JOURNAL OF
MATHEMATICAL SCIENCES

Volume 234, Number 1 October 07, 2018

CONTENTS
Engl./Ukr.

This issue is a translation of Ukrains’kit Matematychnyi Visnyk
(Ukrainian Mathematical Bulletin) Vol. 14, No. 4, 2017. International
Editorial Board of Ukrains’kii Matematychnyi Visnyk: M. Atiyah,
B. Bojarski, A. Friedman, O. Martio, L. Nirenberg, A. Samoilenko
(Editor-in-Chief).

Separating transformation and extremal problems on nonoverlapping

simply connected domains — A. K. Bakhtin ............ .. ...l 1 456
To the problem of extremal partition of the complex plane —

I. V. Denega, B. A. Klishchuk ....... .. .. . . i, 14 472
Automorphisms of semigroups of k-linked upfamilies —

V. M. GavrylKiv .o 21 496

Bernstein-Walsh type inequalities in unbounded regions with piecewise

asymptotically conformal curve in the weighted Lebesgue space —

M. Imashkyzy, G. A. Abdullayev, F. G. Abdullayev ........................... 35 515
Recent progress in subset combinatorics of groups —

I. V. Protasov, K. D. Protasova .......... ... .. 49 532
The Cauchy—Stieltjes integrals in the theory of analytic functions —

V. L Ryazanov . ... 61 548
On the recursive sequence T, 1 = H;;‘Eﬁ

D. Simsek, F. G. Abdullayev ....... ..o 73 564
Factorization of generalized -y-generating matrices —

O. SUKhOTUKOVA ..ot 82 575

Order estimates of approximation characteristics of functions

from the anisotropic Nikol’skii-Besov classes — S. Ya. Yanchenko .............. 98 595
Limiting profile of solutions of quasilinear parabolic equations with flat peaking —

Ye. Al YEVEZENIEVA .ottt e 106 481

Journal of Mathematical Sciences is abstracted or indexed in Academic OneFile, Academic Search, Astrophysics Data
System (ADS), Cengage, CSA/Proquest, Current Abstracts, Current Index to Statistics, Digital Mathematics Registry,
EBSCO, Expanded Academic, Google Scholar, Highbeam, INIS Atomindex, Mathematical Reviews, OCLC, SCOPUS,
Summon by Serial Solutions, VINITI-Russian Academy of Science, Zentralblatt Math.



Journal of Mathematical Sciences, Vol. 234, No. 1, October, 2018

Automorphisms of semigroups of k-linked upfamilies

Volodymyr M. Gavrylkiv

Presented by V. O. Derkach

Abstract. A family A of non-empty subsets of a set X is called an upfamily, if, for each set A € A, any set
B D A belongs to A. An upfamily £ is called k-linked, if (| F # @ for any subfamily F C L of cardinality
|F| < k. The extension Ny (X) consists of all k-linked upfamilies on X. Any associative binary operation
*: X x X — X can be extended to an associative binary operation * : Ni(X) X Ni(X) — Ng(X). Here,
we study automorphisms of the extensions of groups and finite monogenic semigroups. We also describe
the automorphism groups of extensions of null semigroups, almost null semigroups, right zero semigroups
and left zero semigroups.

Keywords. Semigroup, k-linked upfamily, automorphism group.

Introduction

We will investigate the automorphism groups of the extensions Ni(S) of a semigroup S. The
thorough study of various extensions of semigroups was started in [13| and continued in [1-10, 14-19].
The largest among these extensions is the semigroup v(S) of all upfamilies on S. A family A of non-
empty subsets of a set X is called an upfamily, if, for each set A € A, any subset B D A of X belongs
to A. Each family B of non-empty subsets of X generates the upfamily (B) :={AC X :3Be B (B C
A)}. An upfamily F that is closed under taking finite intersections is called a filter. A filter U is called
an ultrafilter, if U = F for any filter F containing U. The family S(X) of all ultrafilters on a set X is
called the Stone-Cech compactification of X, see [20,24]. An ultrafilter ({z}) generated by a singleton
{z}, = € X is called principal. Each point z € X is identified with the principal ultrafilter ({x})
generated by the singleton {z}. Hence, we can consider X C f(X) C v(X). It was shown in [13] that
any associative binary operation * : S x S — S can be extended to an associative binary operation
x:v(S) x v(S) = v(S) by the formula

A*B:<Ua*Ba:A€A, {Ba}aeACB>

acA

for upfamilies A, B € v(S). In this case, the Stone-Cech compactification 3(S) is a subsemigroup of
the semigroup v(S5).

The semigroup v(.S) contains many other important extensions of S. In particular, it contains the
semigroups N (S) of k-linked upfamilies for £ € N\ {1}. An upfamily £ € v(S) is called k-linked, if
N F # 0 for any subfamily F C £ of cardinality |F| < k. The space Ny(S) is well-known in general
and categorial Topologies, see [22-25].

For a finite set X, the cardinality of the set Ny (X) grows very quickly as | X| tends to infinity. The
calculation of the cardinality of Ni(X) seems to be a difficult combinatorial problem related to the yet
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unsolved Dedekind problem of calculation of the number M (n) of all monotone Boolean functions of

n Boolean variable, see [11].

We were able to calculate the cardinalities of N (X) only for sets X of cardinality | X| <5, see [12].

The results of (computer) calculations are presented in Table 1.

