeHHs 1 BjacTuBocTi ajarebpu Pperre Ta il CrieKTpy
(MHOYXKWHM KOMILJIEKCHIX TOMOMOP(DI3MIB).

Y migposaiiai 3.1 orpuMaHo J0BEJIEHO, 110 CIHEeKTP ajaredpu Hapi3HO CH-
MeTPUIHUX aHAJITUIHUX PYHKITII 0OMEKEHOTO THITY MOYKHA IIOJATH Y BUTJIs-
Tl IEKApPTOBOTO CTEMEHs CIEeKTpa aaredOpm CUMETPUYHUX aHAJITUIHUX (PYyH-
kiiii. Ile ga/10 MOXKJIMBICTD HPOJOBXKUTHK omepariii ‘o’ Ta “¢” Ha CIHeKTp aJi-
reOpu HAPi3HO CUMETPUIHUX aHAJITUIHUX (DYHKIIIH Ta OIKUCATH 1X BJIACTUBO-
cti. Takox, MOOy/IOBaHO 300pakeHHd CIEKTPY V BUTVIA MYJIHTUTIIIKATHBHOL
HirPyNU B TPOCTOPI aHAJITUIHUX PYHKI[I €KCIIOHEHI1aJIbHOTO THUITY Bijl Oa-
raTbOX KOMILJIEKCHUX 3MIHHUX.

Y migpo3maiii 3.2 JocTiKeHo aaredpy Hapi3HO CUMETPUIHUX aHAJTITH-
YHUX (PYHKINN 0OMEXKEHOTO TUITY Hbss(ﬁgX)) Ha TOTOJIOTIYHINA TpaAMiil cyMi
EgX) H6aHaxXOBUX TPOCTOPIB, ACOIiflOBaHIi 3 JIeIKUM OAHAXOBUM ITPOCTOPOM
X. YV oMy BHNAJIKY, CIIEKTP BKa3aHOb ajredpu Ma€ JIOCUTh CKJIaJIHY CTPY-
KTYpy. 30KpeMa, y Mijpo3ii 3.2 MoKa3aHo, 110 iCHY€E CIOP’€KTUBHUM 130MOP-
dbizm Takoi anrebpu B anrebpy Hy(X) minnx GyHKIN 06MeKEHOro TUIY Ha
JedkoMy OanaxoBomy mpoctopi X. 3 11boro (akTy 3pob/IeHO BHCHOBOK TIPO
Te, 110 CIIEKTP ajaredbpu Hbss(ﬁg)()) MicTuTh criekTp anrebpu Hy(X), 30kpema,
TTOTOYKOBY KOIIIO JPYTOT0 CIPSKEHOTO mpocTopy X ** 1o mpoctopy X.

Y derBepTOMY PO3iJIi POIJISHYTO aJirebpy HlfuP aHAJITUIHUX PYH-
KITifi 0OMEXKEHOTO THUIY, MOPOJXKEHUX CYNEePCUMETPUIHUMU IMOJIHOMaMH Ha,
01(Zg), ne Zog = 7 \ {0}. Y migpossimi 4.1 ommcano jesiki anrebpaivni 6a-
3UCH TIiJ1aredpu CyIepCUMEeTPUYHUX MMOJIHOMIB 1 BIANOBIIHI TBipHI (DYHKIIIT.
Takwuii onuc BaXK/IMBHiA 711 BABYEHHST CIIEKTPY (CYKYITHOCTI KOMILIEKCHO3HA-
annx romomopdizmis) H, P, 3okpema, HOKO3aHO, 1110 KOKEH KOMILIEKCHO3HA-

YHUX FOMOMOP(I3M 3HAUYEHHSI B TOYIll MOXKe OyTH [IpeJIcTaBAeHIl 9K CIIiBBII-



HOIIIEHHA JBOX IMJINX (DYHKINH €KCIIOHEHIaIbHOTO THIy. TakoxXK moOyayBa-
HO TIPUKJIa/] KOMILIEKCHO3HATHOTO TOMOMOP(]I3My, dK1il He € PYHKITIOHATIOM
3HAYEHHs 1 TOYI. ¥ Jauceprariii moKa3aHo, 1o ciekTp aaredbpu Hpg(f1) Moxe
OyTH HemepepBHO BKJaleHuil B crektp anre6pu H,'P. TIpore, 1e BKIageHHs
HE € CIOP €KTUBHUM.

Pesynpraru miaposainy 4.2 mokasyioTh, mo cuekTp H gw JIOIyCKae aJl-
reOpaldHy CTPYKTYPY KOMYTATUBHOTO KiJIbIA (sIKe He € JIHIAHUM TPOCTOPOM )
BiJIHOCHO oriepariiii “o” Ta “o”, dKi rpatoTh poJil JIOJlaBaHHA Ta MHOXKEHHS Ha
miaMHOXKHIHL M C Mbs “P  BuKopuCTOBYIOUH Tii omepariii Ta £1-HOpMY, BBEIEHO
MPUPOJIHY MeTpuky p Ha M i moseneno, mo (M, p) — moBHUI MeTpUIHHIIA
(He cenapabeJibHMIT) TPOCTIP.

Y migposaiii 4.3 momupeHo orepariioo ‘e’ 10 KOMYyTaTUBHOI omlepartii
3rOPTKY Ha MHOXKIHI Xapakrepis M, ", Kpim Toro, mobymoBato raycaopdosy
TonoJiorito Ha M bs “P BinHOCHO AKOT BKa3aHa Olepaliid 3rOPTKH € HelepepBHOIO.

Y migpos3miai 4.4 gocigKeHo YMOBH 0O0OPOTHOCTI eJIeMeHTiB Kibiisg M,
romomopdizmu 3 M B cebe Ta mody0BaHO HETPUBIAIBLHI TPUKJIA/IN T IKLIEIH
B M.

Anrebpaiuna cTpykrypa M ny:xe O0JM3bKa 10 CTPYKTYPHU OAHAXOBOT
asirebpu, ajge M He € GaHaxoBOIO aJredPO0, OCKILJILKKA BOHA HE € JHHIAHUM
npocropoM. OTKe, BUHUKAE IIPUPOTHE 3alUTAHH: IKi BJIACTUBOCTI OaHaxXo-
BUX ajaredp MOXKHA TOIMUPUTHA Ha Kinbile M7 Hampukimam, MU MOXKEMO TO-
OauuTH, MO SKIIO eJeMeHT € OJM3bKUM JI0 OJMHUIN, TO BiH € ODOPOTHHUM.
Aste Mu He 3HaEMO: 9 M MICTUTH PO3PUBHI KOMIIJIEKCHO3HATHI TOMOMOMP-
dizmu? Takoxk HaMu O6YJI0 JOCTIXKEHO ToMOMOMpdizmMu M, #oro makiIbId,
Ta orneparopu Ha M.

Y migposaiai 4.5 mociigyKeHO aJuTHUBHI omeparopu Ha M, HaBemeHO
npukaan. OTxke, OTpUMaHI PE3YJTBTATH MOXKYTH OyTH IIKABUMU SIK JI/TS TE€O-

pii KOMyTaTUBHUX TOIOJIOIIYHUX a0redp, Tak i Jijis ajarebp aHaIiTUIHUX PYH-



KIIi# Ha OaHaxoBuX mpocropax. Cepes aJJUTUBHUX ONEPATOPIB BUOPAHO TaKi,
110, JTOJIATKOBO, 30€epiTatoTh OTlepalliio MHOKeHHd Ha KoHcTaHTy. Ili BimoOpa-
YKEHHsI, B JIUCEpTallil, Ha3BaHO JiHIfTHUMI omiepaTopamu (3ayBaxkumo, M He
€ JiHIAHUM TpocTopoM). TakoK, MOBHICTIO ONMMCAHO JIHIWHI OlepaTopu Ha
M K oneparopu MHOYKeHHsI Ha jiesikuii eiemenT 3 £1(Zg) Ta JOCTIIKEHO TX
BJIACTHUBOCTI.

Y m’aToMy pPO3ii y3araJbHOHO JIedKi Pe3yabTaTh, OTPUMAaHI Y 9eTBep-
TOMY PO3/i/i Aj1st mpocTopy A aKuil MOXKHA [TO/IATH Y BULJISIL 3BA2KEHOI CyMHA
mpocropis £1(Zg).

Y migposmiai 5.1, TakoxK, MOCTIIZKEHO HATIBTPYTY CUMETiH Sy /y, BITHO-
CHO KOl BCl QyHKLiT 3 anrebpu H,! " € inpapianTaumu. [Ipore, Mu He 3HaeMo,

. . . . . 1/n

9U KOXKEH S /,-IHBapiaHTHUI [MOJIHOM HAJIEXKUTh aareOpi Hy! .