X | 1200 [ 1N | INa(X)
1 1 1 1
2 3 3 3
3 11 10 10
4 80 54 53
5 2645 762 687

Table 1: The cardinalities of Ni(X) for sets X of cardinality |X| <5
Each map f: X — Y for each k € N\ {1} induces the map

Nif: Np(X) = Np(Y), Npf: M= (f(M): M e M), see[12].

If o : S — S is a homomorphism of semigroups, then, for each k € N\ {1}, the map Nyy :
Ni(S) — Ng(S') is a homomorphism as well, see [13].

Recall that an isomorphism between semigroups S and S’ is a bijective function ¢ : S — S’ such
that ¥ (zy) = ¥(x)Y(y) for all z,y € S. If there exists an isomorphism between S and S’, then S and
S’ are said to be isomorphic, which is denoted by S = S’. An isomorphism 9 : S — S is called an
automorphism of a semigroup S. By Aut(S), we denote the automorphism group of a semigroup S.

A non-empty subset I of a semigroup S is called an ideal, if ISUSI C I. An ideal I of a semigroup
S is said to be proper, if I # S. A proper ideal M of S is mazimal, if M coincides with each proper
ideal I of S that contains M. An element z of a semigroup S is called a zero (resp., a left zero, a right
zero) in S, if az = za = z (resp., za = z, az = z) for any a € S. An element e of a semigroup S is
called an idempotent, if ee = e. By E(S), we denote the set of all idempotents of a semigroup S.

1. Extending automorphisms from a semigroup to its extensions

In this section, we show that, for each £ € N\ {1}, any automorphism of a semigroup S can be
extended to an automorphism of its extension Nj(.5), and the automorphism group Aut (N (.S)) of the
extension Ni(S) of a semigroup S contains a subgroup isomorphic to the group Aut (5).

The following propositions are corollaries of the functoriality of N, in the category of semigroups,
see [3,24].

Proposition 1.1. Ify : S — S is an automorphism of a semigroup S, then, for each k € N\ {1}, the
map Niyp @ Ni(S) = Ni(S) is an automorphism of the extension Ni(S).

Proposition 1.2. For each k € N\ {1}, the automorphism group Aut (N (S)) of the extension Ny (S)
of a semigroup S contains a subgroup isomorphic to the automorphism group Aut(S) of S.

2. The automorphism groups of the extensions N (G) of a group G

In this section, we study the automorphisms of extensions Ny (G) of a group G.
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Proposition 2.1. Let G be a group, k € N\ {1}. If ¢ : Np(G) — Ni(G) is an automorphism, then
UG) =G,

Proof. It was shown in [8, Proposition 4.2] that Ni(G) \ G is an ideal of Ni(G). Let us prove that
Ni(G)\G is the unique maximal ideal of N;(G). Indeed, let I be any ideal of Ni(G). If g € GNI, then
Nik(G) = gNi(G) C I and, hence, I = Ni(G). Consequently, Ni(G) \ G contains each proper ideal of
Ni(G). Taking into account that the set of maximal ideals of a semigroup is preserved by isomorphisms
and Ni(G) \ G is the unique maximal ideal of Ni(G), we conclude that (N (G) \ G) = Nk(G) \ G.
Therefore, (G) = G. O

Corollary 2.2. Each automorphism of Ni(G) is an extension of an automorphism of a group G.

Next, we will describe the structure of the automorphism groups of extensions Ny (G) of finite
groups G of cardinality |G| < 3.

Before describing the structure of extensions of finite groups, let us make some remarks concerning
the structure of a semigroup S containing a group G with the identity element, which is also a left
identity of S. In this case, S can be considered as a G-space endowed with the left action of the group
G. So, we can consider the orbit space S/G = {Gs : s € S} and the projection 7 : S — S/G. If G lies
in the center of the semigroup S (which means that the elements of G commute with all the elements
of S), then the orbit space S/G admits a unique semigroup operation turning S/G into a semigroup
and the orbit projection 7 : S — S/G into a semigroup homomorphism. If s € S is an idempotent,
then the orbit Gs is a group isomorphic to a quotient group of G. A subsemigroup 7' C S will be
called a transversal semigroup, if the restriction w : T — S/G is an isomorphism of the semigroups. If
S admits a transversal semigroup 7T, then it is a homomorphic image of the product G x T under the
semigroup homomorphism

h:GxT—S, h:(g,t) — gt.

This helps one to recover the algebraic structure of S from the structure of a transversal semigroup.

2.1. The semigroups Ny(C1)

For the cyclic group Cj, the semigroups Ni(Cp), k& > 2, are isomorphic to C;. Therefore,
Aut (Nk(Cl)) = Aut (Cl) = Cl.

2.2. The semigroups Ny (Cs)

For the cyclic group Co, the semigroups Ni(C3), k > 2, contain two principal ultrafilters and
the k-linked upfamily {C2}, which is the zero in Ni(C2). The semigroups Ni(C3) are isomorphic
to the semigroup {—1,0,1}. Since the zero is preserved by the automorphisms of semigroups, each
automorphism of Cy is extended to the unique automorphism of Ny (C2) by Corollary 2.2. Therefore,
Aut (Nk(CQ)) = Aut (02) =~ .

2.3. The semigroups Ny(Cs)

2

Consider the cyclic group C3 = (a) = {e,a,a? : a® = e} generated by a = ¢>™/3 ¢ C.

Let us introduce the notations
ly = 1% = (=, uh),
Ve ={F CCs:|F|>2,xz¢€F},
A={FCCy:|F|>2},
O ={Cs}.
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In these notations, Nj(C3) = {e, a,a?, |?, 22, gg,ve,vajvaz,o} for k > 3 and Na(C3) = Ni(C3) U
{A}.

% a | a® | e |17 12| V]| Va| Ve |O| A
a a? e a [ 11%° ] 19| Ve | Va2 | Va |O| A
a? e a | a® [ 2 [ ]]9 | Va | Ve | Va2 |O| A
e a [ a® | e [ 121 | V| Va| Ve |O| A
SHE e @ lololol k@l lo]a
sl lolololIE|I] e |o]|a
Sl @@ lololol@llE e lo]a
Va2 || Ve | Va [ Va2 | O | O | O | Va | Ve |Vaz | O | &
Va | Var | Ve [ Va |[O] OO Ve |Var | Va |O] &
Ve | Va [ Va2 | Ve |O| OO | Va2 | Va| Ve |O| 2
Oflo|lOo]O|0OlO|O|O]O]O|O]|A
Al Al A T AOlOlOlAa] oAl AO]A

Table 2: The Cayley table for the semigroups Ny (C3)

Analyzing the Cayley Table 2 for the semigroups Ny (C3), we can establish the following properties.

The semigroup Na(C'3) contains 11 elements. Among them, there are 4 idempotents: e, V¢, O, A.
Two idempotents are right zeros. The orbit semigroup No(C3)/C3 contains 5 elements. The semigroup
N3(C3) contains a transversal semigroup T(Na(C3)) = {e,|%, Ve, O, A}

For k > 3, the semigroups N (C3) contain 10 elements. Among them, there are 3 idempotents e,
Ve, O, which commute. The set E(N(C3)) of idempotents of Ni(C3) is isomorphic to the semilattice
3 = {0,1,2} endowed with the operation of minimum. The orbit semigroups Ny(Cs3)/C3 contain 4
elements. The semigroups N (C3) contain transversal semigroups T'(Ni(C3)) = {e,|%, Ve, O}.

Therefore, Ni(C3) = {z,z - 2,2 - Ve, O | x € C3} for k > 3 and Na(C3) = Ni(C3) U{A}.

We will prove that the automorphism groups Aut (N (C3)) of the semigroups Ny (C3) are isomorphic
to the holomorph Hol(C3) of the group Cs.

We recall that the holomorph Hol(G) of a group G (see [23]) is the semidirect product GxAut (G) :=
(GxAut (G), ) of the group G with its automorphism group Aut (G) endowed with the group operation

(z,f)*(y,9) = (x- f(y), fog).

It is known' that, for the cyclic group Cs, its holomorph Hol(C3) is isomorphic to the symmetric group
Ss.

Proposition 2.3. For each k € N\ {1}, the automorphism group Aut(Ny(C3)) is isomorphic to the
holomorph Hol(C3) of the cyclic group Cs and, hence, is isomorphic to the symmetric group Ss.

Proof. Let ¢ : Ni(C3) — Ni(C3) be an automorphism. Then the restriction of ¢ to C3 is an auto-
morphism of C3 by Proposition 2.1. Hence, ¥(e) = e.

"https://groupprops.subwiki.org/wiki/Holomorph_of_a_group
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Since the semigroup Ny(C'3) contains two right zeros, and the set of right zeros is preserved by
automorphisms of semigroups, ¥ ({A, Q}) = {A, (O} for any automorphism 1) : Na(C3) — Na(C3).
Assume that (1) = O and $(O) = A. Then (A - [2) = H(O) = &, but H(A) - (|2) = O-1(|2) €
O - (N2(C3) \ {A,0O}) = {O}. So, we arrive to a contradiction with 1) € Aut(N2(C3)). Therefore,
PY(A) = A and () = O for each automorphism v : No(C3) — No(Cs).

The k-linked upfamily () is the zero of the semigroups Ny (Cs) for k > 3. Since the zero is preserved
by the automorphisms of semigroups, ¥(()) = O for any automorphism v : Ni(C3) — Ni(Cs), k > 3.

Taking into account that ¥(E(Ng(C3))) = E(Nk(Cs)), we conclude that ¥ (V) = V. for each
¥ € Aut (N(Cs)), k > 2. Therefore, ¥(z - Ve) = ¢(x) - Y(Ve) = () - Ve for any = € Cs.

Let ¢(|¢) = ¢ - |2 for some ¢ € C5. Then ¥(z-|%) = ¢(x) - c-|? for any z € C5. It follows that an
element ¢ can be chosen from C5 in one of three ways. Hence, analyzing the Cayley Table 2, we can
check that each automorphism of C5 can be extended to an automorphism of Ny (C3) exactly in three
different ways.