Y migpos3aiai 5.2 JocaiazKeHo JiHIiHI omepaTopu, TOMOMOPMI3MH Ta Ha-

i 6pu MYV, 3 imii

MIBHOPMU aJredopu . 30KpeMa, OMMCAHO OJWH KJacC JIHIMHUX OnepaTo-
piB, TOpOKeHNX (DYHKIsIMEU 3 TaK 3BaHOoro Kjacy (). Kpim Toro, mokaszano,
mo na MYN ichye npupogHa CTpyKTYpa JIOKAIBHO OMYKJION0 METPU30BHOIO
IIPOCTOPY.

Karouosi crosa: neatiitinut GyrHKyioHasbHus aHaAl3, NOATHOMU HG He-
CKIHUYEHHOBUMIPHUT NPOCMOPAL, GHANMMUYHT YHKYIE Ha OAHATOBOMY NPO-
cmopt, cnexkmp anz2ebp GHAAIMUYHUT GYHKULT, CUMEMPUYHE QGHAAIMUYHI

PynruLi, onepamopu 1a bANATOBUT NPOCMOPAL.

ABSTRACT

Al-Zirjawi Farah Jawad Gali Algebras of analytic functions on Banach
spaces, which are invariant with respect operator semigroups. — Qualifying

scientific work as a manuscript.
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A Thesis for a Philosophy Doctor Degree in Mathematics, speciality 111
Mathematics. — Vasyl Stefanyk Precarpathian National University, Ivano-
Frankivsk, 2020.

Analytic mappings on infinite-dimensional Banach spaces is an
important part of contemporary functional analysis. The interest to actions of
operator groups and semi-groups in spaces of analytic functions on an infinite-
dimensional Banach space X increases during last years. The reasonable
question here is about invariant subspaces of analytic functions on X and
their algebraic and topological structures. In many cases such subspaces may
have the structure of algebra with pointwise addition and multiplication and
their spectra (sets of maximal ideals) has an important information about
action of the given operator semi-group on X.

Algebras of analytic functions on Banach spaces and their spectra were
invistigated by L. Nachbin, T. Gamelin, T. Corn, B. Cole, J. Mujica. Later,
R. Aron, B. Cole and T, Gamelin considered the algebra Hy(X) of analytic
functions of bounded type on a complex Banach space X and proposed to
investigate the spectrum of a such algebra with using so-called the Aron-
Berner extension of analytic functions of bounded type to the second dual
space X** to X. This approach was used later by many authors. In particular,
R. Aron, P. Galindo, D. Garcia and M. Maestre described the structures of
analytic manifold over X** on the spectrum of Hp(X). This method was
generalized in works of A.V. Zagorodnyuk and the Aron-Berner extension
was used for polynomials on topological tensor products.

Symmetric polynomials on a Banach space were investigated by A. Ni-
merovski, S. Semenov, M. Gonzalez, R. Gonzalo, J, Jaramillo, R. Alencar,
R. Aron, P. Galindo, A. Zagorodnyuk, M. Maestre, D. Garcia, P. Hajek,
I. Chernega, T. Vasylyshyn, v. Kravtsiv and others. It is known that the

spectrum of the algebra of symmetric analytic functions of bounded type on
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a Banach space is depending on the space and on the group or semi-group
of symmetry. For example, P.Galindo, T. Vasylyshyn and A. Zagorodnyuk
proved that if X = Ly[0,1], and the group of symmetry consists of
measurable automorphisms of the interval [0, 1], then the spectrum of the
algebra of symmetric analytic functions of bounded type can be completely
described by point evaluation functionals at points of X. On the other hand,
I. Chernega, P. Galindo and A. Zagorodnyuk show that if X = /,, 1 < p < oo,
and the group G is the group of all permutations of basis vectors, then the
spectrum of the algebra of symmetric analytic functions of bounded type
is larger than the set of point evaluation functionals. In this case, there are
natural algebraic operation on the spectrum which form a unital commutative
semi-ring structure.

In the first section there is a survey of the related literature, and
formulated principal results of the dissertation investigation.

In Section 2 there are some basic definitions and preliminary results
which are used in next sections. In particular, the concepts of polynomial
mappings and analytic functions on a Banach space are considered and are
indicated basic properties of these objects as the Polarization formula, local
boundedness, the radius of the convergence of an analytic function, others.
Also, definitions and basic properties of symmetric polynomials and analytic
functions on the space of absolutely summing sequences are given. In addition,
the second section contains definitions and properties of the Fréchet algebra
and its spectrum (the set of complex homomorphisms).

In Subsection 3.1 it i proved that the spectrum of the algebra of
separately symmetric analytic functions of bounded type can be represented
as a Cartesian degree of the spectrum of the algebra of symmetric analytic
functions. It allows us to extend the operations “e” and “¢” to the spectrum of

the algebra of separately symmetric analytic functions of bounded type and
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describe their properties. In addition, some representation of the spectrum
by analytic functions of exponential type of several variables is constructed.

In Subsection 3.2 algebras of separately symmetric analytic functions
of bounded type Hbss(ﬂgX)) on the topological direct sum gg)() of Banach
spaces £1 which is associated with a Banach space X are investigated. In this
case, the spectra of such algebras may have a very complicated structure.In
particular, it is shown that there exists a surjective isomorphism of a such
algebra onto the algebra Hy(X) of entire functions of bounded type on some
Banach space X. From this fact it follows that the spectrum of Hbss(ﬁgX))
contains the spectrum of Hy(X), in particular, it contains the copy of the
second dual space X** to X.

In the forth section the algebra H;"" of analytic functions of
bounded type, generated by supersymmetric polynomials on ¢1(Zg), where
Zo = 7 \ {0}, is considered. Some algebraic bases of the subalgebra of
supersymmetric polynomials and corresponding generating functions are
described in Subsection 4.1. Such description is important for the investi-
gation of the spectrum (the set of complex homomorphisms) of H;up . In
particular, it is shown that every complex point evaluation homomorphism
can be represented as a ratio of two functions of exponential type. In addition,
it is shown that the spectrum of Hys(¢1) can be continuously embedded into
the spectrum of H,"”. However, this embedding is not onto.

From results of subsection 4.2 it follows that the spectrum of H,"
admits an algebraic structure of commutative semiring (which is not a linear
space) with respect to operations “e” and “¢” that play roles of addition and
multiplication on the subset M C Mbsup . Using these operations and the ¢;-
norm, it is introduced a natural metric p on M and proved, that (M, p) is a

complete metric nonseparable space.
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In subsection 4.3 the operation “e” is extended to a commutative

convolution on the set of complex homomorphisms M,"". In addition, a
Hausdorff topology on M;"" is constructed and the operation is continuous
with respect to this topology.

Conditions of invertibility of elements of the ring M and homomorphi-
sms from M to itself are investigated in Subsection 4.4. Nontrivial examples
of subrings in M are constructed.

The algebraic structure of M is very close to the Banach algebra
structure but M is not a Banach algebra because it is not a linear space.
So we have a natural question: what properties of Banach algebras can be
extended to the ring M7 For example, we can see that if an element is close
to te unit, then it is invertible. But we do not know: do M contains disconti-
nuous complex homomorphisms? Also, it was investigated homomorphisms
of M, its subrings and operators on M.

In Subsection 4.5 additive operators on M are investigated and some
examples are constructed. The obtained results may be applied in the theory
commutative topological algebras and in algebras of analytic functions on
Banach spaces as well.

Among of additive operators there are operators which preserve the
multiplication by constants. Such mappings are called linear operators (notice
that M is not a linear space). In additions all linear operators on M are
described as operators of multiplication by an element in ¢1(Zg). Properties
of linear operators are investigated.

In Section 5 there are generalisations of some results, obtained in Secti-

on 4, for the space AY which can be represented as a weighted sum of spaces

01(Zy).



10

The symmetry semi-group S, such that all functions in algebra H ; S/ "
are invariant are investigated in Subsection 5.1. But we do not know: does
every Sy -invariant polynomial belongs to H bl S/ "

In Subsection 5.2 linear operators, homomorphisms and seminorms of
the algebra MM are investigated. In particular a class of linear operators
generated by functions in so-called class €2 is described. In addition, it is
shown that MYV admits a natural structure of a locally convex space.

Key words: nonlinear functional analysis, polynomials on infinite-

dimensional spaces, analytic functions on Banach spaces, spectra of algebras of

analytic functions, symmetric analytic functions, operators on Banach spaces.
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