For any pair (c, f) € C3 x Aut(Cs3), we now consider the automorphism . s, of Ny(C3) defined
by

Gof(@) = F(@), bop@-Ve) = F(2) Ve, Yoo |2) = f(@)-c- ]2

for x € Cs, Y. (0O) =0,

and 9. r(A) = A for the semigroup No(Cs3).
It follows that each automorphism of Ny (C3) is of the form v s for some (c, f) € C3 x Aut(Cj).
Observe that, for any (b, f), (¢, g) € C3 x Aut(Cs) and x € C35, we get

Vg 0 Yeg(x) = p(9(x)) = f o g(),

Yo, 0 Y, g(T - Ve) = lbb,f(g(x) Ve) = fog(x)- Ve,
Vo, 0 Yeg(w-|2) = r(g9(x) c-|¢) = fog(x) fle)-b-c,
Vb,f ©%eg(O) = s (O) = O,

Vb,f 0 Yeg(D) =y (D) = A

Consequently, ¥y, otbe g = Yp. (), fog- Hence, for each k € N\ {1}, the group Aut (Ny(Cs)) is isomorphic
to the holomorph Hol(C3) = C3x Aut (C3) = C3xCy of the group C3, which is known to be isomorphic
to the symmetric group Ss. O

3. The automorphism groups of the extensions of finite monogenic semigroups

A semigroup (a) = {a"},en generated by a single element a is called monogenic or cyclic. If a
monogenic semigroup is infinite, then it is isomorphic to the additive semigroup N. A finite monogenic
semigroup S = (a) has also a simple structure, see |21]. There are positive integer numbers r and m
called the index and the period of S such that

e S={a,a® ...;a"" Yandr+m—1=|9|;

° ar—l—m — CLT;

o {a",a" ! ... a"t™ 1} is the cyclic maximal subgroup of S with the identity element e = a™ and
the generator a" ™! where n € m-NN{r,...,r +m — 1}.

By M, ,, we denote a finite monogenic semigroup of index r and period m, and the maximal
subgroup of M, ,, is denoted by C,,. Note that M, ,,| =7 +m — 1.
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A homomorphism ¢ : S — I from a semigroup S into an ideal I C S is called a homomorphic
retraction, if p(a) = a for any element a € I.

Let e be the identity element of the maximal subgroup Cy, of a monogenic semigroup M, ,,. The
following lemma was proved in [15, Lemma 1.3].

Lemma 3.1. The map ¢ : M, ,,, — Cp,, @(x) = ex, is a homomorphic retraction, and ¢(z)y = xy
for any x € M;.,,, and y € Cp,.

Proposition 3.2. Let M, ., be a monogenic semigroup of index r > 3. If 1 : Np(My ) — Ni(Mym)
is an automorphism, then 1(s) = s for any s € M, .

Proof. Let M., = (a) = {a,...,ad",...,a" ™™ 1}, We assume that 1)(a) = A € Ni.(M,,) \ {a}. Since
1 is an automorphism of Ni(M, ), ¥ (a*xNi(M;.1)) = ¢ (a) % (Ng(My ) = ¥(a)* Nk (M, ). Hence,
the semigroups a * Ni(M,.,,,) and A% Ni(M,.,,) are isomorphic. It is easy to see that A Ni(M, ) C
a*Ni(M, ). Taking into account that, in the extensions Ny (M,.,,) of a monogenic semigroup of index
r > 3, the equality £+ M = a? yields £L = M = a, we conclude that a® € a* Ng(M;. ) \ A% Np(M;.)
and, hence, | A% Ni(M;,,)| < |a* Ni(M,,)|. This contradiction proves that 1(a) = a and, therefore,
P(a') = (Y(a))! = a' for any i € {2,...,7 +m — 1}. O

Proposition 3.3. If 1 : Ny,(M1,,) = Np(M1m) is an automorphism, then (M m) = M1 .

Proof. Since a monogenic semigroup My ,, is isomorphic to the cyclic group Cp,, we conclude that
(Mi,m) = My, according to Proposition 2.1. O

The following theorem shows that there exist automorphisms of the semigroups Ng(.S) that are not
extensions of automorphisms of a semigroup S.
Consider the monogenic semigroup Ms,, ={a)= {a,...,a™ ! |a™"? = a?} and let

X = {M € Np(Mam) | {a,a™ 1} € M} \ {a™ 1}

Theorem 3.4. A homomorphism 1 : My, — Ni(Ma ), ¢(a) = A, can be extended to an automor-
phism 1 : Np(Ma,,) — Nip(Man) if and only if A € X. The automorphism group Aut(Ng(Ma))
contains the symmetric group Sx as a subgroup.

Proof. Let A € X. Since, for m > 2, a™ is the identity of the cyclic group C,, = {a?,...,a™ "'}, and
ay € Cy,, we have ay = p(ay) = a™(ay) = a™ Ty for any y € My, according to Lemma 3.1. The
monogenic semigroup M1 = {a, a?} is a null semigroup with the zero a?, and, hence, ay = a? = a®y
for any y € My ;. This implies that a * M = A% M and M xa = M * A for any M € Ni(Ma ),
m € N. Indeed, aM = {a,a™ '} M € Ax M and Ma = M{a,a™"'} € Mx*A for any M € M. Hence,
a*M C Ax M and Mxa C MxA. Since A > {a,a™ "'} is k-linked, a € A or a™*! € Aforany A € A.
Taking into account that (J,c 4 sMs D aM, € ax M or |J o4 sMs D a" N Mymi1 = aMym+1 € a x M
for any basic set (J,c4 sMs € A* M, we conclude that A* M C a* M. Let (J,cpy 545 € M x A.
Since Uyeps 545 D Usens(s{a} = s{a™*'}) = Ma, M « A C M x a. Therefore, M * A = M % a and
Ax M =ax M.

Note that {a?} = {a,a™ "1 }{a,a™ !} € AxA. Then the linkedness of A*.A implies that AxA = a?.
By the same arguments, a x A = A * a = a®. Therefore, ¥)(a’) = A" = a’ for any i > 2.

Let us put ¢(A) = a and (M) = M for any M € Ny(Ma,) \ {a, A}. Then the above-proved
equalities imply that M*L = ¢(M)*1(L) for any £, M € Ni(Mg ). Since M*L € Ni(Ma,)\{a, A}
for any £, M € Ni(Ma,,), we have (M x L) = M L = p(M)x1(L). Hence, ¢ is an automorphism
of M27m.
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Let A ¢ X. If ¢(a) = a’ for some i € {2,...,m + 1}, then 1)(Ma,,) = Mo, \ {a}. Thus, ¢ is not
one-to-one. Therefore, A ¢ XUMj ,,, and, thus, Mg, C a* Ni(Mga,,) \ Ax Ni(Mg,,). Consequently,
la * Ng(Mam)| > |A* Np(Mg,y,)|. Hence, ¢ cannot be a bijection.

Let us prove that the automorphism group Aut(Ny(Mz,,)) contains the symmetric group Sx
as a subgroup. Let us extend any bijection 1 of a set X to Ni(Ma,,), by putting ¢(£) = L for any
L € Ni(M2,,)\X. As we have shown above, M*A = Mxa = Mx*B and AxM = axM = BxM for any
A, B € X, M € N.(Ma,). In addition, A*B > {a,a™ 1 }{a,a™ '} = {a®}. So, the linkedness of Ax B
implies that A% B = a? for any A, B € X. Taking into account that ML € Ny(Ma,,)\ {a, A} for any
L, M € Ni(Ma,,), we conclude that (ML) = MxL. Therefore, p(M*L) = ML = p(M)*1)(L)
for any £, M € Ni(Ma,,). Hence, ¢ is an automorphism of Ni(Mg ). O

Now, we describe the structure of the automorphism groups of semigroups of k-linked upfamilies
on monogenic semigroups M,.,,, of order |M, | < 3.
It is well known that Aut (M,.,,) = C for r > 2 and Aut (M ,,) = Aut(Cp,) = C

o(m), Where p(m)
is the value of Euler’s function for m € N.

3.1. The semigroups Ni(M; 1), Np(Mi2), and Ni(Ma ;)

For the trivial monogenic semigroup Mj 1, the semigroups Ni(Mj, 1) are trivial as well. Therefore,
Aut (Nk<M171)) =~ Aut (Ml,l) =~ Aut (Cl) ~ (.

For a semigroup M, ,, = (a) with m + r = 3, the semigroups Ny (M, ,,,) contain the two principal
ultrafilters a and a? and the k-linked upfamily {M,.,}.

Taking into account that My 5 is isomorphic to Cs, we conclude that

Aut (Nk(Ml’g)) =~ Aut (Nk(CQ)) =~ .

Consider the semigroup Ni(Mz1). The proof of Theorem 3.4 implies that v (a?) = a® for any
1 € Aut (Ni(Mz1)). Then, except for the identity automorphism, the group Aut(Ny(Ms,1)) contains
the automorphism ¢ with ¢ (a) = {Ma1}, Y({M2,1}) = a according to Theorem 3.4. Consequently,
Aut (Nk(M2,1)) = 02.
3.2. The semigroups N;(M; 3)

The semigroup M 3 is isomorphic to the cyclic group C3. Therefore,

Aut (Nk(Ml’g)) =~ Aut (Nk(C?))) >~ Ss.

3.3. The semigroups N;(M32)

Consider the semigroup Mo 2 = {a, a?,a® | a* = a?}. The semigroup Na(Ma2) contains 11 elements,
while the semigroups Ni(Mg2) for & > 3 have 10 elements.

In the Cayley Table 3 for Ni(Ma2), we denoted, by a’, the principal ultrafilter generated by {a’}
and introduced the notations

ly =12 = {a%a%}), Ve ={F CMyag:[F|>2,a" € F}, O = {Map}.

In these notations,
Nk(MQ,Q) = {CL, CL2, CLS, ’%7 |?7 ’%7 \/1, \/27 \/37 O}

for k > 3 and NQ(MQQ) = Nk(MQ’Q) U {A}
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* a | a® | a® |% |:1') |§ V1| Vo | V3 O A
o [@ @@ Ble R B8]
& @[ [Bla | R | B8]
dla@ @Bl |k B8]
BB IBIBIE|B]E]B[BIB|B
1 2 2 2 2 2 2 2 2 2 2 2
A EEERENEREN
BB BIBIBIEB{B]EB]B[BIB|B
2 2 2 2 2 2 2 2 2 2 2 2
il [ [« | B B | B ]| 8]
Vo [ BIBIBIBIBIBIB]B]BE]I
va | @ | ot [ @ [ | e | B | | | e
OB |IBIBIBIBIBIBIB[B|B]B
NEEERERENERAE

Table 3: The Cayley table for the semigroups Nj(Ma2)

Let ¢ € Aut (Ng(Maz2)). Then ¥(a’) = a' for i € {2,3}, according to proof of Theorem 3.4. Since
|3 is the unique idempotent in Ngx(Ma o) \ M2 o, we conclude that ¥(|3) = |3.

Consider the semigroups Nip(Ma2so) = {a,a?,a 3, 3,13, V1, V2, Vs, O} for k > 3. Let
X = {a,]3,V1,Vs}, Y = {|2,Vo,O}, and # € X, y € Y. Assume that ¢)(y) = z € X. Then
Py *y) = Y(3) = |3 and ¥(y) * ¥(y) = x x 2 = a?, which contradicts the assertion that 1 is an
automorphism. Therefore, ¥ (z) € X and ¢(y) € Y for any z € X, y € Y.

Analyzing the Cayley Table 3 for the semigroups Ni(Mz2), we can establish that the semigroups
Ni(Ma2) are commutative, and x1%s = Ta*s, Y1 %S = Yo% S, T1%Y1 = Ta*Y2, T1*Ty = a?, yixys = B for
any x1,%2 € X, y1,y2 € Y, s € Ma 2. Consequently, each permutation of X and each permutation of Y
define the automorphism of the semigroup Ni(Mg2). Therefore, Aut (Ni(Ma2)) = Sx x Sy = Sy x S3
for k > 3.

Consider the semigroup Na(Mag o) = Nip(Ma2) U{A}. Let X' = XU {A}. By the same arguments,
Aut (NQ(MQQ)) = le X SY = S5 X Sg.

3.4. The semigroups N;(Ms )

Consider the semigroup M3 = {a,a?a® | a* = a®}. In Cayley Table 4 for the semigroups
Nj(Mas 1), we use the similar notations as for the semigroups Nj(Ma2).

Let ¢ € Aut (Ni(Ms1)). Then 9 (a’) = a® for i € {1,2, 3}, according to Proposition 3.2.

Consider the semigroups Np(Ms1) = {a,a?,a 3, 3,13, V1, V2, Vs, O} for k > 3. Let
X= {ﬁ, ‘%,\/1, O}, and Y = {\/2, \/3}.

We claim that ¥([3) = |3. Assume that ¢(]3) = 2 € X. Then ¥(a * [3) = ¥(a®) = a® and
Y(a) x(|3) = axx = |3, and we arrive to a contradiction with ¢ € Aut (N(Ms1)). In the same way,
by assuming that 1 (|3) =y € Y, we have ¢(ax|3) = ¥(|3) = y, but ¥(a) *¥(|7) = ax(]3) ¢ Y. These
contradictions show that ¥(|3) = [3.

Then, in the same way as for the semigroups Ni(Mag2), we establish that Aut (Ng(Ms 1)) = Sx X
Sy = 84 x Sy for k > 3.
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BB e BB |31 e |a|]a
BB | BB |35 ]a|a®|]]a
B Bladl B3 lad3lad3 a3l a3l a3l a3l adl a3
Vi l3la*|a® | BB |3|B|a|a|]|d
Vo || @ at | a® | a at | a® | a® | ad | a®|a a’
Vs adlad|ad|a®|ad|ad|a®|ad|ad || a®

Table 4: The Cayley table for the semigroups Nj(Ms 1)

Consider the semigroup No(Ms 1) = Nip(Mg1) U{A}. Let Y = YU {A}. By the same arguments,
Aut (NQ(M;M)) = Sx X Syr =2 §4 x Ss.

4. The automorphism groups of the semigroups Ny(Ox), Nx(LOx), Ny(ROx),
Nk(AOx) and Nk<<0)()+0)

A semigroup S is said to be a left (right) zero semigroup, if ab = a (ab = b) for any a,b € S. By
LOx and ROx, we denote the left zero semigroup and the right zero semigroup on a set X, respectively.
If X is finite and has cardinality |X| = n, then, instead of LOx and ROx, we use LO,, and RO,

respectively.

Proposition 4.1. If S is a left (right) zero semigroup, then, for each k € N\ {1}, the extension Ny (S)
is a left (right) zero semigroup as well.

Proof. Let S be a left zero semigroup. Then

E*M:<Ua*Ma:LeL‘, {Ma}aeLCM>:<U{a}:Le£>:£

a€l a€Ll

for any £, M € Ni(S). Therefore, Ni(S) is a left zero semigroup as well.
For a right zero semigroup, the proof is similar. O

Proposition 4.2. If X is a left zero semigroup or a right zero semigroup, then, for each k € N\ {1},
Aut (N (X)) is isomorphic to the symmetric group Sy, (x)-

Proof. In Proposition 4.1, it was shown that the extensions N (S) of a left (right) zero semigroup
S are left (right) zero semigroups as well. Each permutation on a left (right) zero semigroup is an

automorphism. Indeed, ¥(z xy) = ¥(z) = ¥(x) x ¥(y) and ¥(x *xy) = P(y) = ¥(x) *x ¢ (y) for any
elements = and y of the left zero semigroup and the right zero semigroup, respectively. Therefore,

Aut (Ng (X)) gSNk(X)' O
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Using the results of Table 1 and Proposition 4.2 in Table 5, we present the automorphism groups

of the semigroups N (LO,,) and Ni(RO,,) for k € {2,3,4} and n < 5.

n | Aut (No(LOy)) | Aut(Ns(LOy)) | Aut (Na(ZO,))
1 Cq Ch C1
2 S3 S3 S3
3 S11 S10 S10
4 Sso S54 S53
5 S9645 S762 Sesr

Table 5: The automorphism groups of the semigroups Ni(LO,,) for k € {2,3,4} and n <5

A semigroup S is called a null semigroup, if there exists an element z € S such that zy = z for
any x,y € S. In this case, the element z is the zero of S. All null semigroups on the same set are
isomorphic. By Ox, we denote a null semigroup on a set X. If X is finite and has cardinality |X| = n,
then, instead of Ox, we use O,,.

Proposition 4.3. If S is a null semigroup, then, for each k € N\ {1}, the extension Ni(S) is a null
semigroup as well.

Proof. Let S be a null semigroup. Then there exists z € S such that xy = z for all z,y € S. Therefore,

C*M:<Ua*Ma:L€£, {Ma}aeLCM>: <U{z}:Le£, {Ma}aeLCM>:z

a€Ll acl
for any £, M € Ni(S). Consequently, N (5) is a null semigroup with the zero z € S C Ng(S5). O

Since N (0O1) = Oq, the automorphism groups of the semigroups Ny (O1) are trivial. In the following
proposition, we describe the automorphism group of the semigroups Ni(Ox) on a set X of cardinality
| X| > 2.

Proposition 4.4. Let z be the zero of the null semigroup Ox on a set X of cardinality | X| > 2. For
each k € N\ {1}, the automorphism group of the semigroup Ni(Ox) is isomorphic to the symmetric

group SNk(OX)\{Z}'

Proof. In Proposition 4.3, it was proved that the semigroups Ni(Ox) are null semigroups with the
zero z. Taking into account that z is the zero of the semigroups N;(Ox ), we conclude that ¢(z) = z
for any ¢ € Aut(Ni(Ox)). Each permutation on the set Ni(Ox) \ {z} defines an automorphism.
Indeed, ¥(z xy) = z = (x) * (y) for any elements =,y € Ni(Ox). Therefore, Aut(Ny(Ox)) =

SNe(Ox)\ {2} 0

Using the results of Table 1 and Proposition 4.4 in Table 6, we present the automorphism groups
of the semigroups N (O,,) for k € {2,3,4} and n < 5.

A semigroup S is said to be an almost null semigroup, if there exist the distinct elements a,z € S
such that aa = a and xy = z for any (z,y) € S xS\ {(a,a)}. In this case, the element z is the zero of S,
and a is the unique idempotent in S\ {z}. All almost null semigroups on the same set are isomorphic.
By AOx, we denote an almost null semigroup on a set X. If X is finite and has cardinality |X| = n,
then we use AO,, instead of AOx.
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n | Aut(Na(On)) | At (N3(Oy)) | At (Na(O,))
1 Cq Ch C1
2 Cy Cs Co
3 S10 Sy Sg
4 S79 S53 S52
5 S2644 S761 S6s6

Table 6: The automorphism groups of the semigroups N (O,,) for k € {2,3,4} and n <5

It is easy to check that the automorphism groups of the semigroups Ni(AOz) are trivial. In the
following theorem, we describe the automorphism groups of the semigroups Ni(AOx) on a set X of
cardinality |X| > 3.

Theorem 4.5. Let z be the zero of the almost null semigroup AOx on a set X of cardinality | X| > 3,
A={Le Ny(OAx) | X\ {a} € L}, B = N(OAx)\ A ={L € N,(OAx) | a € L for any L € L},
where a is the idempotent in OAx \ {z}. For each k € N\ {1}, the automorphism group of the
semigroup Ni(AOx) is isomorphic to the group S\ (2} X SB\{a,z}-

Proof. Let A € A, L € N;(OAx). Then AxL > (X\{a})-L ={z} = L-(X\{a}) € LxAforany L € L.
Hence, the linkedness of Ax L and L% A implies that Ax £ = Lx A = z for any A € A, L € N(OAx).
Consider any (B1,B2) € BxB\{(a,a)}. Taking into account that a € BiN By and |By| > 2 or |By| > 2

for any By € By, By € By, we conclude that By By = <UI€Bl x*By : By € By, {By}zen, C Bg> = |z

Consequently, the semigroups Ny(AOx) contain three idempotents: a, z, and |Z. Taking into
account that z is the zero of Ni(OAx), and the set of idempotents of a semigroup is preserved by
automorphisms, we conclude that ¢(z) = z. Hence, ¥({a,|%}) = {a, |2} for any ¢ € Aut (N (AOx)).
Since ¥(15) = (= % [5) = ¥(2) * 6(3) € {z 5,5 * =} = 1[5}, we conclude that 1(|5) = |3 Hence,
P(z) = z for any v € Aut (N, ((Ox)™)).

Let us show that ¢ (A\ {z}) = A\ {z} and ¥(B\ {a,|Z2}) =B\ {a,|Z} for any ) € Aut (N (AOx)).
Assume that ¥(B) = A for some A € A\ {z}, B € B\ {qa,|Z}. Then ¢(B* B) = ¢(|2) = |Z, but
Y(B) x¢(B) = Ax A = z. This contradiction shows that ¢(A) € A\ {z}, ¥(B) € B\ {qa, |} for any
AeA\{z}, BeB)\ {a,|?} and ¢ € Aut (Nz(AOx)).

Each permutation on the set A \ {z} and each permutation on the set B \ {a,|?} define the
automorphism ¢ : Ni(AOx) — Ni(AOx). Indeed, ¥(a *a) = ¢¥(a) = a = a*a = Y(a) xY(a),
WA L) = (z) = 2 = P(A) + D(L), BLx A) = b(z) = = = P(L) * b(A) for any A € A,
£ € Ny(OAx), and $(By * Ba) = w(13) = |z = $(B1) « $(Ba) for any any (By, Bs) € B x B\ {(a,a)}.

Therefore, Aut (Nix(OAx)) = Sp\ (2} X B\{a,z}- O

Let us note that, for a subsemigroup 7" of a semigroup S, the map i : Ni(T) — Ni(S), i : A —
{LCS|L>AEe A}, is an injective homomophism. Thus, we can identify the semigroup Ny (T") with
the subsemigroup (NN (T")) C Ni(S). Therefore, the set A from Theorem 4.5 can be identified with the
subsemigroup N (X \ {a}) of the semigroup Ni(X). Consequently, for finite almost null semigroups,
we have the following corollary.

Corollary 4.6. For each k > 2 and n > 3, the automorphism group of the semigroup Ni(OA,,) is
isomorphic to the group S|n, (n—1)|—1 X S|Ny(n)|—| Ny (n—1)|—3-
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Using the results of Table 1 and Corollary 4.6 in Table 7, we present the automorphism groups of
the semigroups Ni(AO,,) for k € {2,3,4} and n € {2,3,4,5}.

n | Aut(Na(AOy)) | Aut(N3(AO,)) | Aut(Na(AO,))
2 Ch Ch C1

3 Cy x S5 Cy x Sy Cy x Sy

4 S10 X See Sg X Sy Sg x Sy

5 S79 X S2562 S53 X 5705 Sp2 X Se31

Table 7: The automorphism groups of the semigroups Ny (AO,,) for k € {2,3,4} and n € {2,3,4,5}

Let S be a semigroup, and let 0 ¢ S. The binary operation defined on S can be extended to SU{0},
by putting 0s = s0 = 0 for all s € S U {0}. The notation ST denotes a semigroup S U {0} obtained
from S by adjoining the extra zero 0 (regardless of whether S has or has not the zero).

Theorem 4.7. Let z be the zero of the null semigroup Ox on a set X of cardinality |X| > 2,
A={Le Ny((0x)*) | X € L}, B= Ni((Ox)*°) \ A= {L € Np((Ox)*°) | 0 € L for any L € L},
where 0 is the extra zero adjoined to Ox. For each k > 2, the automorphism group of the semigroup
Ni((Ox)T0) is isomorphic to the group Sav{zr X SB\{0,)z}-

Proof. Tt is easy to see that 0 is the zero of Ni((Ox)'?).
Let A;, A2 € A. Then Ay x A2 5 X - X = {z}. The linkedness of A; x Ay implies that A; x Ay = z
for any Aj, A2 € A. Consider any B € B\ {0}, £ € Ni((Ox)*?) \ {0}. Taking into account that

0 € Band |B| > 2, |L| >2for any B € B, L € L, we conclude that B* L = <UxeB:L‘*Lx:B€

B, {Lituen C L) = [fand £L+B=(U,ep % Ba: L€ L, {Buloer € B) = ;.

Consequently, the semigroup Ni((Ox)™) contains three idempotents: 0, z, and |5. Taking into
account that 0 is the zero of Nx((Ox)*?), and the set of idempotents of a semigroup is preserved by
automorphisms, we conclude that 1/(0) = 0. Hence, ¥({z, |5}) = {z, |} for any ¢ € Aut (Nk((Ox)™?)).
Since Y(|§) = Y(z % [§) = ¥(2) *V(|§) € {z 5,15 * 2} = {|§}, we conclude that ¢(|§) = |§. Hence,
Y(z) = 2 for any ¢ € Aut (N((Ox)1?)).

Let us show that t:(A\ {z}) = A\ {z} and $(B\ {0,]}) = B\ {0, [} for any v € Aut (Ne((Ox)*).
Assume that ¢(A) = B for some A € A\ {z}, B € B\ {0,|§}. Then ¥(Ax .A) = ¢(z) = 2, but
P(A) * (A) = B+ B = |§. This contradiction shows that ¢(A) € A\ {z}, v(B) € B\ {0,|§} for any
A€ A\ {z}, BeB\{0,[Z} and ¥ € Aut(N((Ox)™)).

Each permutation on the set A \ {z} and each permutation on the set B \ {0,|§} define the
automorphism 1 : Ni((Ox)*?) = Ni((Ox)™?). Indeed, 1 (0% L) = 4(0) = 0 = 0x(L) = (0)* (L),
Y(Lx0) = 1p(0) =0 =P(L) *0 = (L) x1(0), P(A1 * Az) = P(2) = 2 = (A1) * Y)(Ap) for any
£ € Nu((0x)1), A1, Az € A, and $(B £) = b(3) = | = $(B) « 6(L), b(£ + B) = ¥(3) = |5 =
(L) *(B) for any B € B\ {0}, £ € Ni((Ox)*°)\ {0}.

Therefore, Aut (Nk(<OX)+O)) = SA\{Z} X SIB\{O,|§} O

The set A from Theorem 4.7 can be identified with the subsemigroup Ny (Ox) of the semigroup
Ni((Ox)T0). Consequently, for finite null semigroups O,,, we have the following corollary.

Corollary 4.8. For each k > 2 and n > 2, the automorphism group of the semigroup Nj((O,)™°) is
isomorphic to the group S|n, (0,)|-1 X S|Ny((On)*+0)|—|Ni(On)|—3-
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5.

Using the results of Table 1 and Corollary 4.8 in Table 8,
the semigroups Ni((O,)*?)) for k € {2,3,4} and n < 4.

we present the automorphism groups of

n | Aut (No((0,)*0)) | Aut(N3((0n)77)) | Aut (Na((0,)*))
1 q Ch C1

2 Cy x S5 Cy x Sy Coy x Sy

3 S10 X Ses So X Sy1 So X Syo

4 S79 X S2562 S53 X S705 Ss2 X Se31

Table 8: The automorphism groups of the semigroups N ((0,,)*?)) for k € {2,3,4} and n < 4
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